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AN 


Hiſtorical Account. 
OF THE 

RISE and PROGRESS 
OP T. HBO % 2 
MATHEMATICKS. 
'T: ſeem'd meet to me when l wr 


1 about to ſet forth the Elements 
* 1 of che Mathematics , to pre- 
S937 


miſe a few Things concerning 

| the Riſe and Excellency of this 
Science, that its Candidates may underſtand 
what a Kind of Science it is to which they 
are about to dedicate themſelves ; and that 
it may be made manifeſt againſt thoſe who 
_ thoſeThings whereof they are ignorant 
of how great Value and Dignitythis Knowledge 
is, which the wiſeſt Men of all Ages have, 
with incredible Study, labour d to attain un- 
to, and become poſſeſs d of. Moreover, 1 
muſt own that Peter Ramus Labours have 
been of great Service to me in the Gmpiling 
rofl 4 2 0 


[4] 
of this Account, who in the whole firſt. 
Book of his Inſtitution, which is not a little 
one, hach out of Proclus, Laertins, Gellius, Poly- 
bius, Tzetzes, and others, compos'd a Mathe- 
matical Hiſtory both accurately and copi- 
ouſly. | 5 ä 

The Mathematical Sciences were the firſt 
of all other amongſt Men, if we may believe 
Foſephas. He, Book 1. Chap, 4. writeth, that 
the Poſterity of Seth obſerv'd the Order of 
the Heavens, and the. Courles of the Stars. 
And left theſe Inventions ſhould flip out of 
the Knowledge of Men, Adam having pre- 
dicted a twofold Deſtruction of the Earth, 
one by a Deluge, the other by Fire, they 
rais d two Columns, one of Brick, of Stone 
the other; and inſcribed their Inventions up- 
on them, that if the Brick one ſhould happen 
to bo deſtroy'd by the Deluge, that of Stone 
which would remain might afford Men an 
Opportunity of being inſtructed, and pre- 
ſent to their View the Things which it had 
inſcribed. on it. They ſay alſo that that 
ſtone Pillar, which even in our Days is ſeen 
in Syria, was dedicated by them. This Jo- 
ſepbus ſays; whom I leave to vouch for the 
Story. 22190 711.07 

That the Aſjrians and Cbaldeam were the 
firſt of Mortals, after the Flood, who ap- 

lied themſelves to the Mathematicks, is de- 
ivered by the ſame Foſephus; as alſo by Pliny, 
Diodorus, and Cicero. But the Mathematick 
Arts which firſt fprang amongft the Chalde- 
ans, amongit whom they flouriſhed , were 
afterwards'rransferr'd our of Chaldea and A,. 
Hria unto the Egyptians, by Abrabam. For, 
| | when, 


vw wo We FF ew 


when, at the Command of God, he went 
forth from his native Soil into Paleſtine, and 
from thence into Egypt, and perceiv'd the 
Egyptians to be taken with the Study of good 
Arts, and to be of à very notable Wit and 
Capacity for Learning, (as Foſepbits teſtifies, 
Bool L. Chap. 9.); he communicated to them Az 


rithmetick and Aſtronomy; and conſequently 


Geometry, which muſt of Neceſſity go before 
Aſtronomy. In which Studies afterwards 
the Egyptians ſo flouriſh'd,that Ariſtotle, x Me- 
tapb. Chap. 1. doth affirm, That the Mathe- 
matick Arts were firſt found out in Egypt, by 
their Prieſts 7 who by their Employment 
were at leiſure for theſe Things. | 
Then theſe Arts crofling the Sea out of E- 
ypr, came to the Philoſophers of Greece: 
For Thales the Mileſian, who flouriſh'd 584 
Years before Chriſt, was the firſt of the 
Greek: , who coming into Egypt, eransferr'd 
Geometry from thence into Greece. He it 
was indeed, who, beſides other Things, 
found out the 5th, 15th, and 26th, Propoſitions 
of the firſt Book. To che fame are alſo ow- 
ing the 2d, 3d, 4th, yh, of the Fourth Book. 
The ſame Perſon began to obſerve the Equi- 
noxes and Solftices, as Laertius teſtifies ; and 
he was the firſt-who foretold an Eclipſe of the 
Sun, as Hippias and Ariſtotle do write; and 
Tetzes ſaith, That he alſo foreſhew'd an E- 
clipſe of the Moon to King Cyrus. For 
which Things ſake he is to be look'd on as 
the firſt Founder and Author of the Mathe- 
matical Sciences in Greece, ? 

After him was Pythagoras of Samos: Which 
molt ancient Philoſopher, exceedingly im- 
w_ ag prov'd 
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prov d and adorn'd the Mathematick Sciences. 
And he ſo gave himſelf to Arithmetick in par- 
ticular, that almoſt his whole Method of Phi- 
loſophizing was taken from Number s. And 
he firſt of all, as Laertius relates, abſtracted 
Geometry from Matter; in which Elevation 
of the Mind, he found out the 32d, 44th, 
th, and 48th Propoſitions of the Firſt Book. 
But he is eſpecially celebrated for the Inven- 
tion of Prop. 32, and 47. of that Book ; and 
he conceiv'd ſo great Joy upon this Inventi- 
on, that, as Apollodorus witneſſes in Laertius, 
on that Account he ſacrific'd an Hecatomb. 
The ſame Perſon firſt laid open the Matter 
of incommenſurable Magnitudes , and the 
Five regular Bodies. The: ſame Perſon did 
both moſt diligently teach and exerciſe the 
Art of Aſtrology and Muſick : For he did 
not only acutely. and ſubtly find out many 
Things himſelf, but he alſo firſt opened a 


School, in which Youth might learn theſe 


honourable and noble Arts. ; 

Pythagoras was followed by. Anaxagoras of 
Claxomenæ, and Oenopides of Chios, of whom 
Plato makes mention in his Dialogue, The 
Lovers, where Young Men are brought in 
contending about Anaxagoras and Or nopides in 
their Deſcriptions of Circles. A4riftorle re- 
ports, that a certain Treatiſe of Geometry 
was written by Anaxagoras ; and we have it 
from Laertius, that it was ſhew'd by him that 
the Sun is greater than Peloponneſus (a notable 
Inſtance of the . Infancy of Aſtronomy -at 
that Time); and that he made ſome Conje- 
&ures concerning Habitations in the Moon. 
As for Ocnopides,to himProclus aſcribes the 12, 

1 and 
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and 13. I. 1. Theſe were followed by Briſo, 
Antipho, and Hippocrates of Chios, all of them, 
for attempting the Quadrature of the Circle, 
reprehended by Ariſtotle, and at the ſame. 
time celebrated. But amongſt them, Hippo- 
crates was by far the moſt, Famous; that Ce- 
lebrated Perſon, who of a Merchant growing 
to be à Philoſopher and Geometrician, be- 
ſides the Quadrature of the Circle, alſo firſt 
attempted the Doubling of the Cube, by Two 
mean Proportionals, which as being an 
Excellent, and indeed the only Way, all that 
have follow'd him to this time have embrac'd 
it. *Tis alſo his peculiar and great Commen- 
dation, that he, as Proclus teſtifiS ,- firſt 
wrote Elements, and digeſted into Order the 
Diſcoveries made by others. | 
Democritus was Admirable, not in Phi- 
loſophy only, but alſo in the Mathema- 
ticks. His Phyſical Monuments, and, if 
ſuch there were, his Mathematical Works al- 
ſo, are wholly loſt, through the Envy ( as 
ſome report) of Ariſtotle, who deſired to 
have no other Writings read but his own, 
The Philoſophy of Democritus hath been re- 
ſtored by Peter Gaſſendus, in a moſt Learned 
Work lately put forth. Theodorus Cyrenæus, 
although none of his Mathematical Inventi- 
ons are extant; yet is great upon this Ac- 
count, if there were no other, that he is re- 
ported to have been the Maſter of Plato. 
Unto Plato therefore we are come atlength, 
than whom no one brought greater Luſtre to 
the Mathematical Sciences. - He amplified 
Geometry with great and notable Additions, 
beſtowing incredible Study upon it. And 
2 4 above 
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above all, the Art Analytick, or of Refolu- 
tion, was found out by him, the moſt cer- 
tain way of Invention and Reaſoning. He 
ſet off and illuſtrated his Books of Philoſo- 
phy in a Mathematical way, and encourag'd 
whatſoever was admirable in Mathemarical 
Philoſophy. Upon the Door of his Aca- 
demy was read this Inſcription : id aywypt- 
r Asi: Let no one ignorant of Geometry en- 
ter here; an Tlluſtrious Inſtance to demonſtrate, 
how the Mathematicks are not foreign but 
roper, not unuſeful, or unbecoming, but 
ht ITS and profitable to ſound and cer- 
tain Philoſophy. In a word, how great both 
Admirer and Maſter of the Mathematicks 
Plato was, that Man will of himſelf eaſily 
underſtand, who ſhall read his Monuments 
through. | L 
Our of Plato's Academy, almoſt innume- 
rable Mathematicians came forth. Thirteen 
of Plato's familiar Acquaintance are comme- 
morated by Proclus, as Men by whoſe Studies 
the Mathematicks were improv'd. From 
hence were Leodamus the Thaſian, Archytas 


the Tarent ine, Theztetus the Athenian, by whom 


the Mathematicks were notably enlarged. 
Leoda pm practiſed the Analyſis received from 
Plato, and is ſaid by Laertius to have found 
out many things by the Help of it. As for 
Tbeætetus, both his own Inventions, amongſt 
which are the Elements written by him, and 
the Inſcription of regular Bodies; and Plaro's 
Encomiums , who alſo inſcribed a Dialogue 
to his Name, do make him famous, 

Archytas alſo wrote Elements himſelf; and 
his doubling of the Cube is mentioned by 
Eutocias; whoſe fingular Commendation it 


like- 


42 
* ” 
N 
=» — 3 
n ET 


7] 
likewiſe was, that he. was almoſt-the Firſt 
that brought down the Mathematicks to hu- 
man Uſes ; by whoſe Contrivance alſo a a 
wooden Pigeon was made to fly, as Gellius re+ 
ports; he being followed by Dedalus,and other 
Artificers, yielded Matter for the Fables of the 
Poets. Moreover, Archytas was both a Ma- 
thematician and General of an Army: He 
five Times commanded the Forces of his own 
Citizens, in the Wars of his Countrey, and 
ſiye Times qvercame their Enemies. The 
meer Name of Neoclides is only Famous, he 
being more illuſtrious for his Scholar Leon 
perhaps, than for his own Inventions. Leon 
certainly wrote Elements of all the Mathe- 
maticks, improv d them, and made them more 


fit for Uſe. Wherefore he is deſeryedly to 


be reckon'd amongſt the chief Compilers of 
Elements. WON! + fat; 

- . Budoxus of Cnidus was not inferior to Leon; 
A Man great in Arithmetick, and to him (if 
we may believe the Greek Scholiaſt) we owe 
the whole Fifth Book. . He. likewiſe. wrote 
Elements, and made them more general, and 
encreas d the Sections begun by Plato; over 


and above this he was the firſt framer of As 


ſtronomical Hypotnelcs and derived down 
the Springs of Geometry, as Archytas had 
done before, to Mechanicks. Amyclas the He- 
racleot, and Aſenæchmus, and his Brother Di- 
poſtratus, Helicon of Cyzium, Theudius, Her- 
motimus the Colopbanian, Philippus the Medmæ- 
an, all Platoniſts, rendered Geometry much 
more perfect. Menechmrs allo found out the 
Conick Sections, and by the help of them 
two mean Proportionals; whoſe Invention 
in this Cale is preferr'd by Eutocius before mY 
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other.  Theudius and Hermotimus made the 
Elements more univerſal and full. And all 
theſe, who were of Plato's Academy, brought 
Mathematick Philoſophy 'to Perfection, as 
Proclus faith, Xenocrates alſo, one of Plato's' 
Auditors, and Maſter of Ariſtotle, as well as 
Ariftoth himſelf, were Famous for the 
Knowledge of the Mathematicks. When a 
certain Perſon, who knew nothing of Geo- 
metry, was minded to be his Auditor, Gs thy 
way, faith he, for thou wante fl the ver) Handles 
of e | ; 

But of AriForle, what can I ſay? All his 
Books are filled with Mathematical Argu- 
ments, out of a Collection of which Blan- 
cane hath made a Book.  'Two of Ari ſtotlès 
School are eſpecially celebrated, Eudemus and 
TheopbraFtus.This latter wrote Two Books of 
Numbers, Four of Geometry, and one of in- 
diviſible Lines: The other, compos'd a Ma- 
thematical Hiſtory ; and from him Proclus, 
and others have borrowed theirs. To Ari- 
eus, Iſidore; Hypſicles, moſt ſubtle Geometri- 


_ cians,we are eſpecially indebted for the Books 


of Solids, Laſtly, Euclid gathered together 


the Inventions of others, diſpos'd them into - 


Order, improv'd them, and demonſtrated 
them more accurately, and left to us thoſe 
Elements, by which Youth is every where in- 
ſtructed in the Mathematicks. He died in 
the Year before Chriſt 284. There follow'd 
Euclid almoſt an ro Years afterwards Era- 
tofthenes and Archimedes, The Name of E- 
ratofthenes was very Famous, but his Writings 
are loſt: Many Remains we have of Archime- 
des, and many we have loſt. 


But 
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But when I name Archimedes; I coticeive - = 
in my Mind the very Top of human Subtilty; 
and the Perfection of the whole Mathemati- 
cal Sciences. His wonderful Inventions 

have been delivered to us by Polybius, Plutarch, 
'Tzetz4ts, and others. Conon was Contempo- 
rary to Archimedes, one who was both a Geo- 
metrician-and an Aſtronomer, whoſe: Death 
Archimedes laments in his Book of the Qua- 
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drature of the Parabola, There followed Ar- : 
chimedes and Conon, and that at no great Di- = 
ſtance, Apollonius of Perga , another Prince E 
in Gæometry, who was called by way of 2 
high Encomium, The Great Geometrician: : 
There are extant. Four [now Seven] moſt 2 
ſubtle Books of his Conicks. To the ſame > 
Perſon are aſcribed, the 14, and 15. Books 5 
of Euclid, which were contracted by Hypficles. = 
Hipparchus and Menelaus wrote, this latter 6; ; 


the other 12 Books of Subtenſes in a Circle; 
for which Invention, ſo very profitable and 
neceſſary, great Commendations and Thanks 
are due to both. There are alſo extent three 


Books of Menelaus concerning Spherical Tri- 
angles. Three moſt uſeful Books of Spheracks : 
of Tbeodoſius the Thipoliteare alſo in the Hands | 
of all. And theſe indeed, if you except . 


Menelaus, lived all of them before Chriſt. 
In the Year after Chriſt 70, there appeared 
in the World Claudius Ptolemæus, the Prince of 
Aſtronomers, a Man certainly wonderful, and 
(as Pliny ſaith) above the Nature of Mortals. 
But he was not only moſt skilful in Aſtrono- 
my, but in Geometry alſo; which as 8 
other Things written by him do witneſs, ſo 
eſpecially do the Books of Subrenſes : T hal 
' 0 : 
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of AMenelau which were Six, and the Twelve 
of Hipparechus, all contracted by him into 
Five Theorems. As for Platarcb, a moſt 
fam'd Philoſopher, there are extant his Ma- 
thematical-Problems. And all know of the 
Learned Commentaries of Eutocius the Aſca- 
lonite upon Archimedes. By him are recited 
the Inventions of Philo, Diocles, Nicomedes, 
Sphorus, Heron, as of fo many excellent Ma- 
ſters in the Mathematicks, concerning dou- 
bling the Cube. Heron's Genius certainly 
was excellent, as well for Mechanicks as Ge- 
ometry. The doubling of the Cube deliver- 
ed by him is commended by Poppus, Book 3. 
Prop. 7. before all other. The admirable 
Works of Cteſibius the Alexandrian , to whom 
we owe our Pumps, are celebrated by Vitru- 
wins , Proclus, Pliny , and Athenaus. The 
Name alſo of Geminus is not in the loweſt 
Place amongſt Mathematicians, whom Pro- 
clus has preferr'd in many Things before Eu- 


_ elid himſelf, 


Diopbantus, and he alſo an Alexandrian, was 
as great in Arithmetick, as Archimedes, A- 
pollonius,” or Euclid in Geometry; he was cer- 
tainly a Maſter of all Subtilty relating to 
Numbers; by him was found out that admi- 
rable Art, which we call Algebra; which in 
theſe Times has been rendered more perfect 
and univerſal by Francis Vieta, and Renatus 
Carteſius, There are others who are celebra+ 
ted amongſt the Ancients alſo; as Nicomachus 
famous for Arichmetical, Geometrical, and 
Muſical Monuments ; Serenus, well known 
to Geometricians for his Two Books, con- 
cerning the Section of a Cylinder; Proclus, 
13 Pap- 


'C 


Pappus, Them, How great a Mathematician 
Proclus was, is manifeſt from his Learned 
Commentaries on Enclid, and other Writings. 
And this is he, I ſuppoſe, who, as Zonarus 
reports, and from him Ramus, and Baronius, 
about the Year of Chriſt 5 14, with Optic 
Artifice, and the Glaſſes which he us d burnt 
the Fleet of Vitalian, who was beſieging Con- 
ftantineple. The Praiſes of Tbeon, which tru- 
ly are deſervedly great, Peter Ramus wonder- 
fully exaggerates, inſomuch that even the 


Books which hitherto all have aſcribed to 


Euclid, ought, as he thinks, to be attributed 
to Tbeon. But Ramus, who ev where is 
ready to detract from Euclid, and this with- 
out grounding, himſelf upon any ſolid Foun- 
dation, is not to be hearken'd to here. To 
come at length to a Concluſion, let Pappus 
bring up the Rear, the laſt in time among(t 
the Ancients, as being one who liv'd about 
the Year 400; but in Reputation, and all 
Mathematical Commendation to be reckon'd 
amongſt the firſt. Alexandria, that City fo 
fruitful of Great Men, which before had 
brought forth Hypſieles, Cteſibius and Diophan- 
tus, produced him alſo to the great Advan- 
tage of the Mathematicks. He wrote Seven 
Books of Mathematical Collections, of 
which the Two Firſt are loſt. The Five o- 
ther do abound with ſo many, and ſuch va- 
rious moſt noble Inventions in almoſt all 
Parts of the Mathematicks, that they are 
eſteemed amongſt the Chief Monuments of 

the Ancients which are extant. 
And thus you have a ſhort Hiſtory of the 
Origin and Progreſs of the Mathematicks. 
From 
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From which appears the Antiquity, Excel- 
lency, and Dignity of this Science. Cer- 
eainly the ſame Eminent Perſons in the Com- 
monwealth of Learning, who diſcover'd 
Phlioſophy, diſcover'd alſo the Mathema- 
ticks, like twoSiſters born at one Birth; whom 
if any one would violently ſeparate from 
each other, he certainly attempts to break 
off their native Concord, with moſt notable 
Injury, and as it were Cruelty to both; ſee- 
ing, as it is wont to fall out in the Caſe of 
Twins, where they are remov'd from one 
another, in Place or by Death, ſo it will be 
like to happen here, that Mathematicks bein 
plucked away from her, Philoſophy — 
needs languiſh and pine away. 


= 


Dr. Baznzow's Words, 
prefix'd before his Apol- 


lonius. | 


God always acts Geometrically. 


OW great a Geometrician art thor, 
O Lord 2 For while this Sci- 
ence has no Bounds ;, while there 
is for ever room for the Diſcovery 

of New Theorems, even by Human Faculties, 

Thou art acquainted with them all at 

one View, without any train of Conſequen- 

ces, without any weariſome Application of 

Demonſtrations. In other Arts and Scien- 

ces our Underſtanding is able to do almoſt 

nothing; and like the Imagination of Brutes 
ſeems only to dream of ſome uncertain Pro- 
poſitions : Whence it is that in ſo many Men 
are almoſt ſo many Minds. But in theſe Ge- 
ometrical Theorems all Men are agreed : In 
theſe the Human Faculties appear to have 
fome real Abilities, and thoſe Great, Won- 
derful, and Amazing. For thoſe Faculties 
which ſeem of prey no force in other Mat- 
A 2 ters, 


ters, in this Science appear to be Ffficacious, 
Powerful, and Succeſsful, &c. Thee there- 


fore do I take hence occaſion to Love, and 
"Rejoice in, and Admire; and to pant after 
that Day, with the Earneſt Breathings of 

my Soul, when thou ſhalt be pleaſed, out of 


thy Bounty, out of thy Immenſe and Sacred 
Benignity, to grant me the favour to per- 
ceive,and that with a pure Mind, and clear 
Viſion, not only theſe Truths, but thoſe al- 
fo which are more numerous, and more im- 
portant; and all this without that continual 
and painful Application of the Imagination 
which we diſcover theſe withal, &c. 


la 
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Mathematical Notes or Abbreviations. 


| = The Note for Equality. So ab, ſignifies that « 


and h are equal. 


4 The Note for Addition. So a+4-b fignifies the Sum 


of a and b together. 


— The Note for Subſtraction. So a—b ſignifies the 


difference. between à and h;. 


X The Note for Multiplicatian, So ax or ab ſigni- 


fies a mulriphed by 5. 


: The Note for equality of Propoſition. So 4: B:: a:h. 
ſignifies that 4 bears the ſame proportion to B, that 2 
Lears to b. 
be Note of continued Proportion. So A. B. C 
ee that A bears the ſame proportion to Bñ, that B 

cars to C. | | 


q The Note for a Square, So C B. g. ſignifies the 
Square of the Line C B. 7. Ugnin 


t The Note for a Cube, $a C B. c. ſignifies the Cubg 
ae Line C. ob 
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DEFINITIONS 
Point is a Mark in Magnitude,which is [ ſap- 
poſed to be] indiviſible. 

That is, which cannot be divided ſo much 
= as in Thought. A Point is the beginning, as 
it were, of all Magnitude, as Unity is of Number. | 

2. A Line is a Magnitude which hath Length only, and 
wants all Breadth ; foraſmuch as it is underſtood to be 
produced from the flowing of a Point. . 

3. Points are the Terms of a Line. 1 

is that which lies evenly betwixt its 


1. 


4 A righr Line, 1s 
Terms. | 

Or as Archimedes: A right Line is the leaſt of all choſe 
which have the fame Terms; or, is the ſhorteſt. of all 
thoſe which can be drawn betwixt two Points. 

Or as Plato hath it: A right Line is that whoſe Extremes 


hide all the reſt: ¶ That is, when the Eye is placed in z 
Continuation of the Line.] 4 


The Senſe is the ſame in all. The Inſtrument whereby 
tight Lines are deſcribed, is { called] a Rule; which whe- 


ther it be ſtrait or nor you may know by this Tryal. 


Deſcribe a Line according to the Rule; then turnin 
che Rule ſo that that which before was the Righr-ha 

End may now become the Leſt-hand End, apply ir again 
to the Line before * if it doth now * 


Fig: f. 
Table th 


— — — ——— 


Wh as. 4 


2 


Fig. 2, 4. 


EUCLID's Elements. Lib. I. 


fall in with the Line, the Rule is ſtrait, if not, the Rule 
is not ſtrait. The Reaſon hereof depends on Axiom 13. 
5. A Surface is a Maguitude which hath only L 
and Breadth. 
It hath two Dimenſions therefore: And is underſtood 
to be produced by the flowing of a Line. 
6. Lines are the Extremes of a Surface, 
7. A Plane, or a plain Surface, is that which lies even- 
ly betwixt its extreme Lines. | 
Or as Hero, that, to all the Parts whereof a right Line 
may be accommodated. 
For it is produced from the Motion of a right Line. 
Or, A plain Surface is that whoſe Extremes any of 
them hide all the reſt , | the Eye being placed in a Con- 
tinuation of the Surface. : 
Or, It is the leaſt of all Surfaces which have the ſame 
Terms. The Senſe is the ſame in all. 
Euclid hath not here defined a Body or Solid , becauſe 


he was not yet about to treat concerning it. Bur leſt any 


one ſhould want the Definition thereof, rake it here thus, 
A Body is a Magnitude long, bread, and deep. A Body 
therefore hath three Dimenſions, a Surface two, a Line 
one, a Point none. 

8. A plain Angle is the mutual Inclination to each o- 
ther of two Lines, which touch one another in a Plain, 


and ſo as not to make one Line. 


Therefore the two Lines BA, C A touching one ano- 
ther _ A, but ſo as not to make one Line, conſtitute an 
Angle. 

The Sides or Legs of an Angle are the Lines which 
make the Angle. 

10. The Vertex or Top of an Angle is the Point (A) 
in which the Legs do meet and touch one another. 

Note, That a tingle Angle is deſigned by one Letter pur 
at the Top: When there are more at one Point, they are 
defigned by three Letrers, the middlemoſt of which de- 


notes the Top of the Angle; and many times alſo by one 


Letter inter pos d berwixt the Sides near the Top. So in 
Fig. 5. the Angle made by the Lines B A, CA is deſign- 
ed either by three Letters BAC, or by one only O. 

11. Angles are called Equal, if when the Tops of them 
are laid upon one another, the Sides ot one agree 
with the Sides of the other. But unto this it is not re- 
quired that the Sides ſnould be ot an equal Length. 

3 132. They 
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12. They are called Unequal when the Top and ohe 
Side agreeing, the other doth not agree; and that is cal- 
led the Greater, whoſe Side falls without. So the Angle 
B A E is greater than the Angle BAC. Fig. 5. 

An Angle is not dimin(h'd or increas d by the D minuti- 
on or Ne of 5 _—_ my _— it. 

13. A Right- lin d Angle is that which right Lines con- i ,. . 
N a — which crooked Lines a mixt one, 28 
that which a right Line and a crooked one make. 

14. When the right Line [CA] ſtanding upon the Fig. 6. 
Right one [B F] leans unto neither Part, and therefore 
makes the Angles on both Sides equal, CAB CAF 
boch of the equal Angles are called Right ones: But the 
right Line CA which ſtands upon the other, is called a 
perpendicular Line, or barely a Perpendicular; © 

A Right Angle may alſo be defined thus. Fig. 6: 

A Right Angle is chat that (BAC) when on the other 
Side an equal one ariſeth (C AF) if you produce or 
draw forth a Side, as (BA). - 

Two Rules ſo joined as as to contain a Right Angle, 
make an Inſtrument, which is called a Square. Fythago- 
ras was the Inventor of it, as Vitruvizs atfirmeth, c. 2. 

1. g. So great is the Uſe and Force of a right Angle in 
Framing, Meaſuring, and Strengthning all Things, that 
nothing almoſt can be done without it. The Proof of a 
Square is made thus: Apply the fide of it, AE to the 
right Line AF, and deſcribe the right Line C A along 


the other Side. Then turning the Square towards 


B, if on both Sides it agrees to the right Lines C A, AB 
ou may know that it is true and exact. The Reaſon 
— pears from the 14th Definition it ſelf. | 

15. The Angle BAC which is greater than the right , - 
one FAC is called an Obruſe Angle. * 

16. The Angle (L. AI) which is leſs than the Right Fr. g, 
Angle (F AT) is called an Acute one. 5 

17. A plain Figure is a plain Surface, bounded on eve- 
ry Side with one or more Lines. 

18, A Circle is à plain Surface contained within the 
822 of one Line called the Circumterence; from 
which Line all the right Lines that can be drawn unto one 
certain Point, within the contained Space (A) are e- 
qual. 3 

19. Thar Point is called the Center. 

A 4 20; The 


Fig. 5. 


Fig . 9. 


Fig. 10. 


Fig. ic. 
Fig. 11, 12+ 
Fig. 13. 
Fig. 13. 
Fig. 12. 
Fig. 10, 11. 


Fig. 24. 15. 


Fx. 15. 


Fig. 16* 
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20. The Diameter is a right Line (B A) drawn through 
the Center, and on both Sides ended at the Circumfe- 
rence ; and conſequently it divides the Circle into two 
equal Parts. (As is abundantly manifeſt from the exact A- 
greement of twoSemicircles when laid one upon another). 

21. The Semi- diameter or Radius is the right Line A 
drawn from the Center to the CircumferenceQ. 

22, A Semi-circle is a Figure (BL C) which is 
contain'd by the Diameter BC, and half the Circum- 
ference ( BLC.) | 

Mathematicians are wont to divide the Circumference 
into 360 equal Parts (which they call Degrees, ) rhe Se- 
mi-circumterence into 180, the Quadrant or Quarter into 
90. | 
23. A Right-lin'd Figure is a plain Surface bounded on 
every Side with right Lines. 

24. A Triangle is a plain Surface contained by Three 
Right Lines. | | 

This is the firſt and moſt ſimple of all Right-lin's Fi- 
gures, and that into which they are all reſolv d. 

25. An Equilateral Triangle is that which hath all the 
Sides equal. 
26. An Iſoſceles or equicrural Triangle is that which 
hath only Two Sides equal, 
K 2 A Kalenum is that which hath Three unequal 
ides. | 

28. A Righr-angled Triangle is that which hath One 
Angle right. 

29. An Obtuſe-angled Triangle is that which hath One 
Obruſe Angle. 


30. An Acute- angled Triangle is that which hath Three 
Acute Angles. 

31. Amongſt quadrilateral Figures, the Rect-angle is 
that which hath Four right, and conſequently equal An- 
gles; whether the Sides be equal or not. 

32. A Square is that which hath equal Sides, and is 
Right-angled, and confequently Equi-anghed. 

Every Square is a Rettangle ; but every Rectangle is 
not a Square. . 


33. A Rhombus is a quadrilateral or four-fided Figure, 


 whichis equilateral, but notequiangled. 
Fig. 17. ; : 44 . : 
Sides and Angles equal, bur is neither Equilateral, nor 


4. A Khomboides is that which hath the oppoſite 
Equiangled. 
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. 35. A Parallelogram is a quadrilateral Figure, which Fig- 14, 1 
hath each Two of its oppoſite Sides (AB, FC and %, 17. 
BF, AC) parallel to each other. Now what parallel 
Lines are will be ſhewed in the following Definition. 
Every Rectangle and Square is a Parallelogram ; but 

every Parallelogram is not a Rectangle or a Square. | 

36. Right Lines are Parallel or Equi-diſtanr, which be- Fig. 18. 
ing in the ſame Plain, and drawn out on both Sides infi- 
nitely, are diſtant from one another by Equal Inter- 
vals. po 
The Intervals are faid to be equal, in reſpect of the 
Perpendiculars. Wherefore if all the Perpendiculars 
(AL) unto one of the two Parallels (A B) ſhall be e- 
gudl, the right Lines (AB, CF) are ſaid to be Paral- 
el. | | 

Parallels are produced, if the right Line (LQ) which 
is perpendicular to the right Line (AB) be moved a- 
long (AB) always e for then its Ex- 
tremity L deſeribes the Parallel C F. 


37. The Diameter or Diagonal of a Parallelogram, and Fig. 17 
every Quadrilateral, is a Right Line (AF) drawn 
through the oppoſite Angles. 1 

38. Plain Figures contaiu'd by more Sides than Four, 
are called Many- ſided or Many-angled, and by a Greek 
Word, ——_— , "Few Fo p 

39. The External Angle of a Right-lin'd Figure, is „ „ 
92 which ariſeth — the Figure when che Side is *. 1 
produced. Such are FBC, GC A, HAB. Every Fi- 
gure therefore hath ſo many external Angles, as it hath 
Sides, and internal Angles. | 
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Piuaſtulates. 


Poſtulate is that which it is manifeſt in it ſelf, that 
it may eaſily be done, or .conceiv'd to be done. 


A 


It is required therefore to be granted that we may, 
1. From any Point given draw a right Line unto any 
r Point given. 5 . 
2. Draw forth a finite right Line in Length ſtill farcher, 
3. From any Center at any interval detcribe a Cirele. 


> 
, 9 


i. 


Axiome, 


F 


| Evct 10's Elements. 


Axioms, 


A N Axiom is a Truth manifeſt of it ſelf. - 
I. Thoſe things which arc equal to the ſame thing, are 


equal alſo amongſt themſelves. And that which is great- | 


er or leſſer than one of the Equals , is alſo greater or leſs 
than the other of them. | 


wot, If to Equals you add Equals, the Wholes will be 


* If from Equals you take away Equals, the Remain- 
ders will be equal. 


4. If to Unequals you add Equals, the Wholes will be 


unequal; * 

3. If from Unequals you take away Equals, the Re- 
mainders will be unequal. | 
Ea. What _ are — 5 9 — * — ſame 

uantity, are amongſt t elves; and what things 
are * — or quadruple of the fame, are 
equal amongſt themſelves. Iu 

7. What things do mutually agree with one another 
are Equal. | | 

8. If right Lines be equal, they will mutually agree 
with one another; and the fame thing is true of An- 
gles. | 

9. The whole is greater chan its part. 2 

10. All right Angles are equal amongſt themſelves; 

11. Parallel Lines have a common perpendicular: That 
is, the right Line which is perpendicular to one of them 
is perpendicular alſo to the other. 

12. The two perpendicular Lines (LO, QI) inter- 
cept equal Parts of the Parallels. 93 8 

13. Two right Lines do not comprehend a Space; for 
vnto this there are required three at the leaſt. | 
14. Two right Lines cannot have one common Seg- 
ment; for that they cut one another only in a Point. 

Of Propoſitions ſome propoſe ſomething to be done 
and are called Problems; in others we proceed no fur- 
ther than bare Contemplation, which theretore are named 
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PROPOSITIONS. 


T NH E Requiſite Citations are found in the Margin. 

When Propofitions arc cited, the firſt Number de- 
figns the Propoſition; the Letter / with the Number fol- 
lowing , ſignifies the Book. As when you meet with 
(Der 5. J. 3.) you muſt read it thus, (by the gth Propoſi- 
tion of the zd Book). The Figure is always to be 
ſoughr amongſt the Figures of that Book in which we 
are then converſant. The reſt of the Citations are eaſy 
$0 be underſtood. 

The primary Affections of Triangles and Parallelo- 
grams are deliver'd in this firſt Book. The more fa- 


mous Propoſitions are, 32, 35, 37, 4, 44, 45, 47. 
PROPOSITION I. Problem. 


| | Pon a given Right Line (AB) to make an Fiz. 23. 
Equilateral Triangle. | 


From the Centre A, with the Interval (AB) (a) de- (4) Per Fe 
ſcribe the Circle FCB: and from the Centre B with the © ful. 3. 
ſame Interval B A deſcribe the Circle ACL, cut- 
ting the former in the Point C, from which Point draw 

_ the Right Lines CA, CB. | | 

I fay, that the Triangle A C B now made, is Equilate® 
ral. For the Right Line A C is equal to the Right (6b) So 1 4 
Line AB, ſeeing they are . Semi-diameters of the ſame 1 
Circle FCB: And again, the Right Line BC is equal to 
the ſame Right Line B A, ſeeing they are both Semi- 

d iameters of the Circle LC A. Therefore AC, BC are 

92 equal bet wixt themſelves. And therefore all the (c) P., 
ides of the Triangle are equal. Thereiore the Triangle Am 1. 
(4) AC B is both Equilateral, and made upon the (d) Pe- 

given Line AB; which was the thing to be done. Def. 25. 

2. E. E Ng 


Corollary, Hence we may meaſure an inacceſſible Line, Eg. 77. 
as AB, Tor ſuppoſe any Equilatera! I iangle whatſoever 
B D E applied to the Print B along the Line B A. Looking 
from the Point B along the Line BE, mark as many Points 
as you conveniently can in the Line B C: Then remove the 
| | | Triangle 


E e 4 — — [ 
_ 


. 


Fig. 44. 


Fig. 244 


_ Evcr 1's Elements, Lib. I. 
Triangle BD E along the Line BC, from one place to ano- 
ther of that Line, until by taking aim along the ſide of the 
Triangle ED or CF, you ſee the inacceſſible Point A in a 
Continuation of that Line. Thus the Triangle BAC is 41 
well Equilateral as BD E. If therefore you ſhall now 


meaſure the acceſſible Line BC, you have the Meaſure of the 
inacceſſibie A B. N. E. I. . 


PROP. II. Problem. 


F * 4 given Point A to draw a Right Lint 
equal to one given E F, 
Take with a Pair of Compaſſes the Interval E F and 


transfer it from A to D, the Right Line AD will 


PROP. III. Problem. 


WO unequal Right Lines being given, from 
the greater of them G H to cut off G I equal 
to the leſs E F. | 


Take with a Pair of Compaſſes the Interval of the leſſer 
given Line EF, and transfer it unto the greater from G 
to I. 


P R O P. IV. Theorem. 


F in two Triangles (X, Z) one ſide of the 
one (B A) be equal to one ſide FL of the other, 
and another fide (C A) of the one equal to another 
(IL) of the other , and the Angles (A and 
L) made by thoſe ſides he alſo equal; then the 
Baſes (BC, F) are likewiſe equal, as alſo the 


Angles at the Baſes (B, F, and C, I) which are 


oppoſite to equal ſides, and conſequently the whole 
Triangles are equal; 


Fox 
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EP 


no- 
For if we ſuppoſe the Triangle Z to be laid upon the ( Fer. 
— Triangle X, [ns Sides LF, II will perfectly agree and 42. 8. 
as fall in together with the Sides that are equal to them, A B, 
now AC, and this in ſuch fort (c) that the three Powys 
the (I. E, 1) ſhall fall upon the three Points, (A, B, C). 
Therefore the whole Baſe F I will alſo fall upon the 
whole Baſe BC. Bur then the Angles F, B, and like- 
wiſe rhoſe I, C and the [whole Triangles will mutuall : 
(congruere) agree to each other. All therefore by Axt- 
om 7th. are equal, Q. E. D. Which was the Thing to be 1 
ine demonſtrated. | 
Coroll. (1.) Hence we may alſo in another way meaſure the Fig. 78. : 
nd inacceſſible Line A B. For from any Point whatſoever, as 
be the Point C, let the Angle 4 C B be obſerved, and then let the 8 
lines AC, BC be meaſured: and in any acceſſible Plain let py 
there be meaſured about the Angle F, which is equal to the An- 7 
gle c, Two Lines FD and FE which are equal to the Lines 5 
AC and B C reſpeFively. And then there will be the acceſſible 8 
ooh Line D E equal to the inacceſſible 4 B. N. E. J. > Z 
ual Coroll. (2.) Hence alſo, thoſe who play at Billiards with Fig- 79: I 
Tvory Balls may learn how by the reflexion of their own to hit we 
| and remove their Adverſaries Ball. For let B be the Ball t = 
fler be ftricken, A that which is to ſtrike it, and CD the ReS#i- ph 
n G linear Plain. Let the Line B E be perpendicular to the' Line 2 
CD, and DE be equal to DB. If the Ball A be ſtricken = 
and carried along the right Line AFE unto the Point F, 24 
it will there be ſo reflected that after the Reflection it will ; 
tend unto B. For in the Triangles B FD, EF D, the Side 
the F D is common to both, and the Side D B is equal to the Side 
ber, DE ; and the Angles at D are equal as being right ones. The 
h whole Triangles therefore are equal : and therefore the Angle I 
15 B FD, which is equal to the Angle DFE, is * equal to AFC, * Per 15+ 8 
and the Angle A F C being vertically oppoſite to D F E. Wherefore, l. 1 Et 
the ſeeing the Angle A FC is the Angle of Incidence, which in ſuch 
the caſes is equal to the Angle of Reflexion), it is manifeſt 
are that B D, which hath been proved equal to A FC, is the An- 
101 tle of the Reflexion of the Ball A, and that the Ball tending 


towards E is in the Point F ſo reflected as to hit the Ball B. 
EE. | | 


Scholium 
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Scholium or 0 uation. 


Dr much the ſame way of Reaſoning, whereby this 
B ach Propoſition las been demonſtrated, the fol- 
lowing Theorem, which we ſhall have occafion to uſe by 
and by, may be demonſtrated alſo, 
Fig. 25. If in Two Triangles X, Z, the Sides BC and FI ſhall 
| he equal, and the Angles adjacent to theſe Two Sides 
equal alſo, viz. B and C equal to F and I: All the other 
Things, and the whole Triangles themſelves will be equal. 
For the Side F I laid upon the Side B C will agree, or 
Laid Ari. thoroughly coincide with it (a). And then becauſe the 
Augles B and Care <qual to thoſe E and I, when the Side 
opp FI is laid upon the Side BC, FL (6) will fall exact. 
* upon B A, and IL upon C A. Therefore the Point L wil 
fall upon the Point A (ſor if it fall without A, the Sides 
FL IL would not fall vpon the Sides BA, CA). There- 
fore all Things are equal by Axiom 5th. 


PROP. V. Theorem. 


Fig. 26. N an [ſoſceles or Equicrural Triangle, the An- 
gles at the Baſe (A, C) are equal. 


Let the Triangle A BC be underſtood to be twice put, 
but in an inverted Poſture ch a. Becauſe therefore, in the 
Two Triangles A B C, c ba the Side A B is by the Suppo- 
ſition equal to the Side c þ, and the Side C B to the Side 
4 b, and the Angle B to the Angle b; the Angle A alſo. 


fc) Per 4. at the Baſe will 215 equal to the Angle c. Q. E. D. For 
1 . as tor the Angles C and c they are the fame. 
Corollary. 
T HEREFORE an Equilateral Triangle is alſo 


Equiangular. 
PR Op. VI. Theorem. 


J. 26s F in a Triangle (A BC) Two Angles (A and 
C) be equal, the Sides alſo (A B, BC) which 
are oppoſite ro thoſe Angles are equal alſo. 


6. HEAaAGnyYsIs — 


en renne 


r 
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Let the Triangle A B C be ſuppoſed to be twice put, 
bur in an Tn firuation, c 6 a. Becauſe therefore in 
the Triangles ABC, cb a, one Side A C is equal to one 
Side (c 4, and the Angle A is equal to the Angle c, and 


is the Angle C equal to the Angle a, all the other Things 
% ſhall be likewiſe (a) equal, and conſequently A B ſhall (a)PerSchel, 
y be equal to the Side c b. Q. E. D. For as for the Lines Prop. 4+ 
C B and c b they are the ſame. 

I | 
es : Cor oll. : 
EF | : . * . 

HEREFORE an Equiangled Erian is alſo 
5 1 4 Equiangl gle, 
in Coroll. (.) Hence, by the means of the Shadow of the Fig. zo. 
le Sun, we may meaſure the Heighth of a Tower, or any elevated 
þ Point. For when the Sun is elevated 45 Degrees above the 
15 Horizon, the Shadows which the Twers caſt towards the Hori- 
es 20m will be exattly 2 to their Height, For, by reaſon that 
12 the Angle AC B is balf a right Angle, the Angle B AC alſo 


* will be half a right one; and ſo, by the force of the preſent » Per Corel, 
Propoſition, the Line A B will be equal to the Line B C. The 11. Prep. 38. 
' Line BC therefore being found by meaſuring, there is found + 1 
at the (ame time the Line A B, the Height of the Tower ' 
1 above the Horizon. | 
Coroll. ( 3.) The Thing alſo may be found without the 
Sun by the means of an Aſtronomical Quadrant. For where 


ut, the Angle of Elevation is balf-right, there the Height of the 
he | Tower above the Obſerver s Eye is equal to the diſtance of the 
p- ſame Eye, from that Part of the Tower which is oppoſite to 
de it. The Diſtance therefore of the Eye from the Tower being 
Iſo. given by meaſuring, there is given at the ſame time the 
or Height of the Tower. N. E. I. 


The VIIth Propoſition in Euclid is for the ſake of the 
VIIlch, which wichout it will here be demonſtrated, 


Iſo. PROP. VII. Theorem. 


F Two Triangles (X, Z) have all their Sides Fig. 2% 

equal amongſt themſelves reſpectively (AC 
ena to E F; CB to FI; AB to ET ;) they 
ind will alſo bave all the Angles which are oppoſite 10 
ich equal Sides,equal (C equal to F; At E; Bt D. 
| | 9 
La FI 


9.4 ee Con — 


F 
| 
| 
, 
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hd 
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For ſuppoſe the Side A B laid upon its Equal EI, 


if then the Point C falls upon F, the Triangles will in 


the Whole agree or coincide, and conſequently all the 
Angles will be equal. But the Point C will fall upon the 
Point F. For, 

From the Centre A let a Circle be deſcribed with the Semi- 
diameter E F; and from the Centre I let another Circle be 
deſcribed with the Semi-diameter I F ; .the Point C by reaſon 
of the Equality of the Sides of both Triangles, will be in the 
Circumference of both Circles, and conſequently in the Point E, 
the common Inter ſection of both theſe Circumferences. Q. E. D. 


PROP. IX. Problem. 


O Biſe# or Divide into two equal Parts a 
given right lin d Angle, as I AL. 
From the Sides of the Angle take with a Pair of Com- 


paſſes two Equal Lines, A B, AC; then from the Cen- 


tres B and C deſcribe two equal Circles cutting one ano- 


| therin F; which dene draw the Lipe F A. This bid 


the Angle. 


For draw the Lines BF, CF; the Triangles FAB 


FAC are to each other Equilateral; for the Sides A B, 


. AC are by the Conſtruction equal, as in like manner are 


£m 8. 


Figs 3% 


the Sides BF, CF, they being Semidiameters of equal 
Circles; and AF is common to both Triangles. There- 
fore the Angles BAF, CAF 00 are equal. Therefore 
the given Angle TAL is biſected. Q. E. F. 


Corollary, 


H oo _ we ma — how an Angle may be divi- 
| into equal Angles, 4, 8, 16, Or. viz. by bis 
Eking cack Parc-agnin, nl be ** 

„ Scbolium. 


O one hath hitherto taught the way of dividing An- 


gles into all equal Parts whatſoever with a Pair 
Compaſſes, and a Rule. | 


Yer may you divide any given Angle Mechanically into 


any equal Parts wharſoever,it trom the Top of RANGES, 


© 
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the Centre you deſcribe an Arch between the Legs of the 
Angle, and divide that Arch into as many equal Parts 2s 
you require; for right Lines let down A through 
the Points of the Diviſion will cur the Angle into ſo many 
Equal Parts. | be 


p R O p. X. Problem. 


* O biſect a finite given Line (A B). *. 


Upon the given A B make au Equilateral (2) Trian- * 1. 
gle A G B. Biſect its Angle G (6) with the right Line G C. (7 | 
The ſame ſhall biſect the given Line A B. PPS on. 
4 For in the Triangles X, Z the Side CG is common z 
and by the Conſtruction GB, GA are equal, and the 
Angles contained between them AGC, BGC, 
are likewiſe equal. Therefore the Baſes AC, BC (e (© Per A 
a, N equal. The given Line therefore AB i biſe * 
E. F. 
* But for Practice it is ſufficient from the Centers A and 
B B to deſcribe two equal Circles, * es another in 
F G and L, and fo to draw the right Line GL, 
4 | 


r 


al PROP. XL Problem; 


* | 5 given Point (A) to raiſe @ Per- f. 10 
pendicular in a given right Line CELL» A 


Wich a Pair of Compaſſes take the equal Lines AC, 
vii Ak. From the Centre C and F deſcribe two Circles, 
bis autting one another in B. The Line which is drawn from 

B to A will be the perpendicular required. 

For let the right Lines C B, F B be drawn. The 

Triangles X and Z are equilateral to one another. 

Theretore the * CAB, FAB are equal 8 (a) Per ©. 
2 B A is (6) perpendicular to the Line (LI. 7 4 

In practice this and the next are eaſily performed bỹß 

ie help of a Square. Long 


A | pROB, 
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PROP. XII. Problem. 


Fig. 33. F ROM a given Point (A) which is withaut: 
an infinite right Line (as LD) to let fall 
a Perpendicular to that Line. 

From the Centre A deferibe a Circle which may cut 

0 the given LQ in C and I. Biſe& the right Line CI 
Sz 90 with the right Line AB. This AB 1s the Perpeꝝ- 

icular required, | 
For let there be drawn” AG, AI. Becauſe by the 
Conſtruction X and E are equifareral to one another; 


1 


h rer . Therefore the e 


(Po Therefore AB is (e) perpendicular. Q. E. F. 
14. | 
* Th P. R O P. XII. Theorem. 
Fg. 6. THE right Line (BA) fanding upon the 72 


L Line (C F) either makes, t right Angles, 
or Angles equal to.two night ones. 


For if BA ſtand upon it perpendicularly, then by 

Definition 14 the two, Angles BAC, BAF will be right 

| ones, And if BA ſtand obliquely, let chere be rais'd 
(f) Per, 1. (J) the 1 AL. Where becauſe the une- 
W Angles CAE, FAB poſſeſs the ſame Place whic 
the two fight ones C AL, LA F do, and agree to them 


* 


8 they are equal ( to them. a 2. E. D. 


Corollar ies. 


i. IN the fame manner it uill be demonſt rated, if more 
right Lines than one ſtand upon the tame right 


* Line, that the Angles thereby. made are equal to rwo 
KA. righr ones. Y ; 
Fig. z. 2, Two right Lines cutting one another, make the An- 
gles equal to four right ones 


3. All the Angles which are about one Point , make 
Angl.s equal to tour right ones. It appears from Corol- 


4. The 


Fig. 36. 2 


2— f 6 


. 8 
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4. The Angle CAF being known, von at the ſame Fig- 37- 
time know its Complement unto two right Angles BAE. 

For Example, Let the Angle CAE be of 70 Degrees; 

the Angle BAF will be ot 110 Degrees. For thole 

tuo Numbers. added together make 189 Degrees, which 

is the Meaſure of two right Angles. | 


w—_ 


c 
1 F to right Lines (XR, 2 R) at the ſame Fig. 35. 
c Point of a right Line QR make” the An- 


3 gles on both Sides (XR , 2 ) equal to tue 
. »ght Angles ; the Lines (XR, Z R) make. one 
right Line, 8 


If you deny it, let XR, B R make one right Line. | 
Therefore the Angles XRQ QRB (a) will make rwo Ca) Per 23; 

right Angles, Which thing is (4) ablurd ; ſceing by the a 

bt Hy pothetis X RQ, ZRQ do make two right Angles, 2 


ax io. 9. 


PROP. XV. Theorem. 

4 1. two right Lines (BC; FL ) cut one Fige 37: 
another in d, the Angles oppoſite at the top 

ich (A) are equal, viz. LAB to CAF, and 
ny, 3 BAF to LAC. r «+ if 

For becauſe, B A ſtands upon the right Line LF, bo 
the Augles LAB, FAB are (c) equal to two right ones: (9 Fer 13+ 
And becauſe FA ſtands upon the right Line BC, the An- (1 y de 


gles FAC, FAB are allo equal (4) to two right ones. fanc Prop. 
Therefore the two Angles together (e) L A B, FA B are Gren 4715 


ore 
| equal ro thoſe two together CAF, FAB. Therefore 
0 taking away che gomumon Angle, FAB, LAB (F) remiins 5 


equal co CA F. In the fame manner BAF, LAC are 
ſne wed to be equal. 


* 


A BY - Coroll. From theſe twa Propoſitions we gather in Catiptrits 
** that a Ray of Light, as refleted in an Angle equal to the An- 7 
6le of Incidence, taketh the ſhorteſt way of all. E. G. When Fig. 6% 
the Angles BED, AB F are equal, the Lines AE and EB 
The taken together, are ſhorter —_ Lines whatſoever, - 
2 A 
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Fig. 38. 


(5) Per 6. 


. Is 


Lih. I. 
AF and FB taken together. For from the Point B let the 
perpendicnlar Line B C be let down; and let BD and DC 
be equal; Let the Lines alſo EC and FC be drawn. Nw 


in the Triangles BED and DEC, ſeeing the Side DE > 
common to both, and the Side BD and DC are equal by the 


EUCL1D's Elements. 


Hypotheſis, as is alſo in the like manner B DE equal to the 
Angle CDE; the Triangles ſhall be * equal in all other 
things, and BE ſhall be equal to CE, and the Angle BED 
to the Angle DEC ( where becanſe the Angle DE C i 
equal to [ BED, thats) AE F, the Lines 4E, EC are 
proud to make one tight Line.) And in the ſame manner the 
Line BF will be proved equal to FC. Seeing therefore the 


Lines BE and EA taken together, are equal to the Line 


CA, and the Lines BF, FA taken together are equal to the 
Lines CF, FA taten together ; It is manifeſt that CA, 
which is one Side of the Triangle AC Ft, is leſs than the 
iwo Sides CF, F A taken together. Q. E. D. 


PR Op. XVI, XVII. 


| * ESE two Propoſitions are contain'd in 


Propoſition 32. And are not here made uſe 
of till then. 


P'R OP. XVIII Theorem. 


N every Triangle the Angle (A) which is op- 

poſed to the greater Side (B O) is the greater; 
and (B) which is oppoſite to the leſſer Side (AO) s 
the leſſer Angle. 


(A) Cannot be equal to (B) for then the oppoſite 
Sides BO, AO would be equal (a); which is contrary 
to the Hypotheſis. Neither can A be leis than B, for 
if it were ſo, there might within the Angle B be made 
an Angle ABK by the right Line BF; which Angle 
- ſhould be equal to A. But then by the 6th of this-Book 
BF, AF ſhall N and if you add to both O F, 
then BF, FO ſhall be equal ro AO, But AO by the 
Hypotheſis is leſs than BO. Therefore BF, FO ſhall 
be leſs chan BO, which contradiQs the Definition of a 


right 
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right Line, which is the ſhorreſt of all betwixt two Points. 
Therefore the Angle A is neither leſs than B, nor equal 
to it. Therefore it is greater. Q. E. D. | 


P R O P. XIX. Theorem 


1 N the Triangle 40 B the Side (BO) which 
1 oppoſed to the greater Angle (A) u the great- 
er; And( AO) which is oppoſed to theleſſer Ang le, B, 
is the leſſer. 


This Propoſition is the converſe of the former. BO 
is nor leſs than AO, for if it were, the Angle (A) by 
the 18th would be leſs than B; which is contrary to the 
Hypotheſis. Nor can BO be equal to AO, for in this 
Eaſe by the 5th the Angles A and B would be equal. 
But this Equality of thoſe Angles is contrary to the Hy- 
potheſis. Therefore BO is greater than AO. N. E. D. 

Coroll. Hence we gather that a Globe or Ball perfectly po- 
liſhed cannot reſt in an horizontal plain perfectly poliſhed, but 
where it touches the Earth. For let the Line AB be an ho- 
rizontal Plain, C the Earth's Center, CA the S:midiameter of 
theEarth, perpendicular to theTangent AB. The Globe placed at 
B becauſe of its Gravity, and the Declivity of the Plain, will 
deſcend towards A. For in the Triangle C A B the perpendi- 
cular Line C A, which is oppoſite to the acute Aue ABC is 
leſs than the Line BC which is oppoſed to the right Angle B Ac; 
and ſo there is from B to A perpetual Deſcent , in which gbe 
Globe cannot reſt. And in the like manner we prove the De- 
ſcent of Fluids, and their Conformation into a ſpharical Sur- 


face. 


PRO P. XX. Theorem. 


N any Triangle, any two Sides of it taken to- 
gether, are greater than the remaining Side, 
This with Archimedes is as it were an Axiom; foraſ · 
much as it is immediately manifeſt our of his Definition 
ot a right Line; which ſce above among ſt the Definitions. 
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Fig. 39. 
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PROP. XXI. Theorem. 


F from the Ends of one Side A B, two rightLines 

be drawn, and joined together within the Tri- 
angle, (as the Lines AO, BO); theſe are leſs than 
he Sides of the Triang le (AC, BC 5 but 3 
comprehend a greater Angle (4OB.). 


For as for the firſt Part df the FIG Draw out 
AO unto F. AC, CF are (4) greater than A F. 
Therefore the common Line E B being added, AC, BC 
= greater than AF, FB. Again, OF, BF are ear- 

er (b) than OB. Therefore the common A O being 
added, AF, BF are greater thah AO, BO. Theretore 
AC, CB are much greater than AO, oB. 

The ſceond Part of this Propoſition will be demon- 
ſtrated in the ſecond Corollary of the firſt Part of Pro- 
Tie - 32. And in the meth while we ſhall mike no 

* ak 7 


. - + + 5 
F „ * 1 92 „0 . * * 


pP R O p. XXII. problem. 


I: O nale n Triangle of three given right Line; 
(BO, LB, LO) (of which any two muſt 
be greater than the third.) | ö 1 


{La BL — the given Lines — 9 „and B one 
of its extremities being taken tor the Centre, with che 
Interval of the other given Line BO deſcribe an Arch. 

Then the other Extremity L being taken for the Cen- 
tre, with che Iurerval of che third given Line LO de- 
ſcribe an Arch, cutting the former in O; which being 
done, and the right Lines BO, LO being drawn, 119 
that chat is done Which was to be done. 

+ The Demonſtration is manifeſt from the Coaſtru- 


j 1 


0 


TS 0 = ATR > 

{> © 1, SAS 

PEE DAE Is 
* * * af 


1 728 6 „ 
r 
25 thy fx bg © wh 

n . 
f A, pl AN F 


" EDT I. A ERIE 
7 3 ws bs PISS - Þ 4 f 7 1 "4 
FEES Cog: I Fo LIT HEY ky _ = ALL 
Bf N 7 ITE; n 
. 5 F . 
5 n gas F L SIS A. & 1 97 n 
I C0  IT > 
Re * 50 » 
281 . 


4% 4* l L —_— Era * ES WAY } 
* SO EIS, n 1 
. REIN 
by 7 "RA 1 N Fg 2 r 
» — 


Lib. I. Eucrrp' Elements. 


P R O P. XXIII. Problem. 


A make an Augle equal to a given one (A). 

Firſt of all let CF be drawn at a venture, cutting the 
Sides of the given Angle A. Then in the given fight 
Line from B take BL equal to AF. Then from the 
Centre B deſcribe a Circle with the Interval AC; atrer- 
wards another from the Centre I. with the Interval FC, 
which may cut the former in O. Then from O unto B and 
L having drawn right Lines: The Angle LBO will be e- 
qual to the given one A. £4 e 

For by the Conſtruction the Triangles are Equilateral 
to one another. Therefore by the 8th of chis Book the 
Angles B and A are equal. 


Scholium, 


I T ſeems meet for the Sake of Beginners to propound 
ſome things here which are neceflary for practice 
about Angles. 2 | 

The Meature of an Angle is the Arch of a Circle, 
which is deſcribed from A, the Top of the An- 

le as the Centre. Theretore loo t how many Degrees 

Ae Arch BC which is intercepted between the Legs of 
the Angle BAC fnall contain, of 1o many Degrees the 
Angle BAC ſhall be ſaid to be. And ſo beranſe BY 
a quarter of the Circumference, contains go Degrees, and 
meaſures the right Angle BA, a right Angle ſhall be 
laid to be of 90 Degrees. In like manner becauſe half 
che Circumterence , which is divided inte 180 Degrees, 
meaſures rwo right Angles, and the whole Cireumſerence 
which is divided into 360 Degrees , meaſures four right 
Angles ; two right Angles ſhall be {aid to make 180 Pe- 
grees, and four, 360 Degrees, Theſe Things being pre 
mifed, the Prattice about Angles is as follows : 

1. At B a given Point in a right Line co make an An- 
gle equal to the given one A. | 

From A the Top of che given Angle as the Cen 
defcrive betwixt rhe Sides the Arch CF. Thea trom 


B 4 | B the 


4 + 


v9 


T a given Point in a right | Line (as B) fo Fig . 


Fig. 41, 


Fig. Ts 


1 

3+ 
bt 
\ 


— — — 
rn 


I 
(Os 


— 2 
er 


—— 2 — 
*% * — 


— 4. W- . 


2 — »» - 
a _ Vic — — — — — p , 


© tres DAR. — 
5 
po 


os 
1 
| 


Fig · 41 


Fig. 43 


Fig. . 


I. 
a 


EUcL1d's Elements Lib. I. 


B the given Point as the Centre deſcribe with the ſame 
Interval the Arch LZ; from which take off LO equal 
to CF. Through E and O draw a-rigtit Line; LBO 
ſhall be equal to the given aA... 
2. To examine the Degrees of the given Angle OPQ, 
This is done very eaſily through any Semicircle or Pro- 
tractor, which is divided into 180 Degrees. For put 
the Centre of the Semicircle upon P the Top of the 
e, and the Radius of the Semicircle P L upon the 
Side of che Angle PQ; and the Arch LO which is in- 
tercepted betwixt the Legs of the Angle will ſhew of 
how many Degrees the given Angle is. 
3. To frame an Ang e containing à given Number of 


Degrees, as 42: 


Draw the right Line X Q. in which mark the Point P. 
Upon P put the Centre of the Semicircle, and its Semi- 
diameter PL upon PQ, From L number 42 Degrees, 
that is, until you come ro O. A right Line drawn from 
P chrough O, will give the Angle OP L of 42 De- 
Kgrecs. » . 


p R OP. XXIV, and XXV. Theorems. 


F two Triangles (BAC, BAF) ſhall have 
two Sides (BA, AC) equal to two (BA, 
AF) one ſide of one, to one ſide of the other; and if 
one of the Triangles bath the Angle (B A F) con- 
tained by thoſe Sides greater than the other (B AC); 
7 fe) bave the Boſe BF greater than the Baſe 
BC. 4 ; 
And again, If it hath the Baſe greater, it ſhall 
haue the Angle greater.. 


From the Centre A deſcribe a Circle which paſſeth 
through C, it ſhall paſs alſo through F, becaute AC, 
AF are ſuppoſed to be equal. Therefore BF ſhall fall 
betwixt the Point A and C. Then join CF. The 
os, BCF is greater than the Angle ACE; that 
is, by the 5th of this Book, than the Angle AFC, and 


2 Per 19. Conieyuenriy much greater than the 7 BFC, There- 


tore in the Triangle BCF, (a) BF which is oppoſite 
+ % 10 1 Li 9 þ N 5 3 
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— ͤ = 


Prop. 32. which Propoſition depends not upon tlus. 


x 2 


to the greater Angle B CF is ter than BC whic 

is oppoſite — BEC. 3% 4 
2. As for the ſecond Part of the Propoſition this is 
manifeſt from the firſt part. 33 3 


PROP. XXVI. Theorem. 


I F two Triangles (& and Z) have two Angles Lie- 25. 
equal to two, one Angle of the one equal to one 
Angle of the other ( Bio F and C to I), and 
one Side of one Equal to one of the other, whether 
it be that which « betwixt the equal Angles (as 
B CF or a Side which « oppoſed to ane: of the 
equal Angles (as A CLI); all the other Parts 
all be equal, | 7 | 
For in the firſt Place let the Sides (BC, FT) which 
are berwixt the equal Angles be ſuppoſed. equal; In this 
Caſe all the other Parts are equal; as hath been already 
demonſtrated in the Shin of Propofition 4. 
Again, fuppoſe the Sides AC, LI which are oppoſed 
to the equal Angles to be equal. Here becauſe the An- 
gles (B, C) are by the Hypotheſis equal, to (F, I) the 
other Angles alſo (A, L) thall be equal by Coroll. 9. 


Th | ore by the firſt Part of this all the other Parts are 

equal. 8 
Corel. Hence alſo , following Thales, we 'may meaſure Fig. $4. 
inacceſſible Diſtances. E.G. Let AD be an inacceſſible 

Line: to which at the Point A let there be erected the Per- 
pendicular AC. Let there be made the Angle (ACB) e- 

qual to the Angle (ACD) the acceſſible Line AB ſhall be 

equal to the inacceſſible AD. N. E. I. | P 
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PROP. XXVII. Theorem. 


I F the right Line G O ſhall cut two right Lines . . 
which are parallel (AB, CF); 1. The alter- 
nate Angles (RLO, 20L 3 likewiſe BLO 
COL) ſhall be equal, 2, The external Angle 
* 3 1 * Pi a N GL 
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=. EVEr 1 D's Fenemr. LIb. I. ML 
GL'B ſhall be equal to the internal one on the ſame = © 
Side (that #5, 40 LO F:)as likewiſe G LR equal to I 5 
LOC. z. The two internal ones '# the ſamt WW 
15 Side (ALO, COL) as taken together , (hall be WF wj 
equal to two right ones, as likewiſe the two(B LO 40. 
FOL) equal to two right ones. Ar, 


Fig. 4%. The firſt part is thus proved. From O and L draw Ms © 
the Perpendiculars OR, LQ. Theſe are FADED wh 
Fer ax.11+ to the *xwo Parallels AB, CF ; and by Definition 36. . 
ca) Per axie. equal berwixt themſelves, they ſhall therefore (a) 1nter- fur 
12. cepr equal Parts of the Parallels, and RL. ſhall be equal | 
to QO. Therefore the Triangles X and Z are equila- 
) Per 8, Feral ro one another. Therefore (b) the alternate An- 
1. . gles RLO, QOL which are oppoſite to the equal Sides | 
RO, QL are equal. Which is the firſt thing. From 
whence it is likewiſe maniteſt that the alternates B LO, 
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14 COL ate cqual. For becauſe as well BLO, AL O as 
1 GE) Peri3- COL, Fol are (c) equal to two right ones; there- 
14 . fore BLO, ALO together, are eqns to COL, FOL. * | 
8. Therefore taking away the Equals RL O, FOL, the re- be 
maining ones B LO, COL ſhall be like wiſe equal. ry 


X Part ſecond. The Angle G LB is equal to that which | 
(a) Per 25. is vertically oppoſite RLO (4); But RLO by the e 
{1 irt Part of this Propoſition is equal to LOF. There 
fore GL B the external Angle is equal to the internal re- 
mote one which is on the ſame Side, LO F. 1 
Part third. A LO by the firſt Part is ones! to LOF. 
But LOF with COL make Angles equal to two right 
ones. Therefore AL O with COL dorh the ſame. 
Coroll. Hence ih Imitation of Eratoſthenes we learn to 
theaſure the Compaſs of th? Earth. Kor he obſerved that on 
the Day of the Summer Solſtice , the Sun was perpendicularly 8 
over Siene, a City of Egypt; and he found by the means of | Si. 
8 Stile perpendicularly eretted, that on the ſame Day the Sun | ( 4 
was diſtant from the vertical Point of Alexandria a City of | 
Egypt, ſituate almoſt under the ſame Meridian with the - ] 
ther, ſeuen Degrees,with one 5th Part of a Degree; and he h 
knew that theſe Two Cities were about $500 Furlings diſtans 681 
from euch other. From theſe Things by the Help of this P.. co 
poſition he determin'd the Compaſs of the Earth. Let A Pat 


Fige By, 


Siene, and B be Alexandria, where the Gnamen B C He... 
redled perpendicular to the Horizon. Let DF and EG be the tig 
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Slat Ros parallel to one another n fo Senſes DA a Ray 
perpendicular to the Horizon of Siene; and E GC A R 
Oblique to the Horizon of Alexandria, and which paſ- 
fing by the Top of the Gnomon mates with it the Angle GC F 
which is of 74 Degrees. Now ſeeing be Angle CCF n e. 
qual to the alternate one AFB, and the meaſnre of it is the 
Arch A B of 75 Degrees; he found the Compa's of the Earth 
by this Analogy 4 as 7; Degree art to $006 Furlings ; ſo the 
whole Circumference, which is of 360 Degrees, is in a groſs 
Number to 250000,the Compaſs of theEarth in the ſame Men- 


ſure. &. E. I. | 


PR OP. XXVIIL. Theorem. 


F a right Live (GO) cutting to right Lines 
L (AB, CF) makes the alternate Angles 
(ALO, LOF) equal; the Lines (AB, FC) 
are parallel. 6 | 
If you deny it, let X L Z paſſing through the Point L 

be parallel ro CF. Therefore X LO (a) is equal to (a) By the 
the alternate FO L, which cannot be, ſeeing by the Hy- Lerctzoing. 
potheſis ALO is equal to FOL, 


Fi. 47. 


PROP. XXIX. Theorem. 


F « right Line G O cutting two right Lines Fiz. 45, & 
(AB, CF) fhall make the external Angle 1 
(G LB) equal to the internal oppoſite one (LO #), 
or ſhall make the twd internal Angles on the ſame 
Side (ALO, CO L) equal to two right Angles; 


4 


(A3, CF) are parallel Liner. 


By the 1 sch of chis Book G L B is equal to A L'O, 
which is vertically oppoſite to it. Bur by t e Hy pothela 
6 LB is equal to LOF. Thereforealfo A L G is 


to its alternate one LO F. Therctore (5) AB, CF are 
parallel, we | | 


| $7 8 | 0 e 
Again, COL wich FOL makes Angles equal to two hy 
right ones. But by the Hyporheſis C OL with abs 
OY + © = makes 


24 


(a) By the 
toregoing, 


Fig. 47 


P er 27. 
. 

c) By the 

me. 

d) By the 
foregoing, 


Fig. 48. 


(e) · Per 23. 
4. 1. 


Fig. 49+ * 
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makes in all two right Angles alſo. Therefore ALO, 'FOL | 
the alternate Angles are equal. Therefore, again, (a) 


AB, CF are parallel. | 
Coroll. From the ſecond Part of this Propoſition it appears 
that every Rectangle is a Parallelagram. 


PROP. XXX. Theorem. 


F two right Lines (AB, C F be parallel to the 
ſame right Line (D N) they are parallel be- 
twixt themſelves. | | "A 


It is manifeſt in ir ſelf, and from the foregoing Propo- 
fitions. '. For if all be cut by the right Line GO, the ex- 
ternal Angle GLB is equal (5) ro the internal oppoſite 


one LDN. Now LDN is an external Angle in reſpe& | 


of DO F, and therefore (c) equal to it. Therefore alſo 


GLB is equal to LO F. Therefore AB, CF (4) are | 


parallel. 


PROP. XXXL Problem. 


12 a given Point (A) to draw a Pa- 
rallel to a given right Line (C F. 


From the Point A let there be drawn at random AL, 
cutting the given FC. At the Point A let there be 
made the Angle (e) LAS equal to the Angle A LE: 
The Line AS will be parallelto C F, as is manifeſt from 
pe gig „the alternate Angles SAL, ALF being e- 
ual. 
- As for thepractice. Draw AL, and from theCentre L de- 
ſcribe an Arch IQ; and from the Center A with the ſame 
Interval deſcribe the Arch OX; from which having taken 


off OR equal to 1 Q; the right Line drawn through A | 
and B will be the Parallel ſought. The Demonſtration 


depends upon the aꝙth L 1. 


Or otherwiſe thus. From a c-rtain Center P deſcribe 
a Circle which may paſs through the given Point A, and | 
may cur the given Line CF in Q and O. A 


g. gar 309 & 


Ws 


a) | 


üb. I. Evucrtd's Elements, ; 


Arch ON equal to QA. The right Line AN ſhall be 
the Parallel ſought. . 

The Demonſtration hereof depends upon 29. L. 3, and 
che 28th of this. 


PR OP. XXXII. Theorem. 
PART I. ; 


N every Triangle any one of the external. An- Fig. 51. 
ples (as FBC) M equal to the two internal re- 

mote ones (A and C). | 

Through the Point B draw (4) BL parallel to A C. ( Per 31. 
Becauſe F A cuts the two Parallels BL, AC, the e- 
ternal Angle FB L ſhall be equal to the internal one 
A (). And becauſe the Line B C cuts the ſame Paral- (b) Per 27. 
lels — AC); the Angle LBC ſhall be (c) equal to 2 By he? 
irs alternate one C. Therefore the whole Angle F BC g 
ſhall be equal to A and C both together. Q. E. D. 


Corollaries. 


1. F external Angle FBC is greater than either Fig. 51. 
of the internal oppoſite ones A or C. 8 

2. Of the Angles (C and AO B) having-the fame Fig. 35. 
Baſe, A OB which falls within, is the greater. 

For let AO be'produced unto F, AOB by this Pro- 
poſition is greater than OF B; and likewiſe OF B is by 
_ greater than C. Therefore A O B is much greater 

n C. 

3. If from one Point A there fall two right Lines upon Fig. 55. 
BC; one of them AO obliquely , the other A F per- 
pendicularly; this laſt ſhall fall on the Side of the acute 
Angle AO B. For let it fall, if it may be, on the Side 
of the obtuſe Augle AO C, as for inſtance in Q. In 
this Caſe the acute Angle A OB ſhall be external in re- 
ſpet of A QB, and D ſnall be greater than 
che right one, by Coroll. 1. which is abſurd, 
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PR OP. XXXII. Theorem. 1 
r yy 

1 N every Triangle the three Angles taken toge- ate. 

ther ave equal to two right ones, and therefore L; 

make 180 Degrees. * 2 

| | | ther. 

Fig. 52. Draw forth one Side A B unto F. The external Angle 17 
a ;- hap FBC is equal (a) to the two inrernal-oppoſite ones, A ro tl 
this. and C. Bur FBC with ABC make (5) Angles equal ral 
(b) Per 13, to two right ones. Therefore the two A and C win BY gh 
Ks the ſame CBA make Angles. equal to two right 0 
ones. Q. E. D. | whit 


Fig. $3- Or thus. Draw the Line HM parallel to AC, the al“ ine 
900 Per 27. ternate Angles as well O and A, as N and © (c) are ſhall 
Fat, qual, Bur O, Q, N nuke Angles () equat to two f a) 
prop-13. l. 1. right ones. Therefore alſo A, C, Q are equal to rwo | 'T 


righr ones. Q. E. D. unto 
* ing ( 
10 
Cerollaries, Stars 

1 = Let 
. . 5 HE three Angles of any one Triangle taken toge- ſerve 
w_— FER 4 are equal to the three Angles of any other Trias- 6 9 
gle taken together. gnla 


5. W ins Friangle one Angle be right (or obtuſe) rhe . 
reſt are acuto. 1. 
6. Ir in a . one Angle be right, the two other aul 
Ang les tage ther make one right Angle. * 

7. In every Triangle, the Angle which is right, is e- DB, 

qual to the other two taken together. . 

8. When you know of how many Degrees one Angle ſerus 
ar a Friangle is, you know at the lame time how many 
Degrees the two other Angles as taken together do make oy, 
up. And 10 on the contrary, when you know how ma- AL. 
ny Degrecs to Angles of a Triangle taken together do . 
make up, or what is the Sum of chem, you know at the 
fame time of how many Degrees the third Angle is. 

9. When two Angles of one Triangle either ſeyerally 
or together are equal to two Angles of another Triangle, 
the ttuird Angle or one Triangle is alſo equal to the third 
ot che other. 
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10, When two, Triangles. have one equal Angle, the 
Sums alſo of rhe reſt, of, the Angles are equal. 

11. When in an I/oſceles , the Angle contained by the 
equal Sides is à tight one, the to others are each of them 
bright Angles, And. the Angles, of an 1/oſceles which 

ate at che Baſe, are always. acure. * = 
* 12. In an equilateral, Triangle, each. Angle is two chirds 
of a right Angle. For it is one third of two right ones, 
chere tore it. is tug thirds. of one right one. * 
le 13. Hence a right Ange (BAC). is, cafily divided in- Fig. 54 
a 8” three equal Parts; if upon AC be made the equilate- 
y ral Triangle Z; for ſeeing FAC is two thirds of one 
1 


© 


right one, BAF ſhall be one third of a right one. 
14. The Perpendiculap A E is the ſhorteſt of all Lines P.. 55. 
which can be drawn from the Point (A) unto ſome right 
1. Line. For ſeeing: the e F is 4, right one, A@F 
e hall by Corollary the zth be an acute one. Therefore 
6 (), AE is. ſhorter than any other, as AO. (a) Per 19. 
* 15. Only one Perpeudicular can fall from, one Point /. 1. 
unto one right Line. This is maniteſt out of the forego- 
ing Corollary. 8 
16. Hence alſo we learn to determine the Parallax of the Fig- de. 
Stars, or the Difference of their true and apparent Place. 
Let A be the Centre of the Earth, B the Place of the Ob- 
a BR ſerver upon the Surface of the ſame. Let DBC be the An- 
„ ee of the Star C according to Qbſeruatian, ox the viſible An- 
gular Diſtance. thereof from the vertical Pint; mben in the 
he mean while D AC u the true angular Diſtance. Nom the 
7 external Angle DBC which i gruen from Obſeruat ion is e- 
er qual to the. Angles BAC and: BCA. taken. together , and 
conſequently. the Angle BC A, us the Difference of the. Angles 
* DBC and, DAC. If. therefore me ſhall. from Aſtronamical 5 
Tables ſeek the Angle D AC, or what at the time of. Ob- 
* ſervat ion, it the true angular Diſtance of the Star from the ver- 
ny tical Point, when the Angle DBC is. at the ſame time known. 
ke by. means. of the Quadrant, the Difference of thoſe. Angles - 
** B CA, which we call the Parallax, will likewiſe. be known, 


* 2. 1 

he 

un © * ©. Scholjum. | 

2 Y the Teſtimony, of Endemus an ancient Gcometri- 


cian, Pythagoras was. the finder · out of this Propoſi- 
en . tion, 
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Fig. 56, 


(a) Der 32. 
1. 1. 


Fig. 59. 
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(c) Corel. 3. 
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tion, which indeed is a Theorem moſt excellent in it ſelt, 

moſt fruitful in its Conſectaries, and of uſe in all Parts of Fi 
the Mathematicks. Ariſtotle very frequently makes men- me 
tion bf it, who alſo puts it for an Example of the moſt in 
perfeft Demonſtration. But like as from this Propoſition Þ 
we have already learned, how many right Angles the An- 
gles of a Triangle are equivalent to; ſo by the help of 
the ſame, it will in the three following Propoſitions be 
manifeſt , how many right Angles, the Angles of any / 
rectilinear Figure whatſbever, whether internal or exter- 


nal do make. An 
| 

(4) 

Theorem r. gle 

the 

1* every quadrangular Figure the four Angles toge- rig 
ther make four right ones. = Pre 
For if through the oppoſite Angles you draw the right An 
Line BF, this will cut the Triangle into four Quadran- as; 
gles, without forming any new Angles, whoſe Angles to- An 
gether do () make four right Angles. f | 
| 

in 

Theorem 2. of 

ext 

A LL che Angles together of every right-lin'd Figure ext 
make twice ſo many right ones, abating four, as are Ob 


the Sides of the Figure. 
From any Point A within the Figure let there be 
drawn unto the Angles of the Figure right Lines, which 
ſhall cut the Figure into ſo many Triangles as it hath Sides, 
and make no more Angles but thoſe of the Center. 
Whreretore when each of the Triangles contains two right 
Angles (6), they muſt all together contain twice ſo ma- 
ny right Angles as there aret Sides. Now the Angles about ( 4 
the Point A, (e) do make four right Angles. Therefore ral 


if from the Angles of all the Triangles you take away 
the new Angles which are about A, the remaining Angles Q 
which indeed do alone conſtitute rhe Angles of the 8 
Figure, will make twice ſo many right Angles, excepting k 
four, as are the Sides of the Figure. (b) 
Hence it appears that allRight-lin'd Figures of the fame Par 
Species, or Number of Sides & Angles have theSums of their Are 
Angles equal. Which thing is worthy of Admiration. Lig 


The 


CR 
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The practice is thus; Double the Denominator 6f the 
Figure; and ſrom the Product take away four; the Re- 
mainder is the Number of the right Angles; which the 
inter nal Angles of the Figure do make;  * 


Theorem 3. 
LL the external Angles of any right- lin d Figure 
whatſoever taken together do make up four right 
Angles. AQ \ 

For each of the internal Angles of the Figure docs 
(d) with its reſpective external one make two right An- 
gles. Therefore all the internal ones, together with all 
the external ones, do make up twice fo many 
right Angles as are the Sides of the Figure. Now by the 


Precedenr, the internal ones, together with four right 


Angles added to them, make twice ſo many right Angles 
as are the Sides of the Figure. Therefore the external 
Angles are equal to four right ones. * 
Wonderful truly is this Property of right- lin d Fi- 
res ; from whence it follows alſo, that all the right- 
in d Figures of any Species whatſoever have the Sums 
of their external Angles equal. And therefore the three 
external Angles of a Triangle are equal to the thouſand 
external Angles of a thouſand-fided Figure. Which 
Obſervation 1s altogether worthy of Admiration. 


Pp R O P. . XXXIII. Theorem. 


E two right Lines, which are equal and paral- 
lel, æ (AB, CF) be joined by two others 
(AC, BF); theſe alſo will be equal and pa- 


rallel, 


Let A F cut the Parallels AB, CF. In the Triangles 
Q, R, the alternate Angles B AE, CF A (a) will be e- 
uzl, Now the Side A B is ſuppoſed equal to the Side 
F, and A F is common to boch Triangles” Therefore 
02 the Baſes B F, A C are equal; (Whichis the firſt 
art.) Aud then the Angles at rhe Baſes A F B, FAC 
are equal; and therefore A F falling upon the right 
Lines AE, and BF; makes the alternate Angles 3 
= A 
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Fig. 58. 


(d) Per 13; 
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(a) Per 25. 
1. 1. 


(b) Per 41 
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Fig. 55. 


2) Ter deſin. 

35. 

65 Per 27. 

1. 1. 
c) Per 

"RA 35. 

(d) Per 27. 


« Is 


- EUcL1D's Elements. Lb. I. 


FAC equal, Therefore A C, E F are alſo (c) parallel. 
Which is the other Part. 

Coroll. Hence we learn to meaſure as well as the Heights 
of Mountains above the Horizon as their horizontal Lines. 
Let ABC be the Side of a Mountain, to which apply a great 
Square, or ſome Inſtrument equivalent thereto AD B, Then 
ſhall AD be equal to HB, and D B equal to AH. Then 
coming unto the lower Part which is from the Point B unte 
the Point C prattiſe as before. S ſhall EB be equal to 


CF, and EC be equal to BF. Which done, the Sides pa- 
rallel to the Horizon, AD, B E, &c. added together will give | 
the horizontal Line G C; and the perpendicular Sides B D, 


EC, &c. added together will give the Height 4G. 


Coroll. (2:) Hence alſo we learn to eſtimate the Compoſi- | 
tion of Motions. Let a Body placed at A be driven in the 
ſame Moment of Time by the Farce AC according to the 


Direction of the Line AC, and by the Force AB ac- 


cording to the Direction of the Line A B. From the Conjun- © 
lion of theſe two Forces it will deſcribe the Diagonal | 
AF. For in this Line of its Motion neither of the Forces is 
chan ed. For the Body at F is equally diftant from both the 
Lines of Direftion AC, AB, as if it had been driven by | 
either of the Forces ſeparately ; which thing can be ſaid of no | 
other Point. And this Corollary dot h ſo fully agree with Aſtro- 
nomical and other Mechanical Phenomena, that it is wor- 
thily reckoned hy the Famous Sir Iſaac Newton, 4s 4 Foun- 


dation of his Geometrical Philoſophy. 


PROP. XXXIV. Theorem. 
N everyParallelogram the oppoſteSides and Angles 


are equal, and it is cut into two equal Parts | 


by the Diameter. 


Becauſe AB, CF are (a) parallel, and A F falls up- 
on them, the alternate Angles BAF, CF A are (#) e- 
qual. Likewiſe becauſe AC, B F (c) are parallel, and 
upon them falls the Line AF, the alternates C AF, 
BFA () are parallel. Therefore the whole Angle BAC 


is equal to the whole Angle BFC. In the ſame manner | 


— and C are ſhe wd to be equal. Which was the firſt 
art, 


Now 


8 


AE FEES Fr 


„ib . Evciip's Element 31 

1. No becauſe it hath been already ſhew'd that the Tri- 
angles Q, R, which have one common Side A F, have al- 

ts ſo the Angles adjacent to the common Side equal, BAE 

„eo CF 4; and CA F, to BF A; the Sides likewiſe ſhall 

at be equal, A B to FC, and BF to AC; aud thus the 

* whole Triangles ate equal. Which was che ſecond 
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to 5a les 
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ve 


D. | Party from this Theorem, and 77 from a Definiti- 

3 on to be premis d to the ſecond Book, the meaſuring 
* of a right- angled Parallelogram is eafily deduced. The 

Area thereof being produced by the Mulciplication of the Ft 65: 
+be do contiguous Sides AF, AC one by another. E.G. 
et AF - of 8, A by 4 — of 4 ** * 
= ply 8 by 4, there ariſes 32 Square Feet for the Area 

„ tle Rectangle. 977 


- | But he rex of a Square is had from the Mulriplicati- Fig. gt. 
the on of che Side FT by ir ſelf; as if FI be of 3 Feet, 
by | multiply 3 into it ſelf, thete will ariſe 25 ſquare Feet for 
the Area of the Square. | 
The Demonſtration is manifeſt from this Propofirion, 
- parallel Lines be drawn through the Diviſions of che 
ides. 


Corollary, Hence Surveyors do eaſily divide the Area of a Fx. 88; 
Field when" it is a Parallelogram. For let ABCD be the 
parallelogram Field: A D the Diameter or Diagonal Line of © 
the ſame; the middle Point whereof is marked F. Mhatſoe- 
ver right Line, as EG, paſſerb through the Point F, it di- 
vides the Field into equal Parts EACG, EBDG: Fo the | 
ples Triangle ABD is equal to the Triangle AC D, and * the . pg Lt 
arts Triangle AB F equalto the Triangle G FD. If therefore to © 1 

= the Trapezium EB DF, inſtead of the Triangle AE F, gon 

* ſhall add the triangle which is equal to it G FD, you will 

< not change the Area; but the Trapezium EBDG will be e- 

) qual to the Triangle A B D of to half the Parallelozram, and 
AF, conſequently equal to the Trapeʒ ium AEGC: N E. I. 
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P R O P. XXXV, XXXVI. Theorems. Ml © 


Downes upon the ſame or equal Baſes (AB) | 
and between the ſame Parallels (C., AX) P! 


are equal. 


Becauſe AL, BQ (a) are parallel, and C cuts 
them, the external Angle C LA ſhall (6) be equal to the 
internal one F QB. Then becauſe as well CF as LG. 
are equal (c) to the ſame AB, CF is equal to L G. 
Add — FL to both, the whole Lines C L, FQ are 
equal. Moreover AL, BQ are equal (d). There- 
fore the Triangles CLA, FQB (e) are equal. There- 
fore taking away the common Triangle FOL, the Plains 
FOAC, BOL remain equal: To each of Which 
Trapeziums add the Triangle AO B, the whole Paralle- 
lograms ACF B, ALQB become equal. Q., E. D). 

This Propoſition will be made univerſal, Prop. 1. J. 6. 
Beginners may here obſerve, that although of two Pa. 
rallelograms which are between the ſame Parallels inf 
nitely produced, and upon the ſame Baſe, one of them 
be extended unto an infinite Length, it ſtill remains but 
equal to the other, by the Force of the preſent Demon- 
ſtration. | | «> I 

[Nom Hence it follows , that two Cities in «Magnitud 7 
equal, may jo much differ in Compaſs, that the Circumference 7 
of one may exceed that of the other an hundred or. a thouſand * bat 
Times. If for inflance, one be of a ſquare Figure or Rectan : 
gular ; but the other a Parallelogram, betwixt the ſame Paral-© 
lels indeed with the former gbut very oblong. þ 

Moreover it hence follows, that Figures of- equal Compaſs? of T 
round may contain Area's vaſtly different] : 


Enthi 
be L 
raw 
| bt 1 

ROM this Theorem we may learn to meaſure am e 
Parallelogram. For the Area of it is produced from 
the perpendicular Altitude QX, or CA multiplied into * 
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EvcLld's Elements. 33 


For the Area of the Rectangle C B which is equal to 
that of the Parallelogram BL is made (a) by AC, a) By the 
15. WF mulciplying A B. Therefore, Cc. 2 


© WM PROP. XXXVII, XXXVIIL Theorems. 


ff NGLES (ACB, AFB) up- Fs cz. 
on the ſame or equal Baſes (AB), 
and between the ſame Parallels (CI, AZ) are 


equal, 


Draw the Lines BL, BI parallel! to the Sides AC, 

AF. The Parallelograms AC LB, AFIB. (6) are e- (b) By the 

qual. Bur the given Triangles are halves of choſe Paral- s 

lelograms (c). Therefore the given Triangles (d) are e- 1. 
= | (d) Her axie. 

This Propoſition will be made univerſal, Prop. 1. J. 1. 5: 

Let Beginners mark the fame Thing here concerning 
Triangles, which we bid them to note in the foregoing 
Propoſition concerning Parallelograms. 

Coroll. (1.) Hence Surveyors eaſily divide the Area of a Fig. 89. 
triangular Field. Let ABC be the Field, and let the Baſe N 
BC be biſefled in D. The Triangles ABD, ADC. upon 
the equal Baſes BD and DC, and having a common Top A, 
or being between the ſame Parallels, are equal. Q. E. F. 

[ Coroll. (2.) Hence we alſo gather, with the Famous Sir 
Iſaac Newton, that the Area's with all Bodies whatſoever 
that revolve round about an immoveable Center,towards which 
they are impell d, do deſcribe, are both in immoveable Planis, 
and are proportional to the times of Deſcription. For let the Fig: S 
Time be divided into equal Parts , and in the firſt equal Part 
of Time, let the Body by the impreſs d Force deſcribe the right 
Line AB. The ſame Body in the ſecond Part of Time, if 

nothing hindred, would go forwards ſtrait unto c, deſcribing | 

e Line Bc equal to AB; ſo that the Area's made by Lines ) 

aun from the Center ASB, BSc (a) would be equal. (a) Per zy. 
when the Body comes unto B, let the Force adi with one * "+ 

e i ngle Impulſe, but a great one, and make the Body to de flact 

from om Be, and to go forwards in the right Line BC; i. e. 

1 ino be centripetal Force be in that Place to the Force before 

puls d as Ce or Bg is to Be; in this Caſe the Body will (b Per Core! 

b ) de cribe the Diagonal B C. Let there be drawn parallel 2. prop. __ 
0 BS the right Line Cc meeting BC in C. In the ſecond J: 1. 
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Evcrid's Elements. Lib. 1, 


I 
Part of Time compieated, the Body will be found in the Point A 
C in the ſame Plain with the firſt Triangle $ AB. Join SC, * 
The Area made by a Ray dramn from the Center, that is the | 
Triangle SBC will be equal to (c) S Be, and conſequently NN 
to the firſt Angle & A B (d). By the ſame Argument the (. 
Body in the third equal Part of Time would by its preſent i *» 
Force reach from C unto d, ſo that the Line Cd ſhould be lir 
equal to the Line Bc or AB. But if the centripetal Force, 7 
whether it be greater or leſſer , dbes again aft upon it in the BY © 
Point C, in the end of the third Part of Time it will be found . 
ſomewhere in the Line Dd, parallel to SC; and therefore as 8 
before , ſuppoſing the ſaid Force to be equal or unequal ta ett 
what it was before, it will be found to have deſcribed ® th 
the Diagonal CD, and will be found in the Point D, and a © 
Ray being drawn from the Center, the Friangle SD C will be 
equal to that Fd C, and conſequently to the others SCB, * 

0 


SAB which are equal one to the other. In like manner if 
the centripetal Force ad ſucceſſively in the Points D, E, F, A. 
and be the cauſe that the Body in the ſeveral Parts of time wh 
reſpectiueh de cribes the Diagonals, DE, EF, &c. the 4 
rYea's now made as A fore will be in the ſame Plain, and Tri. 
angles will be deſcribed equal to the former Triangles. There. 
fore in equal Times equal Area's are deſcribed in an immovea- 
ble Plene ;, and ſo the Sums of the Area's SADS, SAFES will 
be amongſt them/elves as the Times wherein they were deſcri- 
bed. Now let the Number of the Triangles be increaſed, and 
their Wideneſs diminiſhed infinitely ; both that laſt Peri-| 
meter of them ABCDEF , will be a curve Line, and: 
the Areas deſcribed in one and the ſame immoveable Plane 
will in thisCaſe alſo be proportional tu theTimes gas well as be. 

fore. Q E. b : 


* 


P R O P. XXXIX, XI. Theorems, 


Dual Triangles (AC , 4 FB) upon the! 12 

b ſame or an equal Baſe (4 B) and on} F 
the ſame Side, are between the ſame Parallels, ** 
(A3, CF.) * 


If you deny it, let CL be parallel to A B and let BI % fall. 
be drawn. Then ALB is equal to AC B a) But Me: 
d 


ALB 


by the Hypotheſis AFB is equal w AG B. 


L | Lib. I. EUcr I' Elements. 


int ALB and AFB are equal; i. e. a part is equal to the 
gc. = whole, Which cannot de. Therefore, (oc. 

the C Coroll. (.) Hence alſo, with the Famous Sir Iſaac 
ntly b Newton, we gather, that all Bodies which are moved in curve 


the BE Lines, and deſcribe Are s about ſome Center proportional 10 


ſent be Times, are perpetually urged and preſsd by a Farce impel- 
! be Un towards the Center. For becauſe of the Equality of the 
wee, 8 Triangles SCB, ScB deſcribed upon the ſame Baſe S B, the 
the inte C and c ſhall be in a Line Ce which is parallel to the 
und Baſr; and ſo the Figure Bc Cg ſhall be a Parallelogram ; 
e as 8 the Sides whereof Bc and Bg are * the Lines of the Dire- 
1 %% ions of the Forces, and BC is the Diagonal. The Body 
bes therefore is urged unto C by the Force Bg which tends unto 
s the Center. And ſo in all the Points, C, D, E, F. Q. E. D. 

ö Coroll. (2.) Seeing therefore in the Motion of the primary 
Planets, the Area's made by Rays, or right Lines drawn from 
them unto the Sun,are always proportional to the Times, as all 
Aſtronomers know, the Planets are urged by a perpetual Force, 
which tends to the Sun. And the ſame thing is equally true of 
the ſecondary Planets with reſpect to their primary ones.] 


PROP. XLI Theorem. 


F a Triangle (AFB) be in the ſame Parallels 
with a Parallelogram (AL) and ba ve the 
ame or an equal Baſe (AB), It is half of the 
Parallelogram, FP 
Draw CB. The Triangles AFB, AC B are (a) e- 
qual. But ACB is half of the Parallelogram AL (6). 
Therefore AFB alſo is half of AL. Q. E. D. 


Scholium. 


Rom this Propoſition, with the Scholium of Prop 35. 
we learn that the Area of wharſoever Triangle, as 
AFB, is produced from half the Altitude FI multi- 
plied into the Baſe A B, or half the Baſe multiplied into the 
Altitude. Wherefore one Side of a Triangle bei 
known, and the Heighth, that is, the Perpendicular which 
falls upon the known Side from the oppoſite Angle, the 
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Meaſure of the Triangle is given. As if the Baſe AB 
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be of an 100 Feet, the Heigth FI 85. multiply half the 
Baſe S0 by 83, and you have the Area of the Triangle 
A FB=4250 Feet Square. Further, the Altitude of a 
Triangle, when the Area of it is in all Points acceſſible, 

y be known mechanically as well as the Sides. Bur 
if the Area of it cannot be gone over, the Heighth ma 
be found Geomerrically by 12 and 13. /ib. 2, as we ſha 
there ſhew. _ : 

In a rectangle Triangle, the Heighth is the ſame with 
either of the Sides about the right Angle. Half of this 
therefore multiplied into the other Sicke adjacent to rhe 
right Angle will give the Area of the Triangle. 


Lib 


E - 
PROP. XIII. Problem. . 
k Hel b > gs 
Fig. 66. O make a Parallelogram with an Angle ria 
'E equal to a given one (O); and equal to a pos 
given Triangle (AC B.) 0 
I qu 


Biſe& the Baſe AB in F. Through C draw CX 

(a) Per 31. parallel (a) ro AB. Make the Angle BAL equal to the 

: I given one O (b). Draw FI parallel (c) to AL. AL IF 
(b) Fer 23- {hall be that which was ſought tor. | 

(c) Per 31, For let FC be drawn. The Parallelogram AI hath 

AA an Angle LA F equal to the given One O, and is equal 

to the given Triangle AC B; ſeeing that as well the 

(4) Per 38. Triangle A CB (d) as the Parallelogram AI (e) is dou» MF wh; 


©. : 
(oy the ble to the lame Triangle ACF. ang 
regoing. 
N 
Corollary hav] 
* Je and 
as to 


Fig. 66. > i HE 9 4 ACB being given, a Rectangle equal A ara; 
1 c it is had, if there be drawn a Line Parallel to the whe 
Side AB, and AB being biſected in F, the perpendicu- dra' 


lar B be erected. For the Rectangle under FB an Wh 
QB will be equal to the Triangle A CB. ee whi 
"x, + HKD ** 14 | f 3 y unte 

was 
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PR O.P. XLIIT. Theorem: * 


N a Parallelogram (as B L) the Complements ig. 63. 
(BO, OL) of thoſe Parallelograms which 
are about the Diameter (R F, CS) are equal. 


If through any Point of the Diameter AQ as the 
point O, CF be drawn parallel to the Side A B, and RS 
parallel to the Side B . the whole Parallelogram BL 
is divided into four Parallelograms, whereof two are a- 
bout the Diameter RF, CS, the other two BO, OL 
are the Complements of theſe unto the whole Parallelo- ; 
gram BL. 5 : 5 

Their Equality is thus proved. The Trian- 7 
ples ( f ) ABQ, AL are equal. Likewiſe the (f) Per 34; 
le WM Triangles ARO, OC (2) are equal to the Triangles . f. 
Ao, 0SQ. Therefore if from the Equals ABQ, Gn de 
4 ALQ you take away Equals, on this Side ARO, OCQ, 
on that AEO, OSQ; then BO and OL ſhall remain 
equal. Q. E. D. : "I . 


c 


= PROP. XIIV. Problem. 


— | | 0 N 4 given right Line (OS) to conſti- Fig. 64 
tute a Parallelogram, in a given Angle (X,) 
bu: which Parallelogram . 


I} be equal to a given Tri- 
angle (V), 


* 
. * 


Make a Parallelogram (a) RC equal to the given V, (a) Per 42 
having its Angle ROC equal to the given one X, 4-1. 
and join the Side R O directly to the given Line OS, ſo 
as to make one right Line therewith. Then through S 
jual draw SQ (6) parallel to OC, which SQ ler BC meet (b) Fer 31. 
che when it is produced unto Q. Then let a right Line . 1. 
icu- drawn through Q and O meet RR produced unto A. 
and Which done, through A draw AL parallel ro OS, 
" which AL let CO and QS meer when it is produced 
unto F and L; The ogram O L is that which 
OR. IT V7 oe ER 
9 N | For 


* 


Fig. 91. 


SP 43 
4. 1. 
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EVucr r' Henentt. Lib. L. 
For OL (c) is equal to R C, that is, by the Conſtru- 
ction, to the given Triangle V, and is at the given Line WY In 
OS; and (d) the Angle FOS is equal to the Angle ** 
R 0G, that is, by the Conſtruction, equal to the given 1 
A X. ; 

Eholinm, This Propoſition cont ains a certain Geometrical © = 
Diviſion. For in the vulger Avithmetical Diviſion, the Nn ef 
ber to be divided may juſtly be conſidered as being a certan 105 
Reit angle. E. G. Let the Rectangle A B conprehending 12 4 
22 Feet, be to be divided by 23 1. e. 4 Rectangle is ti 151 
be found equa) to that AB of 12 ſquare Feet , one of whoſe 4-4 
Sides ſhall be only 2 Feet: From whence it cames to be en. clio 
rall 
R v 
1 
ſac} 
ſtru 
er r4 
ſam 
equa 
by n 
the 


' quired of what Number the Side ſought ſhall conſiſt ; which 


Side is to be 7 ne; a certain Quotient of this Diviſion. Which® 
Thing is pcrformed Genmetrically after this manner, With . 
Pair of Compeſſes take the Line BD of two Feet, and dran 
the Digganal DEF, The Line AF is that which js ſought 
for. For the. Complements EG and EC are * equal; a 
in the Reflangle EC one Side EH is equal to the Line BD 
which is of 2 Feet; and the Side EI is equal to AF. © 

This Kind of Diviſion is called. Application , becauſe the 
reFangular Space A B is Applied to the Line BD or E H;: 
and hence it comes that Divi ſion is often named Application; 
reſpef# being had to the Practice of the old Geometriciant, 
who always made more Uſe of Geometrical Conſtructi. 
on, which requires on'y a Rule, and a Pair of Compaſſes," 
than of Arithmetical Computation, which is performed by 
Numbers. ' 


PROP. XLV. Problem. 14 


7 equ: 

PON g given Line (I. Q and in a given d 
Angle (H) to make a Parillelogram equa! Bite 

te 4 given Rectilincal Figure (C B. IF <qu: 


Reſolve the given ReQihnear into the Triangles A, B, c. give 

by drawing the right Lines FL, FI. don 
Upon the — Line IQ in the given Angle H make} 

(a) the Parallelogram IV equal to the Triangle A. Then 


che right Line IR being produced infinitely towards P; 
Upon the right Line R V in the Angle VRP (6) make 
the Parallelogram R Z equal to the Triangle B. Again, 

; upon 


EUCL1D's Elements. 


upon the Line 8 Z with the Angle Z S make the Pa- 


Lib. J. 


rallelogram S & equal to the Triangle C. This done I 
ſay IG is the Parallelogram ſought tor. 
For (c) the Angle L VR is equal to its alternate IR V. 


wh td. VR and IR V are equal to two right Angles. / 
There 


alſo QVR and ZVR are equal to two 

right ones. Therefore QV and Z V fall directly 
ſo as to make one right Line. After the fame 
manner I might ſhew that QZ and ZG make one 
right Line. Therefore the whole Q V ZG is one right 
Line, and-is alſo parallel to IX, ſeeing by che Conſtru- 
Rion QV is parallel to IP, Now X G alſo (e) is pa- 
rallel to IQ. ing X G is parallel to 8, SZ to 
RV, a nd RV WY 3 Wi + 

IG Therefore () is a Parallelogram ; but that it is 
n required, is manifeſt from the Con- 

ruction 

{ Coroll. Hence is eaſily found the Exceſs whereby a great- 
er reckilinear Figure exceeds à leſſer. To wit, if unto the 
ſame right Line IQ be applied Parallelagrams reſpectiuely 
equal to the two right - lin d Figures. For that Parallelogram 
by which the greater Rectilinear exceeds the leſſer will give 
the difference of them. Q. E. I. 


Scholium, 


E will here add a Problem that will be uſeful for 
the Practice of Propoſition 14. l. 2. — 
A quadrangular Figure B F being given, to deſcribe an 


equal . 


Reſolve it into Triangles by the right Line A C. From 
the oppoſite * let down the Perpendiculars BO, FI. 
Biſect A C in S. From 8 erect the perpendicular 8 L, 

ual to the two BO, FI put together. The Rectan- 
gle comprehended under LS and $A is equal to the 
given BF. The Demonſtration appears out of Propoſi- 


tion 41. 
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PROP. XLVI. Problem: 


Fig. 71. Ro a given right Line ( AB) to deſcribe 


tz) By the 
onſt ruction ones, AC and BE ſhall (5) be parallel; but they are 


() * 29. 


Coaſtafion Equilateral. But all the Angles alſo are right ones (for 


onſt 
G Per 33. 
1. 


the 


4 Square, 


rect two Perpendiculars equal to the given AB; to 
wit, AC, BE, then join CE. I fay the Thing is done. 
For ſeeing the two or A and B are (g) right 


alſo (a) equal. Therefore CE and AB are (6) parallel 
and equal. Therefore the Figure is a Parallelogram and 


ſeeing A and B are right Angles, the oppoſite ones (c) 
E and C are right alſo. Therefore the Figure AE is 
a Square. 


In the ſame manner you may eafily deſcribe a Rectangle 


which hath the two unequal Sides given. | 


PROP. XLVII. Theorem. 


Fig. 72. 1 N every right-angled Triangle (as A BC) the 


[4] Per def, 


ud re, 


e] Per 4. 


» 0. 


2 


Per 41. 


Square of the Side CAC) which is oppoſite to 
the right Angle 1 equal to the two Squares together 
of the two other Sides ( AB,CB.) 


Let IC and BF bedrawn; and BE parallel to AF. Now 
if to the right and therefore equal Angles IAB, 
FAC, there be added the common Angle BAC, the 
Wholes TAC and FAB ſhall be equal. Bur in the 
Triangles IAC, FAB, the Sides which contain thoſe 
equal Angles are equal (d) amongſt rhemſelves, to wit, 
IA, CA, to BA, AF, each to each. Therefore the 
— IAC, FAB (e) are equal. Which becauſe 
they ſtand upon the ſame Baſes IA, F A wich the Paral- 


lclograms ABLI and ZAFE, and between the ſame 
Parallels IA, LBC, and AF, EZB, they are halves 
(Hof thoſe Parallelograms. Therefore the Parallelo- 
grams AB LI, L AF E, as being Doubles of Equals, 
are equal betwixt , themſelves. By the ſame reaſonin 
the right Lines AX, BR being drawn, it may be mow 
c 


en e 


3 e od hY' ai 
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that the Parallelograms E C, BX are equal. Therefore 
the whole AR is equal to IB and BX together. 

E. D. | 35 
21 was taken for granted that L B C is parallel to IA, 
in order to which LB and BC muſt be one right Line. 
Now that they are ſo is maniteſt from the 14th, ſeeing 
the Angles LBA and CBA are both right ones, by 
the Hypotheſis, 


Scbolium. 


T HIS Theorem (which Prop. 31. J. 6. Euclid extends 
unto all like or ſimilar Figures) is commonly call'd 
the Pythagoric Theorem, from Pythagoras the Inventor of 
it; who, as is atteſted by Proclus, Vitruuim and others, 
offer d Sacrifices to the Muſes, as ſuppoſing himſelf to 
have been helped by them in ſo ene an Invention; 
in which thing he ſhew'd himſelf to be ignorant of God, 
the Lord of Sciences, the true and only Author of all 
Wiſdom ; or certainly if he knew him, he glorified him 
not as God. There is frequent and notable Uſe of this 
Theorem through all the Mathematicks; and in particular 
it opens a way unto the Knowledge of incommenſurable 

Magnitudes, a main Secret of Geometrical Philoſophy. 
That the Side of a Square is incommenſurable to rhe 
Diameter is a thing much celebrated amongſt the old 
Philoſophers, Ariſtotle and Plato eſpecially; inſomuch 
that Plato would ſay, that he who knows not this is not a 
Man, but a Beaſt, Now the Knowledge of this Myſtery 
ſeems to have taken irs Riſe our of this 47th Propoſition. 
For ſeeing in the Square AE the Angle A is à right Angle, 
the Square of the Diameter CB ſhall be equal to both the 
Squares of the Sides, A B, AC, and therefore double to 
one of them. Wherefore ſecing the Square of CB is 2, 
and the Square of the Side A B is 1 or Unity, the Dia- 
meter CB ſhall be the ſquare Root of 2, and the Side 
AB the ſquare Root of Unity, or Unity it ſelt; the Ra- 
tio of which Quantities (as it will be demonſtrated in ics 
Place) cannot be cxplicared in Numbers, and theretore 

they are incommenſurable. | 

And by this one Argument alone, if all others were 
wanting, it might evidently be made out, that Geome- 
trical cannot be made up of à deſinite 2 
| * 


—— 
2 i : 
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ber of Points; for otherwiſe none would be incommen- 
ſurable ; foraſmuch as 4 Point would be the common 
Meaſure of all. | 

To theſe Things we will ſubjoin three Prodlems which 
are deduced out of rhe _—_ Propoſition, and are of 
frequent Uſe, | | 


Problem t. 


* any Number of Squares are given, to make one equal 
to them all together. 
. ABBCCE Makethe Ae angle” whoſe Sides 
an AB CE. Makethe right FBT having 
efinite Sides, and unto the Sides of it transfer A B 
— BC, and then join AC. The Square of AC. ſhall 
be equal to the Squares of A B, and B C together (). 
Then transfer AC from B unto X, and C E the third 
iven Side transfer from B nnto E, and join EX; the 


uare of EX ſhall be equal to the ——— ares of E B (or 

EC) and BX together; that is, equal to the three gi- 

ven Squares, whole Sides ate A B, BC, CE: And ſo on 
as long as you pleaſe; [ 

Problem 2. 
To al 6 Linen Join ng given B, BC) to 
determine that Square, w he wr of of the 
greater (AB) exceeds the = the 
3 Crom the Creep B wich the Interval A B ride x 


Circle. Then from C erect a Perpendicular C E, cut- 
ting the Circumference in E. The Square of C E is the 
Exceſs or Difference which is ſought tor, 

For let BE be drawn. The Square of BE, that is, 
of AB, is equal to the Squares (a) of BG and CE to- 
gether. Therefore, (c. 


Problem 3. 


N Y two Sides of a right-a led Tenge bin 
known, to find the . * 


| Lerthe Sides comaining the right Angle be f l, x6 
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the one of 6 Feet, the other of 8. You are to find of how 
many Feet the Side C B, which is oppoſite to the right 
A Ay To do which, multiply 6 and & each of them 
by it ſelf, From which Multiplication there will ariſe 
for the Squares of thoſe two Sides 36 and 64; the Sum 
of which is an roo. The ſquare Root of an 10% which 
is 10, gives che Feet of the Side BC, whoſe Quantity 
was 1 5 This Demonſtration offers it ſelf in and from 
chis 47th Propofirion, for the Sum of the Squares B A 
and C A is equal ro the Square of B C. Therefore the 
Root of the Sum of them is equal to the Root or Side 
BC. 5 

Then let the Sides A B, BC be known, the one of 6 
Feet, che other of to, you are now to ind AC. Take the 
r of the Side AB which is 36, our of the Square 
0 
S 


392 


8, = 


= 


the Side BC=100. The Remainder 64 ſhalf be che 

uare of the Side AC. The Root therefore of 64, 

ich is 8, gives the Feet of che Side AC, | 

Corollarv, From hence we derive the Originitl of the T4. | 
bles of Sines, Tangents, and Secants. For, far Inſtance, let Fig. 92. 
AC the Semidiameter 7 the Circle be of 100,000 Parts, 
and the Angle BAD of zo Degrees. Becauſe the Chord or | 
Subtenſe of 60 Degrees * is equal to AC the Semidiameter; * Per Corel. 


BD the Sine of 3o Degrees ſhall be equal to half the $:mi- 4 8 TY ; 


diameter, or 3 AC; and therefore ſhall contain $0,000 Parts. rel.2. prep. 3. 
But now in the rigbt-angled Triangle ADB, the Szuare of . 3. 
AB is equal to the Squares of AD and BD. Wherefore let 

the Semidiameter A B be ſquared ( by multiplying 100,000 

by 100,000 ) and from hut Square ſubſtraf the Square of 

BD. The Remainder fhall be #he Square of AD, or of the 

Coſine equal to it B V ont of which extra# the ſquare 

Root, and you will have the Line BF or 4D. Then by this 

following Analogy, AD : BD :: AE: CE, or AD: 

B D AC CE, will be bad the Tangent CE, And then 

laſtly, if the Square of AC be added to the Square of CE, 

the Root of the Sum being extracted will be the S:cant 

AE. Q. E. I. 
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PROP. XLVIII. Theorem. 


F ina Triangle the Square of one of the Sides Figs 76. 
(A B) be equal to the two Squares of the other 
Sides 
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Sides (Ac, BC) taken together , the Angle 
(AC B) which the two other Sides contain, u 4 
right Angle. 


If not, the Angle ACB will be * or leſs than a 
right Angle. In either of which Caſes (as it will be de: 
monſtrated, Prop. 1 2, 13, J. 2. which Propoſitions depend 
not on this) the Square of AB will not be equal to the 
Squares of AC, BC together; which is contrary to the 
Hypotheſis. | 

Or thus. Draw FC perpendicular to AC, and e- 

[4] Per 47- qual to CB, and join AE. The Square of AF. is [a] 

b] By the Squal to the Squares of F C, CA together; that ib 

8 900 to the Squares of BC, C A; chat is by the Hy pothe- nl 

is, to the Square of AB. Therefore the right Line; 
AF, AB are equal. Becauſe therefore the Triangles are 
(c er 8.1.1, murually equilateral , the Angles at C | c ] are equal; iu 
(d Per def. Therefore they are boch right Angles [d]. Q. E. D. I 
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The Elements of Euclid. 


BOOK I. 


„ "—_ 


Ps 27 


HIS Book is ſmall in Bulk, but great indeed 
in the Excellence and Uſefulneſs of its Tho- 
rems. Young Beginners will not, I know what 
I ſay, be at firſt able ro diſcover it; but being 

further advanced, they will from their own Experience 

and with the greateſt Certainty apprehend that it is moſt 
true. 


A DEFINITION 


A Right-angled Parallelogram (as A E) (which is wont 
ſimply, and without any Adflirion, to be cal'd a 
Rectangle) is ſuid to be contain'd under the two Lines 
(AC, AF) which determine the Magnitude of it: 


other AF the Breadth of it. Now if the Side AC be 
underſtood to be carried perpendicularly along the whole 
AF, or AF along AC, by that Motion the Rectangle 
or its Area will be produc'd. Wherefore a Rectangle is 
rightly ſaid to be produced from the Drawing ot two 
Lines into one another, or the Multiplication; of them 
cone by the other. When therefore you have theſę Words, 
(che Rectangle under (or of) AC, CB,] or fbr Brevi- 
ys fake, [the Rectangle A CB,] there is meant that 
Rectangle which is contained under AC and CB multi- 
ply'd one into the other. In Hke manner, when we ſay 
the Rectangle under AB, BC, or the Rectangle ABC, 
there is deſigned the Rectangle contain d under the right 
Lines AB and BC, multiply d by one another. 
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Moreover of Rectangles ſome are Oblong, ſome are 
Square. The Oblong Rectangle is that which hath its 
contiguous Sides unequal , or which is contained under 
two unequal right Lines. The ſquare” Rectangle that 
which is contain d under two equal right Lines. 


K 
* 


PROPOSITION I. Theorem. 


FF there be two right Lines ( AB, A c) 


one whereof i divided into as many Parts as 


vu i (AE, k F, FC) the Rectangle comprix d 


under thoſe two ( AB, AC) # equal to all 


the Rectangles together, which are contain d under 


the undivided Line ( A B) and the ſeveral Parts of 


tbe divided Line (AE, EF, FC). 


()Per2g © 
34 1. 1. 


Make A B perpendicular to AC, through B draw 
the infinite Line BR parallel to AC. From E, E, C, 
erett the Perpendiculars EI, FL, CQ. BC will bea 
Rectangle under AB and AC; and is equal to the Re- 
ctangles BE, IF, LC; that is, ( becauſe as well TE 
as L F are equal (a) to AB) equal to the Rectangles an- 
der A B, A E; AB, EF; AB, FC. 


| Scholium. 


HE ten firſt Theorems of this Book are true alſo in 

Numbers, if they as Lines be divided into Parts. 
The numerical Rectangles are produced from the Multi- 
plicaticn of two Numbers, and the numerical Squares 
from the Multiplication of the fame Number by it ſelf. 

[ Let the undivided Number be 9, and the divided one 12. 
The Rellangle which is from 9 multiplying.12==108 will be 
equal to the three Reftangles , 27, 36, and 45, which are 
produced from 9 multiplied by 3,and 4, and $, reſpettively and 
ſeparately. Or let the Number 432 be as it were a multipli- 
cand divided into 400 and 30 and 2; and the Number 8 an 
andivided Multiplier ; 8 & 432 = 3456 will be equal to 8 
* 400 = 3200 4-8 x 30 = 240 +8 X2= 16, And 
from this Propoſition there j ere the Demonſtration of Multipli- 


PROP. 


cation is to be derin'd. 
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p R O P. II. Theorem. 


F the right Line (AB) be cut any where (as F. 2. 
in C), the two Reclangles under the whole 

(AB) and the Parts (AC, CB) are equal to the 

Square of the whole Line (A B). | 
For AD the Szuare of the whole; and AH, CD are Fx. 27: 

Ref angles under the Whole A B and the Parts AC, CB.) 
Let the Number 8 be divided into 3 and 3; the Square of 

the Whole 8 x 8 = 64, is equal to the Refangles 8 x 3 = 

24, + 8X5=40.] 


p R O p. III. Theorem. 


ET a right Line as (A B) be cut any where Fir. 3. 
(as for Inſtance in C); the Rectangle con- 
tain d the whole A B and either of the Parts\ 
(BC) is equal to a Rectangle under the Parts 


| (AC, CB) together with the Square of the ſaid 


Part (BC). f 
[For AF ibe Refangle under the whole Line AB, and Fig. . 
the Part AC; and CF is the Ret angle under the Parts; as 
AE is the Square of the Part AC. * | 

In Numbers. Let the Number 7 be divided into the Parts 
3 and 4, The ReBlangle of 54==21 i equal to the Reth- 
angle of 4X4=12, together with the Synare 3X03=9. In 
like manner 7 X4==28, is equal to the Rectangle 3x 4zrad 
the Square 4X4==16, ] | 


PROP. IV. Theorem: 


ET 4 right Line # (F L) be cut any where, F. 4 
as in (O): The Square of the whole ſhall be 
equal to the Squares of the Parts (FO, O L) and to 
two Rectangles contain d under the Parts(FO,OL). Go 
[ Fo; FD s the Square of the whole ; and CG and CL fg. 1 


the Squares of the Parts; and CF, CD, two Refangles 
wndey the Parts. } D 2 In 


32 ——— 


Fig. 5. 
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In Numbers. Let the Number 10 be divided into two Parts 
7 and 3= The Sjuare of 10Xlo=400 is equal to the 
Squares of the Parts 77=49, and ;x3=9, and to the 
two Reftangles 5321, and 7x3==21. And on this 
Propoſition depends the Extraction of the Sjuare Root. | 
Coroll. (1.) Hence it is manifeſt, that the Parallelograms 
about the Diameter of a Square, (OT, HK) are Sjuares. 
(2.) As likewi'e that the Diameter of every Sjuare bi- 
ſecke the Angles of it. | 
(3+). And that the Square of half of the Line is a fourth 


Part of the Square of the whole Line. For in that Caſe the 


Reetangles and Sjuares end in four equal Squares. } 


PROP. V. Theorem. 


| be a right Line (V be cut equally in (N, 

and unequally in (S) the Rectangle contain d 
under the unequal Parts (DS, S Y taken together 
with the Square of the intermediate Part (RS) ſhall 
be equal to the Square of the half (AR). 


For QH is the Rectangle under the unequal Parts, and 

LG the Square of the intermediate Fart, and RF the 

Square of half the Line; and tberefore, becauſe the Ref an- 

gle QL js equal to the Rellangle SF, and the veſt of the 
Space is common to both, the Propoſition is manifeſt. | 

Let the Number 8 be divided equally , that is, into 4 and 

4, and unequally into 5 and 3. The Rectangle of 5x3==15 

together with the Square 1 X1==1 ſhall be equal to the Square 


48416] 


PRO P. VI. Theorem. 


F a right Line (A B) be divided into tw« 
equal Parts in(C), and to it a certain right 
Line (BF) be adjoin d; the Rectangle contain d 
under the whole compound Line (A F) and the ad- 

join d one (BF) taken together with the Square of 

balf the Line (C B) ſhall be equal to the 4 | 
| 3 CF 
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(CF) which is compounded of half the Line AB 
and the adjoin'd one. 

For AN is the Rectangle under the whole compound Line F&· 21. 

the adjoin d one; and KG. the Square of half the Line 
AB ; and CE the Szuare of the Line compounded of half 
the Line AB, and that which was added. Wherefore be- 
cauſe the Rectangle HE is equal to the Rectangle A K, and 
the reſt of the SHace is common to both, AN & KG is equal 
to CE. Q. E. D.) 

(7 the Number 6 be divided into the two equal Parts 3 
and 3; and to it te added the Number 2. The Rectangie of © 
8X2=16, taken tagether with the Square 3X3=9. ſhall be 
equal to the Square 5 x5 28. 
Coroll. Hence, with Maurolycus , with one ſingle Obſer- 

vation we learn to meaſure the Diameter of the Eargh. Let 
the Altitude of the Mountain: A D be known, and AB the Fig. 21. 
Line touching the Earth be known by meaſuring. Let the 
Line DE be cut into two equal Parts in the Center C, and 
to it te added the Line AD. Now becauſe the Retangle un- 
der AE, AD, together with the Square of DC, is by this 
Propoſition equal to the Square of AC, that is, equal to the 
* $juares of the Lines AB, B C. From hence it follows that Per 17.4.1, 
if you tale away on both Sides the Square of CD or CB, 
the Rectangle which is. under AE, AD is equal to the 
Szuare of AB. Therefore let the known Square of A B be 
divided by the known Altitude of the Mountain AD, and the. 
Quotient will give the Line AF. From which ſubſtra#t the 
known Altitude of the Mountain A D, the remaining Line 
DE will be the Diameter of the Earth. Q. E. I. * 


P R O P. VII. Theorem. 


F a right Line (A B) be cut any where (as in Fig. 27 
C), the Square of the whole Line (AB) ta- * 
ken together with the Square of either of the Seg- 
ments (AC) M equal to two Rectangles comtainad. 
under the whole (A B), and that Segment (AC) 
together with the Square of the other Segment 
(C). CE: 
22 EB js the Square of the whole Line, and A L the r. 23. 
Square of the Part AC. 2 7 the two Recta les _ 
Z 
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the whole Line and that Part, ET, HL, together with GR 
the Square of the other Part, poſſeſs the ſame Space that E B 
and the Square of AC doth. Therefore they are equal to 


EB the Spare of AC. 


Let the Number 13 be vided into any two Parts, ar 9 
nd 4. The Square 13 K 132169, together with that 12 
==81, is equal to I3 x 17, and 13K 9 2117, and t 
Square 4X4=16.] 1 | 


PROP. VIII. Theorem. 


FF aright Line (LF) be divided into two equal 
Parts in (I) and to it @ certain right Line 
le adjoin'd (FO); the Rectangle (LIO) which s 
contain d under the balf of the Line (LI) and 
the Line (IO) that is compounded of half the afore- 
faid Line, and the Line adjoin'd , ths Rectangle 
taken four Times, together with the Square of the 
adjoin'd Line (FO), ſhall be equal to the Square 
the whole compound Line (LO). 

'[ For AL js the Square of the whole Compound, cont aln- 
ing four equal Reangles under LT and 10 (to wit, DA, 
, RO, and the Fourth made up of L R and Q H adde 
together ) and with thoſe four Ret angles the Square HE. 
From whence the Propoſition is manifeſt. |] 

[Lee the Number 12 be divided into 6 and 6 ;, and the 
Number 4 be added to it, The four Refangles 10x6=249 
and 4X4=16 are equal to the Square 16X16==256. ] 


PROP. IX. Theorem. 


| 6 @ right Line (AC) be divided equally in 
() and unequally in (J), the Squares of the 
unequal Parts (AF, FC) -will be double to the 
Squares of balf the Line CAB), and of the interme- 
diate Part (BF). 

[Le BE be equal and perpendicular to B A: From hence 


the ConſtruBion being made, as the Figure ſhews, the Links 


AB, 
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AB, BE, BC will be equal : As alſo the Lines EG, G 
will be equal. Toe Angles AEC, ABE, CBE, EGA, 
Fd, will be equal; and the Angles AEB, BEC, EC 4, 
C, ENG half right ones. From whence the Square of 


AE will be double to * the Sjuare of A B, which is half of Per 47.4.1, 


AC, and the Square of E Q double to the Spuare of G Q or 
BF the intermediate Line. But the Sjuares of AE and 
EN are + equal to the Square of AQ, that is, to the 


By rhe 


Szuares of AF and F or FC the unequal Parts. Q. E. D.] (ame. 


Let the Number 32 be d vided equally into 16 and 16, 
and unzqually into 20 and 12. The Square 20%X20==400 
with the Square 12X12==144, are double to the Sjuares 
of 16X16=255 and 4X4=16. ] | 


'% 4 a> Wn 


| FF a right Line (FTI) be q vided into two equal 


Parts in (L), and to it a certain right Line 
(as IO) be adjoind ; the Square of the whole 


Fig. 10. 


compound Line, (FO) taken together with the 


Square of the additional Line (IO), ſhall be dou- 


ble to the Squares, which are deſcribed upon the 
balf Line (FL), and (LO) that which is com- 
peunded of half the Line (FTI) and the additional 
Line. 

[ For à Conſtruct ion being ſuppoſed not unlike to the former; 
the Square of FE, is double to the $juare * of the half Line 
FL, and the Square of EG is dhuble to the * Square of 
EQ vw LO which is compounded of the half Line and the 
additional one. But the Sjuares of FE and EG are * e- 
qual to the Square of FG ; that is, to the Sjuare of FO 
the whole compound Line; taken together with the Square of 
OG or OT the additional Linz. Q. E. D. | 

( Let the Number 40 be divided into 20 and 20, and to it 
let there be adled the Number 14. Toe Sjuare 34884 
2915, with the Sjuare 14X14=195 are double to the 
1137 of 20X20=400 taken tagether with 34x34 
1156. a 


PROP. 
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PROP. XI. Problem. 
Fig, 11. g? to cut the given. right Line (AB) in (C) 
10 that the Rectangle (ABC) which is contain d 
under the whole Line and one Part, ſhall be equal to 
the Square of the other Part (A C). 1 


From A erect a perpendicular A F equal to A B. 
Biſect A F in X. Draw the right Line X B; from the 
Line FA drawn forth cut off 8 I equal to X B. Then 
cut off AC equal to A I. 1 fay the Thing is done. 

For let the Square B AF S be perfected; and à Per- 
pendicular being drawn through C, let the Rectangle 
FILO be perfected alſo. Becauſe F A is biſected in 
X, and to it is added AI; there ſhall be | 


the Ret. FIA | 
2 Per 6. S () to the Square of XI 
2. Square of X A 
9 | | That is, = to the Square of X B (6) 
hat is, == to the Squares of B A 
P Per 4. | Tha J $ (a) 
1. AX 


Thereſore let there be taken away on both Sides the 

Square of X A; there will remain 
ReQtangle FIA or FL. 
== AS the Square ot the Line BA; 

Wheretore again, the common Rectangle A O be- 

ing taken away, | 
AL will remain equal to C'S. 

But AL is the Square of the Line AC, ſeeing by 
the Conſtruction A C and Al are equal. And CS is 
the Rectangle A BC, foraſmuch as BS is equal to AB. 

: Therefore the Rectangle ABC is equal to the Square of 


quired, 


Scholium, 


p 


F HE Ten firſt Propofrtions of this Book are true alſo 

mn Numbers. But this Eleventh cannot be exempli- 
fy'd in Numbers; for no Number can be ſo divided that 
the Product of the whole multiplied by one part ſhall be 


equal 


AC. Theretore we have cut the Line A B, as it was re- 
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7 Lib. II. EucLiip's Elements. 33 
equal to the Square of the other. The Force of chis 
Section of a Line is wonderful, for which ſee Prop. 30. 
lib. 6. Ty 195: 148 os 'S ; <2 : . 
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W | p O P. XII. Theorem. : "i 

fo TIN an obtuſe-angled Triangle (Ac B), the *'8:%% 
I Square of the Side (A B) oppoſite to the obtuſe. * 

bo Angle (CY, exceeds the Squares of the other Sides 

oh (AC, CB, by the Rectangle (BCF) twice ta- 

ken ; which fame Rectangle u comprized under 

er- (BC), one of the Sides containing the obtuſe An- 

gle, and the Line (CF) which u intercepted he- 

twixt the Perpendicular (A F) and the obtuſe An- 


gle. 


re of AB is equal to th s of AFN 
The Square of AB 1s equal to the Squares <4 (a). 2 4 


d) CB, wich the Rectangle FCB twice taken (9). There- (b) Per. 4+ 
fore if you ſubſtitute theſe for the Square of BF; then“ 
the the Square of AB is equal to AF Square | 
| FC Square 
CB Square 
and Rectangle BC F twice. | 
But the Squares of AF, FC are (c) equal to the (c) Per 4. 
Square of AC. Wherefore this being ſubſtituted for 4, 1. 
them, 
p A Square is equal to AC Square 


But the Square of BF is equal to the Squares of E C, 


CB Square 
» of | + ReQtang. BC F twice. 


p R O-P. XII. Theorem. 


* any Triangle whatſoever ( as AC B) 'the Fig. 13, 14- 
1 Square of the Side (AB) oppoſite to an acute 

Iſo Angle (C) as exceeded by the Squares of the ather 

p- Sides (Ac, CB) by the Rectangle (BC F) twice 

| be taken; which ſame Rectangle contain d under 

zual | (BC) 
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(BC) one of the Sides comprehending the acute An- 
gle (C); andthe Line (FC) which & intercepted 
betwixt the perpendicular (AF) let fall upon the 


; Side (BC) from its oppoſite Angle (A), and the 
acute Angle (C). 
Are: 4.4.2. The Square of BC is equal to (d) the Reftan, B FC 
By (twice, 
| + FC Square 
4 FB Square 
0 Per 45. And, A C Square is equal to (e) C F Square 
8 ＋ FA Square 
Wherefore the two be. Squ. are equal toRect. BEC 
together AC Squ. (rwice 
| + BF Square 
£+ 2FC Square 
＋ AF Square, 
But the Rectangle BF C twice, together with the 
90 Pey z. Square of FC twice, is (4) equal to the Rectangle 
2. BCF twice. Therefore this being ſubſtituted tor 


them, | 
BC Squ.? are equal to the Rectang. B C F twice); 
Ac Squ.F + BY Squar, & 
+ AF Squar, 


1 
Bur the Squares of AF, B F are equal to (6) the 
* Square of Fa Therefore this wes, ſubſtirured for 


the 
"kc Squ.? are equal to the Rectangle B C F twice 
+ AC Squ. 4+ AB Squ, 
Thar is, BC Square +- AC Square do exceed AB 
- Square by che Rectangle BC F twice taken. 


Corollary. 
8 N Propoſition is true, although the Perpendicular 
* falleth wichour the Triangle. And the Demonſtra- 
tion is almoſt the a | | 
More briefly this. ACq= (c) ABq, + CBq ++ 
e CBE. on both Sides C B g, then ACq + CB q 


4) Per z. ABK 2CBy + 2CBF=(4) ABq42BCF, 
re * Nan N 
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be altogether inacceſſible. For by the 


EUuGCLID's Elements; 


' Scholium, * 5 


Rom chis Propoſition and the 47th. of the former 
Book, we have the Meaſure of any Triangle whar- 
ſoever, whole three Sides are known, A Lough the Arca 
help of theſe 

Theorems, the Perpendicular is known, albeie the Impe- 
diments of the Place ſhould not permit us to markir our. 


- 


But Note, That the Perpendicular multiplied by half the 


Side an which it falls, produceth the Area of the Trian- 
ple, as appears out of the Scholium of Propoſition 41. 
lib. 1. 

Let there be any Triangle (as ABC) having its Sides 
known. It is required to give the Perpendicular A E, 
which falls from the given Angle A upon che oppoſite 
Side C B. PROT 

Take the Square of che Side A B oppoſite to the acute 
Angle C, out of the Sum of the Squares of AC, and 
BC. By the 13th the Remainder ſhall be the Rectangle 
B CF twice taken. Divide half of che Remainder, that 
is, the Rectangle BC F by the known Side BC; thence 
will ariſe the righe Line CF. Take the Square of the 
right Line CF out ot, the Square of AC. The Re- 
mainder will give (a) the Square of AF, whoſe ſquare 
Root will give the Perpendicular AF. | 

This thing alſo may be obtained our of Propoſition 


12, But the 136h ſufficeth, foraſmuch as in every Tri- 


angle the Perpendicular let tall from ſome one of the An- 
gles unto the oppoſne Side, falls within the Triangle. 


PR OP. XIV. Problem. 
HE right-lin'd Figure (2 X Z) being gi- 


ven, to make g Square equal to it. 
Make (b) a Rectangular Parallelogram CI equal to the 


Rectilinear QX Z; the Sides of which Parallelogram, it 


they ſhall be equal, you have already made the Square 
which was required ; if they be unequal draw torch the 


greater Side I A unto L, until AL ſhall be equal to 


AG. Then biſect IL in L; trom which as from a Cen- 
der 


Fig. 15, er 
I +. 


Fig. 16. 


bj Per 45, 
1. | 


- 
, 
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) Per 5. 


(4) By the 
1 Per ry 
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ter through I and L deſcribe a Circle, and let & A be 
oduced till it meets the Circumference in B. The 
uare of the right Line A B is equal to the given Rect- 
angle QX Z. 
For let the right Line Z B be dtawn; becauſe IL. is 
cut equally in Z and unequally in A; the 
Rectangle IAI. | 
4+ZA 75 are equal (e) to Z L Squ. that is, 
equal to (d) E B Square, that is, 
| equal to (e) Z A Square 7 
6 4. AB Square. 
Taking away therefore on both Sides the common 
ZAg, there remains 
Rect. IAL equal to ABA; that is, 


Becauſe AC and AL are equal, the Rect. CI e ual 


to AB Square, and conſequently A B Square equal to 
the rectilineal (g) QX Z. 


/ 


Scholium. 


UVCLID's Conſtruftion of this Problem requires 

-» that the given Rectilineal be reduced unto a Rectan- 
gle by Prop. 45. I. 1. Which Reduction being operoſe 
enough, the Problem perhaps will more readily 
patch d after this manner. | ; 

Let the given Rectilinear be reſoly'd into as many Qua- 
drangles (X, T) as it can. Then to each Quadrangle 
(a) make an equal Rectangle. It there remain, as here 
it happens , one Triangle (Q), to it alſo (6) make a 
Rectangle equal. Then to each Rectangle hy this 14. J. 2. 
make an equal Square; and laſtly to all theſe Squares let 
one equal one be made (c). This will be equal to the 
given Rectilinear QX Z. 
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B O O K III. 5 


HE fundamental Properties of the moſt perfect 

amongſt plain Figures are demonſtrated in this 

Book. The Uſefulneſs of the Book is mani- 

feſt by this one Thing alone, that it treats of a 

Circle, that abundant Source of admirable Things through 
the whole Mathematicks. The more famous Theorems 


are 16, 20, 21, 22, 31, 32, 35, 36. | 


DEFINITION $. 


1. Hoſe Circles are equal whoſe Diameters or Semi- 
diameters are equal. 

2. A right Line (F B) is ſaid to touch a Circle, when Fig. 20. l. 3. 
it doth ſo meet ir in the Point (B), that albeit ir be pro- 1 
duced it doth not cut it. X 

3. Circles are ſaid to touch one another, when they Fig. 13. 14. 
do ſo meet that they do not cut each other. 

4. Ina Circle the right Lines (BC, FL) are faid to Fig. 18. 
be equi-diſtant from the Center (A), when the Perpen- 
diculars which are let fall upon them from the Center 
(AO, AT) are equal. 

5. Segments or Portions of a Circle are the Parts into Fig. 37. 
which the right Line (C E) which cuts the Circle doth 
divide it. 

6. An Angle in à Segment is that (B Ac) which is Fg. 33. 
contain d under the right Lines, which are drawn unto 
one Point of the Circumference (Q) from the Ends of 
the Segment, (B, 0. 

7. The Angle (CQB) is ſaid to ſtand upon the Cir- pig. 33. 
cumference (B OC), as being oppoſite to it. _ 

* A C- 


38 


Fig. 17. 


Fig» 1. l. 3. 


G Per 8. 
lol Per def. 
14. J. 1. 


Fig. 2. 


Evct rD's Elements. Lib. III. 
8. As Sector is that Part of a Circle which is contain'd 
by two Semidiameters, as (AB, AF), and an Arch as 
(BF or BCF) intercepred berwixt the Semidiame- 
ters. 5 % - 


PROPOSITION: I. Problem. 


T O find the Center of a given Circle. 


Let the right Line (BC) be drawn in the Circle at 


random, which biſe& in Q. Through Q draw the per- 
pendicular LF, which biſect in A. A ſhall be the Cen- 
rer. 

If you deny it; let the Center be O, which is without 
the right Line FL (form FL it cannot be, foraſmuch 
as this Line is divided every where unequally but in A): 


and let there be drawn BO, QO, CO. Becaule there- 


fore 7 ſuppoſe © to be the Center, BO, CO muſt be 
equal; and the Triangles BOQ, COQ, muſt be equi- 
lateral to each other; ſeeing by the Conſtruction B 
and CQ are equal, and QO is common. Therefore 


the Angle OQC (a) is equal to the Angle O QB. There- 


fore OQC is a right Angle (5), and conſequently equal 
to LAC which is a right one by Conſtruction, a Part 
to the whole. Which is abſurd. 


C orollary. 


Pom what hath been demonſtrated it appears , that if 
the right Line (L F) cuts another right Line BC in- 
to two equal Parts and perpendicularly , the Center is in 
the Line that cuts the other. | 

The Center of a Circle is very eaſily found by a Square; 
the top of it (Q) being applied ro the Circumference; 

tor if che right Line DE joining the Points D and E 
in which the Sides of the Square cut the Circumference, 
be biſected in A, (A) ſhall be the Center. The Demon 
ſtration whercof depends on Prop. 31. J. 3. 


PROP- 
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PR OP. II. Theorem. 
F in the Circumference of a Circle there be ta- br. * 
ken two Point: (B and C) the right Line 
which i drawn through them falls entirely within 
the Circle. | | 
Let there be taken in the Line B C any Point wharſoe- 


ver, as O, and from the Center A, be drawa AB, AO, 


AC. Becauſe AB, AC are equal, the Angles alſo. B 2 Per g. 
and C are (e) equal. Becauſe therefore A O C is 
grea ter than the internal one B, it ſhall be greater [a PerCorel. 
n C. In the Triangle therefore O AC, the Side AC ,j* 77: 3? 
ſubrending the — Ang Angle AOC, is (e) 8 than a) per 19. 
the Side AO ſubtend ing the leſſer Angle C. Seeing J. & 
therefore A C reaches no farther than from the Center 
to the Circumference, A O ſhall not reach ſo far. There- 
fore che Point 0 ball Fall wichin che Circle. The me 
thing may be ſhew'd of any other Point of the Line B C. 
Therefore B C falls wholly within the Circle. 
The Propoſition is alſo manifeſt from the very Notion- 
of a right Line and a Circle. 
Coroll, Hence it folfaws, that à right Line touching a Cir- 
cle, toucheth it in one ſingle Point only. Foy if it touched the 
Circumference in two Points , it would be a right Line drawn. 
through ind Points of the Circle, and conſequently would fall 
within the Circle, contrary to the Definition of a Tangent. 
And by the like Reaſoning (in paſſing from Planes to Solids ) 
it might be provd, that every amm 
me Print. 


PROP. III. Theorem, 


F in aCircle a right Line (BL) drawn thro Fig. 3 
the Center biſetts another C F) not drawn 
through the Center, it will cut it perpendicularly. 

And if it cut it perpendicularly, it will biſet it. 


Part 1. From the Center (A) let. chere be drawn Ac, 
AF. The Triangles X and T are equilateral to cach 


other. 


Fig. 4, Fi 


Fig. s. 
Fig. 4- 


(a) By the 
toregoing. 


Pig. 6, 7. 
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other. For CO, FO are by the Hypotheſis equal, and 
AC, AF are fo, becauſe drawn from the Center; while 
AO is common to both. Therefore the Angles A OC, 
AOF are * Therefore right (b) ones. Which 
was the rt. 

part 2. Becauſe by the Hypotheſis AO C, A OF are 

ualAngles ; AC — ſnall( c) be equal to the Squares 
of AO, OC together; and AF Square equal to the 


Squares of AO, OF together. Seeing therefore the 


Squares of AC, AF are equal, the Squares of AO, 
OC together will be alſo equal to the Squares of 


AO, OF together: Wherefore taking away the com- 


mon Square AO, the Squares of OC, OF remain e- 

qual. And therefore the right Lines OC, OF are e- 

qual. Which was the other Part. | 
Coroll. (1.) Hence in every equilateral Triangle, and in 


that alſo which is only an Iſoſceles, a Line whcih falling 


from the Top of the Angle, biſects the Baſe, is perpendicular 
to it. And on the contrary, a Line which falling from the 
Top of the Angle is perpendicular to the Baſe, doth biſe# it. 

(a.) Hence it follows, that half of the Chord of every 
Arch, is the right Sine of half the Arch. 


PROP. IV. Theorem. 


FF in a Circle two right Lines (BC, FL), not 
drawn both of them through the Center, cut 
each other, they cannot biſett each the other. 


For if one of them L. F. paſſeth through the Center, 


it is manifeſt that it ſhall not be biſected by BC. which 
doth nor paſs through the Center. 

If neither of them paſſes through the Center, from 
the Center A draw AO. If now BC, FL were both 
biſected in O, the Angles A OC, AOL would (2) be 
right Angles, and contequently equal; the whole ro a 
Part, which is abſurd, 


P R O P. V, VI. Theorems. 


e cutting each other, or inwardly touching 
ue the other, bave not the ſame Center. - 
EN xi? or 
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will be the leaf. 
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For if ic were otherwiſe, the right Lines AB, AC F, 
drawn from the common Center A, would be equal; and 
A would be equal to AF; a Part to the Whole, be- 
cauſe they are both equal tu A B. Which is abſurd- 


p R O P. VII. Theorem. 
F in @ Circle there be taken any Point beſides 
the Center (A), as the Point (C), and divert 


right Lines fall from thence unto the Circumference 
(a CB,CL,CO,CF); © 


_ 


1. (CB) which paſſeth through the Center will 


be the greateſt. 

2. The remaining Part of the Diameter (C H 

3. Of the reft that ill be the greater, which 
1 nearer to the greateſt, . 

4. And no more than two equal Lines can be 
drawn from the ſaid Point (C) which is different 


from the Center, unto the Circumference. 


Part 1. Let AL be drawn from the Center A. Be- 
cauſe AL, AB are equal, the common Line AC being 
added to each. AC and AL together are equal to CE. 
But AL L AC are greater than LC (6b). Therefore 
CB is greater than LC. In the ſame manner B C will 
be ſnew d to be greater than any ocher. * 

Part 2. From the Center A draw AO. AO (chat is 
AF) is leſ than AC, CO (e). ' Therefore taking away 
the common Line AC, CO remains greater than CF. 
In the ſame manner CF is prov d to be leſs than CQ, 
or any other. F Fad 

Part 3. In the Triangles COA, CL A, the Sides 
LA, AC, are equal to GA, AC, each to each, But 
the Angle LAC is greater than the Angle OA C. 
Theretore (4) che Baſe LC is greater chan the Baſe 
OC. 


Part 4. This is manifeſt from what before. For 
if there could be three drawn equal, CO, CI, CQ, 
there would be two on the ſame Side equal: Which 1s 
contrary co Part 3. 5 E 

4 17 E Coroll. 


51 


Fir. 8. 


+ bo 


(4) Per 244 


2 weine Tel As! 
62 Euc LI p' Elements. Lib: II 1 


| „ 2 js Had £71 0.4%; 4.11 Ying 

. * Corall. By the like 1eaſoning_Theodofius gathered, that 8 
of the Arcbes of great Circles drawn upon the Surface of. a © fo 
Sphere, from any Point diverſe, fram the Nile of à cent ai 

Circle, unto that Circle, the greateſt is that which paſſet Af 
through the Pole of that Circle; the leaſt, that which is 

drawn unto the oppoſite Pint; and of the reſt, that is the 75 
greater which is neareſt to the greateſt; as alſo that no more 
than tus equal Arches can be drawn from that Point unto the left 
Circle. And in the like manner may the Reader reaſon of bimſelf de 
on * other of the Propoſitions of this Book ;, it being very 


eaſy to paſs from Plains to Solids in theſe Argumentations. 
To \ * G "I iN * ag A "5 ; ; 
PROP. VIII. Theorem. 


Fig. 9, 10. L. from 4 Point (A) taken without A Cliche, 1 
there be drawn unto the Circle the right Lines 

(AB, AC, AF) or (AO, AD, AR); © 

1. Of thoſe, which fall upon the concave Circum- T 
ference, thegreateſt u (A 5 which paſſes through” 

r ng pres 
2. Of the weh, that i; the greater, which is 
wearer to the greateſt (AB ). 
3. Of thoſe which fall without the Circle or up. 
on the convex Peri phery, the lea ft is (AO) which 
being produced would paſs through the Center (Z). 
4. Of the reſt, ibat which is nearer to the leaſt is 


unt. 


leſi than that which is fartber of. 
No more than to equal Lines can he drawn 

unto the Circuniferentt from the ſamt Point (A), 
whether they fall within the Circle, or only Mn. 


out, 02 NK 00 2 2-2 4 
Fig. 9- Part 1. From Center Z draw Z C; becauſe E C, ZB 
arne equal, the common A T being added to cach, A, | 
(a) Per 20. + ZC are equal to A B. Bur AZ, +ZC are (a)great- F 
cr than AC. Therefore A B is greater than A C. In 

like manner A B will be ſhewed to be greater than any 1 

other whatſoever. | | | paſſes 


Part 2. Draw Z F. Becauſe in the Triangles: A C. If 
A Z F, the Sides A Z, L C are equal to AZ, Z F is each dituati 
to l 
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to each; but the Angle AZC is greater than AF, ther- 

fore the Baſe A C () will be greater than the Baſe A F. 00 Per 24. 
Part 3. Draw Z C. The two Lines AQ, Q are /. 2. 
greater than A Z (c). Taking away therefore the * 8 
Fquals Z Q, 20, there remains A & greater-than A O. ( er 20. 
In the ſame manner A O is proy'd lets tham any other. 

Part 4. Draw Z R. The right Lines AQ, QZ are 

leſs chan AR, R Z (d); therefore the Equals, ZQ, ZR 4 3 
being taken away, AR remains greater than & Q, ( 
f Part 5, This is manifeſt from the tour foregoing. | 


9 


Pp R O P. IX. Theorem. 
[ F from | ſome Point within . « Circle (as A) FA. 11 
more than twa equal right Lines can be drawn 
unto the Circumference ; that Point is the Center. 


bs This is manifeſt from! Part 4. of Propoſition 7. 
; — "PROP X. Theorem. 


: Ircles cut each other in ta Points only. F. 12. 
For let them cut, if it may be, in more (B, C, F.) 
ch From A the Center of the Circle LQ, let there be 
). drawn to the Points B, C, F, the Lines, AB, AC, AF; 
7 theſe will be equal. Becauſe therefore from the Point A 
within the Circle OS, there are drawn three equal Lines 
* AB, AC, AF, unto its Circumfèerence, A muſt alſo be 188 
vn the Center (a) of the Circle OS. Therefore the Circles (2) By the 
fl), L OS, Which cut one another, have the ſame Center. boreg unt. 
Which contrad icts Propoſition 3. 


2B PROP: XL Theorem. 


10 F to. Cireles touch each ot her inwardly, a right fu. 11. 
any Line drawn through their Centers ( A and [) 
paſſes through the Point of Contact (B). | 
LG, BN If youdeny it, let the Centers have, if it may be, that 
ach WF Stuation that a right Line paſſing chrough chem > 
2 wich- 
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without the Contact B, cutting the Circles (in O and 
IL); Let the Center be A — C; and join AB, CB. 
Becauſe therefore CB, CO are equal, the common AC 
being added to each of them, AC, ＋ CB ſhall be equal 
(b) Per 20. to AO, But AC, CB are (6) greater than A B, that 
zy che is, than AL (c). Therefore alſo A O is greater than 
9715 AL, a Part than che whole. Which 1s abſurd, 


D-finicion 


of a Circle. | 6 
5 PROP. XII. Theorem. 
Fige 14 F Circles touch one another on the out-ſide, a 


right Line which joins the Centers muſt paſs 

through the Point of Contact. 3 
If it be denied, let the Centers be ſo plac'd , as for 
Inſtance in A and B, that the Line paſſing through them 
ſhall not paſs through the Contact 8, but cut the Circles 
in O and Q. Let the Points A, S, and B, S be Join- 
Deze. ed. Then AS, BS together will (@) be greater chan 
(c) By the AB. But AS is (e) equal to AO, and BS equal to 
D<fint:ion BQ. Therefore AO and BQ together will be greater 
of a Circle. than AB, a part than the whole. Which cannot 


Ccoroll. A right Line drawn from the Center of one of the 
Circles through the Point of Contact, will paſs through th: 
Center of the other.] 


p R O pP. XIII. Theorem. 


Fig. 15, & Urcles touch both one another, and a right Lin, 
* in a Point only. | 

Fig. 13, For let two Circles touch one another inwardly in: 

Part of the Circumference LC, if it may be. Then: 

Jy right Line drawn through the Centers A and B wil 

= 1 12 paſs, through the Point of Contact, as in C. Let 

, there be drawn alſo AL, BL. Becauſe therefore BL, 

BC are equal (for they are drawn from the Center B 

unro the Circumference O L C) the common Line Ab 

being added AB, B L ſhall be equal ro AC. But AC 

is equal to AL, for they are both drawn from the Cen- 

ter A unto the Circumference L QC. Therefore AB, 

” BL are equal to AL, contrary to Prop. 20. J. 1. The 

| | : n 
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Then let the two Circles touch one another on the out- F. 16. 
fide, in the Arch OL, if it may be. The right Line 
AP joining the Centers will paſs through the Point of 
Contact (a), as in O for Inſtance. Let AL, PL, be [a] Per 12. 
drawn. The two Sides of the Triangle AL, PL will + 3. 
be equal to A O, PO or the whole AP; contrary. to 
Prop. 20. J. 1. 

Laſtly, let the right Line B F and the Circle touch 
each other, if it may be, in ſome Part (C E): Let there 
be drawn unto the Center the right Lines C A, E A. 
The Lines CA, E A will then be equal: And therefore 
the Triangle CAE is an Iſoſceles. Wherefore the An- 
gles C and E (6) are acute. Aud therefore a Perpen- (b)PerCoret. 
dicular let fall unto BF from the Center A will fall be- 11. ep. 32. 
twixt E and C, (c) as for Inſtance in D. There will el . 
therefore both AC and A E be equal to tlie perpendi- 3. eh. 32. 
cular AD, which is abſurd, and contrary both to Coroll. I. 1. 
14- P. 32+ and to Prop, 47. J. 1. | e 


C orollary. 


Ircles whoſe Centers are in the ſame right Line, and f.. 17. 
which cut it in the fame Point B, do touch one ano- 
ther in that Point only. 

This Propoſition is manifeſt from the very Notion of 
the Lines which are compar'd together. For neither can 
a right Line and the curve Circumſerence of a Circle, or 
the divers Curvatures of unequal Circumterences, or two 
Curvatures both convex, agree as to any Part of them- 
telves, But they would agree, it they touched one ano- 
ther in ſome entire and proper Part. 


PROP. XIV. Theorem. 


N a Circle equal right Lines (BC, L F) are e- Fig. 18, 
qually diſtant from the Center (A). And what 
Lines are equi-distam from the Center are equal, 


From the Center (A) let there be drawn (AC, A F.) 
Likewiſe (AO, AT) at right Angles to BC, FL, Thus 
BC, FL ſhall be biſected (d) in O and J. 

E 3 See- 


{4)Per 3.3. 
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Seeing therefore the whole Lines BC, FL are ſup- 
poſed equal, the halves alſo O C, IF muſt be equal, 
and conſequently the Squares of them are alſo equal. 
Seeing therefore the Squares of AC, AF are equal, 
and the Square of A C is equal to OCq and O0 Aq, as 


. alfor he Square of A F is equal to I Eq, and I Aq(a) : It 
| 2 TR follows that the two Squares OC q, OA ꝗ are equal to 


the two Squares IF q, IA q. Wheretore taking away 
the Squares of OC, IF (which before were ſhew'd to 
be equal) the Square of O A remains equal to the Square 
of AI. Therefore the Perpendiculars O A, AF, are e- 


ch per defin. qual. Therefore (h) B C, FL are equi. diſtant from the 
As l 3+ Center. Which was the firſt Part. Then for the Con- 


. verſe of it;, i | 
If the Diſtances O A, Al are ſuppoſed equal, then 
the Squares of the equal right Lines being taken away, 
by the ſame Ratiocination it will be ſhew'd that the re- 
maining Squares O Cq, I F-q are equal, and conſe- 
uently that the right Lines O C, IF are equal, which 
*Per 3. I. 3. ſeeing they are * halves of the right Lines BC, FL, 
| - theſe alſo muſt be equal. Which was the ſecond Part. 


PROP. XV. Theorem. 


rig. F right Lines inſcribed in a Circle, tbe greateſt 
e u the Diameter; and of the reſt, that is the 
greateſt, which is the neare#t to the Center. | 


Let there be any Line, as RS different from the Dia- 
meter FL, From the Center draw AR, AS. The 
two AR, AS, which are. equal to the Diameter, are 

©) Per 26, (e) greater than RS, Therefore, c. 
92. Ik) ben let BI be nearer to the Center than X Z. From 
| the Center-unto them draw the Per pendiculars AC, AQ. 
[4] Per def. AQ ſhall be greater (d) than AC. Take therefore AO 
4-1-3 cequal to AC, and through O draw RS perpendicular 
eh By the to AO, which (e) will be equal to BI; and. let A R, 
by. AS, AX, AT be join'd. Becauſe therefore A is the 
1 Center, the S des AR, AS ſhall be equal to A X, AT. 
But the Angle RAS is greater than the Angle X AT. 
Therctore the Baſe RS, that is, BI, is greater than the 
gern Q E. D. n . 
. Tees to ,f PROP. 
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Y R O,P. XVI. Theorem. 


Right Line (IF) which being drawn thro? Fd. to. 
the Point (B), the Extremity of the Dia- 
meter (C B) « perpendicular thereto, falleth all of 
it without the Circle, and toucheth it in (B). 
Neither can there any right Line be drawn betwixt 
it ſelf and the Circle unto the Point of Contact (B) 
but it ſhall cut the Circle. D 


Part 1. Let there be taken in the Line IBF any Point L, 
unto which from the Center A draw the Line A L. Be- 
cauſe in Triangle ABI, the Angle ABL is a right one, 
by the Hypotheſis, A L B ſhall be acute (2) Therefore [g]"erCorell. 
AL which is oppoſite to the greater Angle B will be 3. 32. l. 1. 
2 than AB which is oppòſite to che leſſer Angle 
L (). But AB reacheth only to the Circumference. 
Therefore” A L ſhall reach beyond rhe Circumference ; | 
and conſequently fall without the Circle, Which was 


h] Per 19. 


che firſt Part. 
Part 2. Below BF, if it may be, let RB fall whol- 

ly withour the Circle, Becauſe F BA is a right Angle 

by rhe Hyporhefis RB A will be acute, and therefore 

AB is not perpendicular ro BR Therefore let there 

be drawn from the Center A to BR the perpendicular | 

AO, which (4) will fall towards R and cut the Circle (a) Per Corel. 

in Q. Therefore AB which is oppoſite to the greater 3+ Prey. 32+ 

Angle, A OB, is greater than A O, which is oppoſite to te bs 

the leſſer, to wit, the acute Angle OBA. Bur AB is 

equal to AQ: therefore A Q allo is greater than AO, 


a Part than the whole. 


Corollary. 


1. | JEnce it appears again, that the Contact of a right Fg. 10. 
1 Line and à circular one, is only in one point. . 
2. It from Centers taken in the ſame right Line infi- Fig. 17. 
nitely protracted, there be deſcribed) through B in ĩnite 
Cireles, as well leſſer than the firſt 8 C, as greater; 
E 4 they 
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they ſhall all touch the right Line IF in the ſame one 
Point B. 12 | 

3- Circles therefore growing into an Amplitude great- 
er than any given one, approach always, even unto Infi- 
nity, nearer and nearer to the Tangent, bur are never 
join d to ir, otherwiſe than in ohe ſingle Point of Con- 
tact; which thing although it be moſt evident, is yet 
truly ad mirable. 
4. From theſe Things it is manifeſt, that every geo- 
metrical Line hatſoever is infinitely diviſible. For let 
there be drawn trom ſome Point of the Diameter unto the 
Tangent the right Line A Q. Infinite Circles havin 
Centers in the right Line B A infinitely produced, touch 
the right Line IF by Coroll. 2. of this, and one another 
by Co oll. p. 13. in one and the ſame Point B, and con- 
ſequently are no where join'd either amongſt themſelves, 
or with the right Line I F but in the Point B only. 
Therefore it is neceſſary that they divide the right Line 
AQ into infinite Parts, that is, into Parts exceeding any 
Number aſſignable. | | 

5. The Angle of Contingence or Contact L BY, (chat, 
to wit, which is contained under the Tangent and the 
Circumference) cannot be divided by any right Line. 
6. Nevertheleſs by Circumferences touching the Line 
IF in the ſame Point, it may be divided and diminiſhed 
infinitely. And in this and the third Corollary lies hid 
the whole vr! read ot Aſymptotes, that is, of a right 
Line approaching unto an Hyperbola, together with it 
ſelf infinitely produced, unto a Diſtance leſs than any 
given one, yet never concurring with it. e 


p R O p. XVII. Problem. 


Rom the gi ven Point (B) to draw a right 
Line which ſhall” touch a given Circle 
D. D. | 


From A the Center of the given Circle let there be 
drawn unto the Point B the tight Line AB, cuttin 
the Periphery in O. From the Center A deſcribe thro” 
B another Circle BC, and from O draw OC _ 
8 3 he ſi | icu- 
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dicular to A B, which may meet the other Circle in C. 

Draw C A meeting the Circle QQ in I. The right 

Line drawn from B unto I will touch the Circle C Q. Fx 
For becauſe the Sides BA, IA, are equal ro the Sides | 

CA, AO and the _— A contain'd betwixt the equal 

Sides is common to both. In the Triangles IAB OA C 

the Angles AO C, AI B are alſo (4) equal. There- () Per 4: 

fore AIB is a right Angle. For AOC 1s a right one J. 1. 

by the Conſtruction. Therefore BI (5) toucheth the 9 Por 16. 

Circle in 1, 3. 


Scholium, 


Y the 31ſt following, from the given Point O a Fiz. 24 
B Line rouching a given Circle (BQ) may be well 

drawn thus: 

a Let the right Line joining the given Point O and the 

/ Center A be biſected in P. Then from Center P thro' 

A and O deſcribe à Circle, meeting the given one in B. 

The right Line OB will touch the Circle. | 


p For AB being join d, the Angle AB O in the Semi- 
| circle is a right one by Prop. 31. Therefore by Prop. 16. 
OB roucheth che Circle B Q. 
d 
. PROP. XVIII. Theorem, 
7 F a right Line (C L) touch a Circle , a right Fis. 28. 
| Line (AB) drawn from the Center (A) unto 
the Point of Contact (B) is perpendicular to the 
Tangent, 
If ir be denied, let ſome other right Line (as AF) be 
the Perpendicular from the Center A. This will cut the 
bt Circle in O. Becauſe therefore the Angle AFB is ſup- 
cle poſed to be a tight one, ABF (c) muſt be acute. (OPS 
N Therefore A B {that is, A O) is greater than AF (d); a ny * — 
Part chan che whole. | „ 
be : 963 
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R O P. XIX. Theorem. | 
8 5 $483 ; 
eb FF a Line (BC) touch the Circle, and from the | 
Point of Contact (A) there beraisd (AT) per- | 
9 pendicular to the Tangent, tbe Center will be in 
that Perpendicul aer. | 
If you deny it, let the Center be without AI in Z; | 
and from it let there be drawn unto the Contact the Line | 
(e) By the T A. The Angle ZAC will be a right one (e) and there- | 
foregoing. fore equal to the Angle I AC, which by the Hypotheſis | 
is a right one; that is, the Part will be equal to the 
Whole: h | 
0 
PROP. XX. Theorem. 
Fig. zo, 41, THE Angle at the Center (BAC) is double to | 
32. L the Angle (B FC) which is at the Circum- 
ference, when the ſame Arch (B C) is the Baſe of , 
the Anples, PT” oY 5 | 
Fig. 30. Here are three Caſes. In the firſt Caſe, the Sides / 
BA, BF coincide. And then becauſe A F, AC drawn 1 
from the Center are equal, there will be in the Triangle t 
G) Per 5+ Z, the Angles F and C equal () But BAC is equal 1 
J per 32, to the two Angles F and C (0). Therefore B A C is 4 
1. double of F. | ( 
Fig. 31, In the ſecond Caſe BA, CA fall within BF, CF, 
and then FAX being drawn, X AB by the firſt Cale 
is double of X FB; and XAC double of XFC. 
Therefore the whole BAC is double of the whole 
BFC. | | Jo: 4 
Fig. 32, In the third Caſe, BF cuts AC, and the Angle 
\ BAC is without the Triangle B F C. Here let F A L be 
drawn. By the firſt Caſe the whole LA C is double of 2 
the whole LFC, and LAB taken away is double of e 
LFB taken away. Therefore the remaining Angle 
BAC is alſo double of the remaining one BFC N. E. D. 0 
Fig. 12 [Corollary, Hence we gather that the Sides of every Tri- f 
| angle are to each other as the Sines of the Angles oppoſite ta e 
thaſe Sides reſpettively. Let E FG be am Triangle; about 4 


\ | which 


the Angle EE F, is to the Sint of the Angle K G. Q. . D. 
. And from this one Propoſition a great Part of Trigonometry is . 
; deduced; Which Thing will be worth our Obſervation." : 
. Coroll. (2.) From the former Corollary we learn to meaſure Fic. 86. 
the diſtance of the Mom. For Aſtronamical Obſervations gi- |. 1. 
ving us the Angle of the diurnal Parallix * BCA, we find , 1 
out the Diſtance of the Mom by tb? following Proportion. _ As p OO 
the Hine of the Angle ACB, is to the Sine of the Angl-ie 
ABC; fo is the Semidiameter of the Earth B A, unto the 
, Moon's Diſtance, AC. Q. E. I. | 5 . 
Coroll. (3.) From the ſecond Corollary we learn alſo to mea- fig. $4. 
5 ſure the Diſtance of the Sun. For there being given by Aſtro- 
f nomical Obſervations the Angle of the menſtrual Parallax, 
| (namely, that which is made-when the Moon appears preciſely 
8 biſected,) or the Angle Z E O, and together with this Angle 
n the Moon's Diſtance Z O. We find the Diſtance of the Sun by 
e this Analozy.” As the Sine of the Angle E EO, is to the 
1 Sine of the Angle EO Z; which Sine is the Radius: 5 is 
is Z 0, the Moon's Diſtance,unto E E the Diſtance of the Sun. 
Q. E. I.] 3 
F, | 
le 
F PROP. XXI. Theorem. 
le | | 
5 HE Angles (BAC, BFC) which in a F. 33. 
K Circle ſtand upon the ſame Arch (BOC); er | 
of which'are in the ſame Segment (BAS C, are all 
of equal among themſelves. coed a 
le Let firſt the Segment B AS C be greater than a Semi- 
D. circle. From the Center A draw A B, AC. By the 
i- foregoing the Angle BAC at the Center is double of 
ta each BQC, BF E Therefore they all BAC, BFC 
"ut - are equal (2). Q E. D. | | * (a) Per 
ich ION a its Then axis. 6. 
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which let a Circle be underſtood to be circumſcrib'd (c), and (c) Per g. 
from the Center of the Circle, let there be let down the Per- . 
pendiculars AB. Ac, AD, which will + bife& the Subten- + per 3.1.3, 
ſes. Now 4 EF i to EG, fo, EH (that is, EB) to ELD? " 
EG (that , EKD.) Bit EB i the Sine f the Angle || | 
B AE, thut is, of half the Angle E AF, that is, of the | P TR 
whole Angle EG F *'oppoſite to the S de EE; and ED is * Pe 00.3, 
the Sine of the Angle EAD, that is ; of half the Angle 

EAG, that is, of the whole Angle EFG, which is oproſite 


4 


to the Sde EG. Therefore E F is to EG, as the Sine of 
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FÄ ˙0 PE I EAN SPACES 
. =_ — - — — 


_ 
n 
— 
2 
1 
* 


Fig. 34. 


* ber. 15. 
» bo 


(c) Per Co- 
. IO, p. 32. 
1. 1. 


Fig. 33. 34. 


d) Per C- 
bl, 33 
* 1. 


Fig. 35+ 


(a) Per 32» 


Ev CLID's . [3 III. 


Then let the Segment B Q C be equal to or leſs than a 
Semicircle. In the Triangles B QI, C EI, becauſe the 
Angles vertically oppoſite at I are equal (6), the Sum of 
the reſt, Q and R will be equal to the Sum of the (c) 
reſt F and O, Wherefore it from theſe equal Sums 
there be taken away the Angles R and O, which by the 


firſt Part are equal, as ſtanding upon the ſame Arch QF, 


the Angles which remain Q, F muſt be equal, N. E. D. 

Coroll. Hence we gather in Optics that any Line BC to 
the Eye placed where you will in the Circumference of the Cir- 
cle, whereof the Line is a Chord , appears of the ſame Mag- 
nitude ; to wit, becauſe it appears every where under an equal 
Angle BAC. | | 

{ Schol. If of two equal Angles ſtanding upon the ſame 
Arch, one of them be at the Circumference, the other alſo 
will be at the Circumference. 

If it be denied, B QC ſhall either be equal to the Angle 
BIC on this Side the Circumference Q F, or to the Angle 
BEC, which is beyond the ſaid Circumference. But the An- 
gle BIC is (d) greater, and the Angle B EC (d) is le 
than the Angle B AC. Therefore, &c. ] 


Pp. . Theorem. 


| by any Quadrilateral inſcribed in a Cirele 
(ABCF) the oppoſite Angles make two right 


ones. 


Let BF, CA bedrawn. The Angle ABC with the 
(a) two O and X make two right Angles, But O is 
equal to I (), becauſe it ſtands upon the ſameArch BC: 
And again X is equal to Z () becauſe it ſtands upon 
the ſame Arch AB. Therefore ABC taken together 
with the two Angles I and Z, that is, with the whole 
oppoſite Angle AF C, makes two right Angles. Q. E. D. 

(Corollary (1.) Hence if one Side of a Quadrilateral de- 
ſcribed in a Circle be protracted, the external Angle will be 
equal to the oppoſite Angle of the Quadrilateral ; for the in. 
ternal added to either of them makes two right Angles, 

(2.) Likewiſe a Circle cannot be deſcribed abaut a Rhom- 
bus; becauſe its oppoſate Angles either fall ſhort of, or excetd 
two right Angles. | | * i 


(3+) Lite- 


z 
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(3.) Likewiſe if in any Quadrilateral ABC F the oppoſite | 
Angles F and B are equal to two right ones, a Circle may be | 
deſcribed about it. For ( = a Circle will paſs through any (a) Per 5. 
three Angles C, E, A, and this ſo that the * fourth be 82. 8 
equal to B; which cannot be unleſs it doth indeed paſs through Per ſchol, 
the Point B T. Therefore it doth paſs through it. Pr. 21. I. 3. 


PROP. XXII, XXIV. Theorems, 


A RE not neceſſary ; and they treat of ſimilar 
Segments , which cannot rightly be deſin d 
Without Proportions, | 


PROP. XXV. Problem. 


To perfect a given Arch (ABC). Fig. 36. 


Let there be ſubtended at Random the two right Lines 
AB, CB; which biſect in I and L. From I and I. 
raiſe perpendiculars meeting one another in O. This 
ſhall be” the Center of that Circle whereof ABC is a 
Portion. 45 

For (a) the Center is both in the Line I X, and in the Ca) per corel. 
Line LZ. Therefore it is in their common point O. pr. 1. . 3+ 

The practice. From the Center B taken in che Arch 
deſcribe a Circle: and with the ſame Interval from other 
Centers in the Arch deſcribe two other Circles, each of 
which curs the former twice. Two right Lines drawn 
through the Interſections, and croſſing each other in O, 
will give the Center. . | 


i 


PROP. XXVI, XXVII. Theorems. 


N equal Circles equal right Lines (C E, FI) big. 1 
ſubtend equal Archs ; and if the Archs are : 
equal the Subtenſes are alſo equal. 


Theſe Two Propoſitions are plainly Axioms, and need 
noPemonſtrarion. s. 


{ Coroll, 


— 
— 


* N « 


+ 

? 

7 
. 
4 

0 
1 
14 L 


n 


74 


Fi,. »L 


per 27. 
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Per 18. 


3. 
er 28. 
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Fig. 38. 


Fig. 39. 
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[Coroll. (1) If'in a Circle: AB CD the Arch AB be 
equal to the Arch DC; AD will | be parallel to BC. For 
AC. being drawn , the Angles: ACB, CAD, as ftanding on 
egual Arches, will be equal, Wherefore AD * is parallel to 
BC. Q. E. D. 

(2. ) The right Line E which is drawn from the Print 
A,the middlePoint of ſomeArch and toucheth the Circle, is pa- 
rallal-ro. the right Line BC, which ſubtende that Arch. For 
from the Center D draw unto the Point of Contact A the 
"ne Line Did, and jain DB, DG The: Side DG i com- 

and DB is equal to DC, and the Angle B DA equal 
t N Angle C DA, the Arches B A, CA being ſuppoſed to 
be equal. Therefore the Angles D GB, DGC are equal *, 
and conſequently are right Angles. But the internal Ang les 
GAE, G AF, are alſo right Angles Fo Taerzfore BC, EF 
are parallel . QE. b. 


P R O P. XXVIII, XXIX. Theorems. 


| 12 in ie Circles, the Angles beth at the 
Centers (B AC, FL er at the Circumfetence 


(BOC, FSH be equal the Arches alſo (B XC, 
FZ TI) on which they tand are equal; and if the 
Arches he equal, the Angles allo are equal: | 


Theſe co Propoſitions alſo are W Axioms, and 
need no Demonſtration. _ 


2 p I O P. XXX. Problem, 


E: 0 19 4 fawn Arch (A BC). 


Den AC, which biſck i in O. From O draw the 
perpendicular O B, meeting the Arch in B. I fay 7 
thing is done. b 

For let AB, BC ber iaind. the Sides AO, oB are 
by che Conſtruction equal to CO, OB; and the Angles 
at O are equal, as being right ones. Therefore the Ba- 


a) Per + ſes AB, CB are equal (2). Therefore the Archs alſo 


12 Per 26. (I) AB, BC are equal, 


The 
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The Practice. From che Centers A and C deſcribe 

with an equal Interval Arches cutting each other in the 

points F and I, the right Line drawn through theſe 
points will biſect the Arch AB C. | 


* 


pK G P. XXXI. Theorem. 


Wa 4198 enn Nonnen 01 An. 

HE Angle (BC F) in a Semicitclexs @ right Fig- 4% 
1 one; that in a Segment greater than a'Se- 
micircle, c leſs than a right one; that in a Sep- 
ment leſs than a Semicirle u greater than a — 
one. 4A Gr AN ANA 
part 1. From the Center A draw AC. Becauſe 
AB and AC are equal, the Angles O and B are e- 
qual (c). For the ſame Cauſe che Angles 1 and F are (c) Per 5. 
equal. Therefore the Angle BCF is equal to B and J. 1. 
F together. Seeing (a) therefore —— together y 
make two right Angles, BC F which is half of ewo right 9 7 
Angles, is one right Angle. : 

part 2. Let the Segment LOB E be greater than a 
demicircle, and in it ler there be the Angle FO L, and let 
LB the Diameter of the Circle be dra yn. The Angle 
FO is-leſs than that B OL, which by Parr I. is a right 
one. Therefore, GC. „„ 

bart 3. Let the Segment LO X be leſs than the Se- Fig. 41. 
micirele LO B, and X OL be the Angle in it. This 
will be greater than BO L which is a right one. There- 
fore, — uke «.Proojof 

| llary. Hence we may take a Pr the Inſtrument, fir. 40. 
called a Square, whether it be exadtly 4 a nor. 8 
For in what Circle ſoever the Top of the Square is laid upon 
C, or any Point of the Circumference whatſoever, if the Sides 
of it do paſs through the Points of the Diameter B and F, 
the Angle ir a right one; otherwiſe not. « 

(24) I the. Sides of a Square be held continually upon the 
Prints B and E, in the mean while that the Angle is moved 
round, firſt on one Side, then on the other, the Top of tbe An- 
ele C will deſcribe a Circumference of a Circle, whoſe Dia- 
meter is the Line B F. | 7 

(3-) Hence we learn to raiſe a Perpendicular at the End of 
4 Line, Let BC be the Line, C the Point given, from 
whence a Perpendicular is to be rais'd. From any Point what- 


ſoever 


r 


Fig. 41. 
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ſoever A as the Center, let a Circle be deſcribed paſſing thro 
the Point C, and cutting BC in any Point; 4s B. If the 
Semidiameter B F be drawn, it is manifeſt that the Line 
CF ts the Perpendicular required. Q. E. F. 

Fig: 37. (4.) ¶ Hence it is manifeſt; that Circles touching one ano- 
ther inwardly, do cut all Lines, as AD proportionably ; or 
ſo, that AE the Subtenſe of the leſſer, is to A D the Subtenſe 
of the greater Circle, as AC the Diameter of the leſſer, is 
to AB the Diameter of the greater. For there being drawn 
the Subtenſes EC, B D, the Triangles EAC, DAB are e- 
quiangled. ' For the Angle A is common, and A EC, ADB 
are right ones, as being Angles in a Semicircle ; and there- 

(b) Per Co- fore ACE, ABD (b) are equal. The Triangles therefore 

, i 7. 32. ave ſimilar, by the fourth Propoſition of the Sixth Boot, and 

2 AC: AB:: AE: AD. Q. E. D. 

Fig. 40. (s:) Tn a right-angled Triangle BC E, if the Hypotenuſe 

B F be biſected in A, the right Line AC cuts the Triangle 


into two equicrural ones ACB, AC E, and ſo a Circle deſcri- 


bed from the Center A through B through C, the 
— rk 2 * = 98 < 
YR O p. xxxII. Theorem. 


Fe. 4, 43- F a right Line (C F) touch Circle, and ano: 
ther CA B) which « drawn from the Point of 
Contact (A) cut it, the Angle made by the Tangent 


and the cutting Line, # equal to the Angle aubich is 


made in-the alternate or oppoſite Segment. 


Thar is, the Angle CAB will be equal to the Angle 
L, which is made in the Segment ALB; and the An- 
gle FAB will be equal to the Angle O, which is made 
11 the Se t AO B. For 

Firſt, let the Line A B paſs through the Center. Here 
by Prop. 18. CAB is a right Angle: And by Prop. 31. 
L - alſo a'right one. Therefore CAB L are c- 
qual. | | 
Fig. 43+ 3 Then let rhe Line AB not paſs through the Center. 

Let the Line AQ therefore be drawn through the Cen- 
(a) Per 31. ter, and B Q be join'd, Becauſe the Angle in the Se- 
4.3 micircle A BO (a) is a right one, B QA taken together 

] Per 32. : . 

1. with BAQ will make one right Angle (b). But CAQ 
is 


Fig. 42. 


1 7 1 0 
Lib, II. Evcrid's Elements: | 
| Is alſo by Prop. 18. of this Book a right Angle. There- 
fore BQA with BAQ are equal to CAQ, The com- 
| mon _ therefore B A Q being raken away , there 
; remains B QA, Which 1s wt Fen ro L (e) equal ro CAB: (©) ies 214 
Therefore L and CAB are equal: Whi hich i is the firſt 4. 3+ 


r Part to be proved. 
Then FAB and CAB make two right Angles (a), (4) Per 13+ 


1 
and in the Quadrilateral B O AL, the oppoſites L and 2 + 
. O make two _ Angles (e). Therefore the td F A B, (©) Per 28. 
3 2 AB are equal to the two O and IL. Therefore there 4 
. — — on one Side CA B, on the other L, 
6 which have already been ſhew'd to be equal, there re- 
/ mains FAB equal to G. Which was the other Part to 
be proved. 
. 
e 3 . 
Jl P R O P. XXXIII. Problem. 
* , 


Pon a given Line (B 0 ) to make a Segment Fig: 40 
of a Circle, in which the Angle ſhalt be e- 
qual to any Angle, given. 


| Firſt let there be an acute Angle given ABEF, from 

oy 3 draw BL perpendicular to AB; And at C, the 

of Extremity of the Line BC, make BC equal to CBL 

11 (by 23. 4 1.) whoſe Side ſhall cut BI. in I. From the Cen- 

& ter I deſcribe a Circle rhr B: This Circle will alſo paſs. 

| through C (foraſmuch as becauſe of the Equality ot the 

Angles at B and C, the Sides likewiſe CI, BI are(by 
6. J. 1.) equal) and che Segment BNC ſhall conrain an 


le Angle equal to the Non one A BF. 
Mn or becauſe A 1 to the Diameter 
de BL, AB will — the Circle which BC cut (2). (5) Per 18. 


Therefore the Angle in the Segment BQC-is equal (6) 48 a 
re to the Angle ABE. M76 of * 


31. But if the pet iven be obtuſe as RBC, do as be- 

e fore, and COB will be rhe Segment required. 

"er: | „ 1 5 
- PR O P. XXXIV. Po blem. 


10 Ls a given Circle to take away 4 Segment Fig. 41 
containing an Angle equal to a given ne. 
F Unte 


78 


Kr 


8 


Fig. 46, 4, 
48. 


Fig. 46. 


f Per 3. 
* 


[a] Per 5. 
l. 2. 


ſb] Per 47. 
* 1. 


EUCL1D's Elements, Lb. III. 


Unto the Diameter of the Circle F A draw the per- 
pendicular BAL. Then (e) let AC be drawn, which 
may make the Angle B AC equal to that which is given, 


This Line AC ſhall cut off che Segment A QC, whoſe 
Angle is equal to the given one: As is manifeſt from 


Prop. 32. 


p R OP. XXXV, Theorem. 


TF in Cirele two right Lines (C L, BF) cut 
A one another , the Rectangle (COL) under 
the Segments of one is equal to the Rectangle 
(BOF), under the Segments of the other, 
For, 


If they interſe& each other in A the Center of 


the Circle, che rhing is manifeſt, | 


If one of them CL paſſeth through the Center A, 
and biſeQs the other B F which doth not paſs throu 
the Center; it () cuts ir perpendicularly, and fo th 
Square of FO is the ſame with the Rectangle F OB. 
Let AF be drawn. Becauſe CL is biſected in A and 
orherwiſe divided in O, | 
It will be thus, ; 

Ref, —_ will be equal to AL q- (). 
+ A0. f 
that is, to AF q. 
that is, equal to 1871 
| FO. 700 
Therefore che common Square AO being raken a 


way, there will remain 


F. 2. 47. 


ei 3. 


d] Per 5. 
'A 4. 


Rett. COL equal to F Oq. that is, 
to — Rec. FOR. 


IT Thenif one of the right Lines CL, paſſes chrough che 


Center, and cuts the other BF uncqually in O, let 
right Line drawn from che Center A cut BF into 
two equal Parts in I. In this Caſe AIB will be a right An- 
gle (c). Now becauſe CL is biſected in A, and ocher- 
wiſe in O, it will be thus, | 

Rect. COL} will be equal to ALq (d) that is, to 


AQ 
" 4 A Bq. chat is, to 


I : ; Alq 


t 
a 


re 


dds. ha 


's 


ther with QI Square: (g) becau 


monſtrated, both the Rectangle 
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| Alt | t 
Bur 404 is equal to 019. Ln re ee 
"Red, COL, equal to A 14. © was 
+ 01. + BI. 
4+ Arq. 


Therefore the common Square 4 Al being taken away, 
there remains, 
Rect. COL = BIq. Yd | 
4. Olq. N 
But BI uarẽ is eq equal bee ge angle FO B, roge- 


is biſected in I, ges 
and otherwiſe = in O. Therefore, | 
Rect. COL are equal to Rec. + org 
+ QI q. , 
Therefore the common 016. ſinks 4 away; there 


remains, 
"Re, COL, = Red. FOB. 

But laſtly , If 3 of the Lines CL, FB paſſes big. 44. 
through the Center: dag their common Inter ſection 
let there be drawn t Line X Z, which , paſſes 
through the Center. By 4 hah, been juſt pow de- 

OL, and that FO 
are equal to the Rectangle 0X. Therefore CO 
FOB are equal betwixt themſelves. 

[ Or the P: of tion may be demonſtrated more eaſily and u- Fig, . 
niverſally thus: Join AC and BD. . Here becauſe of the 
Equality of the Angles CE 4, BE D as being vertically . 
poſite (4); and of the Angles C and B as being upon t 
ſame Arch 40 ; the A CE A, B * are 4 
angled (per Corol. 9. p. 32. J. 1.) Therefore * CE: EA Fer 

1: EB: ED. Ther 1 CEX ED is equal to EAXEB bs 
— 16. J. 6.) Q 


on Pep 15. 


PROP. XXXVI. Theorem. 


1. om ( B) 4 a Point given without 4 Circle ; Fig. 49, 305 
there he drawn unto the Circle tao right Lines 81. 
one (BF) touching it, the other (BC) cutting it; 

the Nect angle (C BO) which u comprebended * 

the whole cutting Line © ” and the Part (BO) 


45 which 
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which lies betwixt the Point (B) and the Circle, 
1 equal. to the Square of tbe Tangent (B F.) 


1. If the cutting Line BC paſſes through the Center A, 

join AF. This with the Line F B will make a right 

[a] Per 18. Angle(a). And therefore becauſe CO is biſected in A, 
« 3+ and to it is added O B; it will be thus, 


RE Rect. CBOY will be equal to A B q. () that is 

PRE 32. + A Oq. if == 19" 
£48 

le] Per 47. + FBgq.(( 


c 
1.2. 4 Therefore the equal Squares A O q. A F q. being 4 
A away on both Sides, there remains, 
© Reſt, CBO, = BF q. 
Fig. 50, 51. 2. But then if CB doth not paſs through the Center, 
let there be drawn AB, AF, AO, and AL, and [ct 
AL biſect OC in L. The Angle AL O is therefore a 
d) Per 3. right one (d). Likewiſe AFB is a right Angle (e). 
pe 18, Now beca e CO is biſected in L, and to it is added 
1 . O3, it will be thus, | | 
i Ret, e =LBa.(f) 
1. >> wok +4 L 09. n 
2. there be added on both Sides AL Square, and 
en | 2 | 
3 er toL B q. 


. 
” 


4 LOq. + ALq. 

Trg. N | 

o Per 47- But the Squares of LO, AL are equal (g) to the 

Fig Square of AO, or AF; and the Squares of LB, AL 
(b) By che are equal to the Square of AB (h). Therefore, 


© oye _u Tres = A Bq. chat is, (J) 
| — - NS 
+ AFq. 


Therefore the common Square, that of A F being ta- 
ken 2 there remains : 
Rect. C BO equal to the Square of BF. 2. E. D. 
| | Or more eaſily and univerſally thus. Draw AB and 
BC. Now becauſe of the Equality of the Angles A, and 
DBC; * and for that the Angle D common to both; the 
. Fr Triangles BDC, ADB are equiangled T. And therefore 
Þ PerCorel.9, ( by 4. lib. 6.) AD: DB:: BD: DC. Wherefore the 
p.3%1. - Reflangle || ADX DC in equal to the ReQangle U BDE, 
(er 16%" or DBq. & E. b.) MY _ 
4 


= _ — 


Fig. 59. , 


” 


* Per 32. 


the 


Lib. III Euc L1D's Elements.” 


Corollaries, 


1. IF from the ſame Point B without the Circle, as Fis+ 5*+ 


many curting Lines BC as you will be drawn, all 
1 C Bo are equal amongſt themſelves. For 
each of them is equal to the Square of the Tangent 
B E. | 
2. The right Lines, which from the ſame Point touch 


the Circle are equal. For each of their Squares is equal - 


to the ſame Rectangle. D 

(3. It is alſo clear, that from the ſame Point B taken 
without the Circle, there can only two Lines BF, B be 
drawn, which ſhall touch the Circle. For if a third be jaid 
to touch it, it muſt be equal to BF, or BQ, and therefore the 
ſame with one of them. 


4. In every right-angled Triangle BF A, that is not alſo F . 49. 


an Iſoſceles, the Rectangle ariſing fram the Sum of the Hys 
potenuſe, and one Side drawn into the Difference betwixt 
them, is equal to the $juare of the other Side. For the Sum 
of the Hypotenuſe BA, + AF or AC, i = BC. And 
their Difference is B A—A F= B A—AO==BO., And the 
other Side of the Triangle s BF. But the Rectangle CBO. 
is equal to the Square of B F. Therefore, &c. | 


PRO P. | XXXVII. Theorem. 


F the Rectangle under CB and O B be equal to Fig: 23. 


1 the Square of BF, this muſt touch the Circle 


in F. 


From B let there be drawn the Tangent BY, and the 
right Lines EQ, EF being drawn from the Center E, 
unto the Points Q and F, let B E be joined. Becauſe 
by the Suppoſition the Square of BF is equal to the 
Rectangle C BO, as is alſo the Square of BY, ty 36. 
of this Book, the Squares of BQ, B F ſhall be equal 
betwixt themſelves, and conſequently the right Lines 
BQ, BF are equal. Therefore the Triangles FE B, 
BEQ are equilateral each to other. Therefore the Ars 


gles Q, F are equal (a). © Q is a right Angle ( a Aer 8, 1.x; 
h 3 | 18. | 


„ 
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18. / 3.) Therefore F alſo is a right Angle. Therefore 
Pe 16. BF toucheth the Circle (6). ; 
5 [ Corollaries 1. Hence the Angle EBF is equal to the 
, Angle EB N (per 8. l. 1.) mY 
. - (2.) Tf tuo equal right Lines BF, B Q fall from ſome 


Point B upon the convex Circumferente, and B F. one of then 


routheth the Circle, the other B A muſt "touch it alſs. Fo 
ſeeing B F, BN are equal, their Squares are alſo "equal, 
(s) By the But B Eg is equal to CB O (a). Therefore BQq=CB0 
leregoing., (Þ). Trerefore B Q alſo toucheth the Circle (c). | 


7 . Scholium [I. ] Seing all Plains paſſing rough the Center 
Ch Fa of the ral E all ſtand perpendicular upon the Hotizon, 
| 40 produce great and equal Circles _ the Earth's Shrface, 
we ſhall here bring in ſome elegant ConſetFaries from thence; 
ont of our Author in his Aftronotny ; which from the Nature 
of Circles may very eaſily be underſtood. - 
(..) If in any Part the Surſace of the Earth were perſedl. 
ty plain, Men coald no more ſtand upright upon it, than upon 
the Side of an Hill, ſaving in the Point of Contatt only. 
2.) The Head bf a Traveller perforinis à longer Way of 
Chin ſe than his Feet; Likewiſe be that is un Horſeback, and 
s the ſame way ds Foot man, theaſhres a greater or longer 
ace than be that is on Foot. As likewiſe in a Hip, the 15. 
pre Part of the Maſt runs over rrore Way than the lunes 
Parts of it. 
” (3.) If any one ſhould travel over the whole Circumference 
of the Earth, the Way gone over by his Head, wihld exceed 
that which was gone over by his Feet, by the Difference 
. Circumferences ; or by the Circumference of a Cirele , * 
Semidiameter is the Man's own Stature. $ 
"(4.) If a Veſſel fall of Water le elevated perpendicwlath, 
the Water will continually be running over, and yet it will e- 
main full; namely, . becauſe the Surface of the Water is con- 
mai) cumpreſſed into the Surface of a greater Sphert. Tea, 
a Veſſel be elevared continnally bigber and higher, the Su- 
ate of the Water which is contain d in it, will continually 
Aten and come nearer into a Plain ; unte which yet it will 
ber u come. | i \ 
6G) If a Veſſel ſult of Hater be carried direly dywwyiwards 
Agb dor hing run owe, yet it will ceuſe to be ful; name. 
, Beehufe the Fur face of the Warer ſielly continually inte a 


(6.) That 
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n a heffet bete. From whenee it follows, 1 
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(6.) That one and the ſame Veſſel contains more Water at 
the Foot of a Mountain than at the Tap; as likewiſe more in 
a ſubtefraneous Cellar, than in a Chamber. To which Things 
add, | 


ST & >, Hz 


(7.) That two Strings on which two iron Balls han; per- 

, pendicular, ¶ and conſequently the Walls of Buildings erected 

$ perpendicularly ) are not Parallel one to another, but Parts of 

„ Radius's meeting together in the Center of the Earth. : 

) Scholium | 2.] 1 think it not ami & to inſert in this Place F*g+ 6. 
this follmwing Problem alſo, which was communicated to me by 
a Friend, as demonſtrated by me ſomewhat more briefly. 


p Through the two Points (B) and (C in a givzn- Cirele 

(BD M) to draw the Circumference of a Circ'e which ſhall 

: biſe& the Circumference of ths other given Circle. 

5 Through the Center A and one of the given Points B let 

+ there be drawn the infinite right Line BAM E. Unto 
which from the Center let there be erected the Perpendiclilar 

. AD, and let B D be drawn. Let the the Line DE] be 


a made perpendicular to BD, cutting the infinite Line BA ME 
in the Point E. Laſtly, let a Circle be drawn (a) throngh [a] Per 8. 

* the three Points, B, C, E. I (ay the Thing is dine. For, . * + 

4 Let a Chard of the ſecond Circle be drawn through either of 

* the Inter ſeltions of the Circles, as G, and throuzh A the 

* Center of the firſt Circle, to wit, G A/; Let alſo the Diame- 

1 ter of the firſt Circle G 4 be drawn. Then in the firſt Cir- 
cle (by Corol. 1. Prop. 8. l. 6. and by Prop. 17. l. 6.) 


ce ABXA E=ADg, that is, (becauſe of the Equality of the 
d Semidiameters, AD, AG, AF)=AGNAF. And in the 
ſecond! Circle there will be (b) ABxXA E=A GXA }. There» b] Per 35. 

4 fore A Af, and the Ping F, f coincide, and the. 3* © 
| Arch FDG is equal to the Arch FMG. Q. E. F.)] 
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The Elements of Euclid. 


BOOK IV. 


— 


Wi. N 


HIS Book, which is wholly Problematical, 
; | teacheth by what Artifice, Figures, thoſe which 


are ordinate or regular eſpecially ,- may be in- 

fcribed in, and circumſcribed about, Circle, 
There is very great Uſe of it in Building Fortifications; 
and from it as a Fountain have been derived thoſe moſt 
excellent Tables of Sines, Tangents, and Secants, to the ve- 
ry great Benefit of the Mathematicks. | 
' | This Book is moſt uſeful for Trigonometry. For by 
inſcribing Polygons in a Circle, we learn to frame Tables of 
Chords, Tangents, and S:cants ; by the Help of which we 
learn to meaſure the Magnitudes of Figures and Bodies. Nei- 
ther without it can we duly diſtinguiſh the Aspects, as they 
call them, of the Stars, as the Quartile, Sextile, &c.; they 
wholly depending upon the I. ſcription of Polygons in a Circle. 
Neither can we otherwiſe Collect the Area (which is a certain 
Nuadrature of a Circle,) than from the Area's or Squores of 
innumerable Polygons inſcrib'd in, and circumſcrib d about, 4 
Circle. And in like manner we know the duplicate Proportion 
of Circles amongſt themſelves, from the duplicate Proportion 
of Polygons inſcribed in, or circumſcrib'd about, Circles. And 
#s for military Architecture, it makes ſo much Uſe of Poly- 
gons inſcrib d in Circles, that more than all other Sciences it 
may ſeem to be wholly owing this Bool. WIE Ge, 


* 


DEFINITIONS. 


1. A Rectilineal Figure is ſaid to be inſcrib'd in a Cir- 
. cle, or to have a Circle circumſcrib'd about it, 
when the Tops of all the Angles thereof arc in the Cir- 
.cymference of the Circle. 2. A 


Is 
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2. A reilineal Figure is ſaid to be circumſcrib d about 
a Circle, or to have a Circle inſerib'd in it, when each 
one of its Sides toucheth the Circle. | 
3. An ordinate or regular Figure is that which is equi- 
lateral and equiangular. * 


PROPOSITION I. Problem. 


18 O inſcribe a right Line (A) which is not Fir. 1. l. * 
greater than the Diameter into a Circle 
(BD). | 


| Take in the Circumference any Point B. From the a 
Center B with the Interval of the given Line A de 

ſcribe an Arch, cutting the Circle in C. Draw the right 

5 Line B C. I ſay the thing is done, | | 


PROP. II. Problem. 


f O inſcribe in a Circle a Triangle having equal Ex. * 

e Angles with a given one (N. 

a Let the Line E F touch the Circle in D. Let EDE 

y be made (a) equal to the Angle C, and F D H equal to (a) Per 23: 

4 BN; and join GH, I ſay the Thing is done. For (2) hg 

in EDG 1s equal to H. H conſequently is equal to the N. 8 
of Angle C (c). And'FDH is equal to (d) to G; and 8 By the 

7 contequently G ro B. Therefore G DH (e) is equal to Conſtruction 
an the Angle A. Therefore what was required is done. 2 Feazs. 
on 12 (e) Per Ce- 
id rol. 9. 5. 32. 
y- PROP, III. Problem. 1. 1. 


O circumſcribe about a Circle a Triangle, Fit. 3: 
baving equal Angles with a given one 


(IL XK). 

Let the Line IK be drawn forth on both Sides, fo as 
ir- to make the external Angles O and N. Make at the 
it, Center A, the Angles GAB, BAF equal to O, N 
ir- felpettively, which is done by 23.1.1. Then in the 


Points 
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Points G, F, B, let three right Lines touch the Circle, 
meeting together in C, E, D. The Triangle C E D is 
circumſcrib d about the Circle, and is equi - angled to the 
given one I LK. For, | 

In the Quadrilateral CG A B, the Angles G and B 1 

9 Per 28. are (5) both of them right ones. Therefore the remain- 

+ FOR ing ones GAB, and C taken together do (g) make two | 

. * right ones, and conſequently are equal to the two to- | 

gz. l. . gether, O, I. Therefore the two GAB and O, which | 

are equal by the Conſtruction, being taken away, there 

remains C equal to I. In the ſame manner E will be 

| prov'd equal to the Angle K. Therefore D and L are 

Chi PerCore!. (þ) likewiſe equal. That therefore is done which was 
7" Prop 3% demanded. | 
AN hes a For that the Tangenrs do concur is thus ſhew'd. The | 

G) Per 13- Angles O, I, and K, N are (4) equal to four right ones; 
J Per 32» I, K are leſs than two right ones (5). Therefore. O, | 
+ I. N, (that is by the Conſtruction G A B, and B AF) are 

Ce 8 reater than two right ones. Therefore G A F (c) is 

* P-13* Teſs than two right ones. Therefore G F falls between 

; A and D. Therefore ſeeing AGD, and AFD are 

right Angles, DG F, and DF G are lefs than two right 

(d) per ſebol. ones. Therefore CGD and E F D (d) meet together 

* 31. l. 1. towards D. In the ſame manner it may be — 
that the reſt concur. a 


p R O p. Iv. Problem. 


Fig: 3. T, incribe a Circle in a Triangle. 


Biſe& the rwo Angles C and E with the Lines CA, 
E A, meeting together in A. From A draw the Per- 
pendiculars, AB, AG, AF. A Circle deſcribed from 
the Center A through B, will paſs alſo through G and 
F, and rouch the three Sides ot the Triangle. 
For in the Triangles C AG, CAB, becaufe the An- , 
gles A G C, ABC, and likewiſe thoſe GC A, and BCA 
are equal by the Conſtruction, and the Side A C is com- 
© Fer 26. mon, the Sides A G, A B (e) muſt be likewiſe equal. In 
1 like manner AB, A F may be ſhewh to be equal. There - 

| fore the Circle deſeribd from the Center A, pafierh | 
through B, G, F. And becauſe che Angles at thote _ 

. | ointz 
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Point are —— it touchech (F) all the Sides of the 
Triangle. Thit therefore is done which was required. 
Here the Sides of a Triangle being knowh, the Segments 
of them which are mide from the Conta#s of an inſcribed 
A will be known, Let DC be 12. DE 18. CE 16. 
DC and CE will be 29, fre whith ſubſtralt 18. b E= 
D G4-B E; ther rains 1c CB. Therefore CG 
or C B==5, Conſequently EB or E F=11. Wherefore TD 
or D6=7 ] 


PROP. V. Problem. 


(0; deſcribe a Cirels about a Triangle, or through 
three gi ven Points B, C, D, not lying in a 
right Line, to deſcribe a Circle. 


Connect the given Points with two right Lines BC, 
CD, which biſe& with the Perpendiculars E A, O A, 
meeting together in A. This will be the Center of 4 
Circle which paſſeth through B, C, D. 

Let the right Lines A C, AD, AB be drawfi. By the 
Conſtrudtion the Sides DO, O A are equal to theſe To, 
OA; and the Angles at © are right ones. Thetefore 
AD ixequal ro AC (4). In the ſame manner AB may 
be you equal t A C. Therefore dnn 
. Therefore 4 Cirtle deſtribed from the 


B, will pas alſo through C and D. Which 
on required. 


As for the ee dee e Gerbe hon 
B;C, D three equal } Cifeles, ih ea6h other ; and 
through the dos to draw right Lines, this deer. 


uy R 


PROP. VI, Vn. Problems. 


T O inſeribe a Sqware in, and citamſfru. ome 
about a Cirele. 


(f) Per is. 


1. 3» 


kr. 4. 


ON Per 4t 


[b]Per ae. 
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Fig. 5. 


Let the Matters BD, CE de drawn, cutting each 


iewlarly. Ke rib Lines Which join the 


Row «men, in I 3 


The 
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1. 1. ſame manner CBF will be ſhew 
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I. 3. Then ler four Tangents be drawn touching the Cir- 


Figws IFGH is a Square, circumſcribd about 2 
Circle. 

The Demonſtration is manifeſt from 18. I. 3. with 
Coroll. 2. Prop. 36. 1. 3. and 28, and 34. |. 1, 


Scholium. 


Fig. 5. A Square deſcribd about a Circle is double to that in- 
ſcrib d. For becauſe the Angle BCD in the Se- 
() Per3t- micircle (c) is a right one, the Square of B D (that is 
(a) Per 47. FI Square) ſhall de (d) equal to BCq 4-CDq, and 
Lt. therefore double to the Square of C P, i. e. to CDEB. 


PROP. VIII, IX. Problems. 


Fig. 6. Ls O inſcribe a Circle in, and cireumſcribe one 
about a Square, (as B C FE). 


Leet there be drawn the Diameters of the Square, cut- 
ing each other in A. From the Center A deſcribe 4 
Circle through. B; this will alſo paſs through E, E, C. 
Then from the Center A draw A D perpendicular ta 
BC; a Circle deſcrit'd from the Center A through D, 
will touch all the Sides of the Square. I 
Part I, Becauſe by the Hypotheſis the Lines CB, EB 
(© Per. 5- are equal; the Angles BCE, BEC will be equal (c). 
25 But CBE is a right Angle by the Hypotheſis. BCE 
C e 3s, therefore and B E are half right ones (4). In the 
a 4 to be an half right 
Angle, as likewiſe the reſt of the Angles; and fo they 
are equal amongſt themſelves, Theretore in the Trian- 


ce) Per 6 gle BAC, ſeeing there are two equal Angles C BA, 


1. BCA, the right Lines AB and A C (e) are equal. In 
| * the like manner the right Lines AB, AE, AF may be 
ſhew'd to be equal. Therefore a Circle deſcribed ſrom 
the Center A through B, paſſes through E, F, C. 
Part 2. From A let there be alſo draun the Perpens 
diculars AG, AH, AI, Becauſe in the Triangles GBA 
| > 


The Demonſtration is manifeſt from 4-1. . and 21. 
cle in B, C, D, E, meeting together in I, E, G, H. The 
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D BA, the Angles at D and G, as likewiſe thoſe at B 


are equal, and the Side A B is common, the Sides A D, 
AG muſt be equal (a). In the fame manner AG, AH, 2 Per a6. 


AI may be ſhew'd to be equal. Therefore a Circle de- 
feribd from the Center A, which paſſeth through D, 
will alfo paſs through G, H, I, and touch all che Sides 
of rhe Square (56). Becauſe the Angles at D, G, H, I (b) Per 16, 
are right ones. Therefore we have done what was re- 3: 


quired. 


| 


R O p. X. Problem. 


To make an Iſoſceles Triangle BAC, in which the Fig. 2. 
Angle at the Baſe (ABC, or ACB) ſhall be 
double ta that which is at the Top (A). 


| Let any right Line, what you will, as A B, be taken, 

. which fo 513 in D (c) chat he Rectangle ABD ſhall be 2 * * 
equal to AD Square. Then from the Center A thro | 
B deſcribe a Circle; in which inſcribe (d) BC equal to (4]Perr. 1.4: 

AD, and join AC. BAC fhall be the Triangle 

4 ſoughe.. .. . act 

- For let the right Line DC be drawn, and through 

A, D, C deſcribe (2) a Circle. Becauſe the Rectangle () Per 5. 

ABD is equal to the Square AD, (thatis, BC) it 4 

it manifeſt, that BC () toucheth that Circle DO 92 8 

which CD cuts. Therefore the An" BCD (g) is e- 4 Per 32. 

qual to the Angle A in the oppoſite Segment, and ſo the 1 ho” | 

common Angle DCA being added, BCA muſt be e- 

qual ro A+DCA. But becauſe the Sides AB, AC 

are equal, ABC (h) is equal to the Angle ACB. (h] Per 5. 

Therefore the Angle ABC is alſo equal to AD CA. * 1. 

But the external Angle alſo B DC is equal to the two in- p 

ternal ones (i) A4-DCA. Therefore ABC, and BDC C 32 

are equal. Therefore the Line DC is (H equal to BC, (k]Per 64.1. 

(that is, by the Conſtruction ro DA). Therefore the 

Angles A and DCA (7) are equal. Wherefore the (ö) Per 5. 

Angle ABC, which hath been thew'd equal to thoſe *+ *+ 

two, ſhall be double to one A. That is done therefore 

which was required, 
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Corollary. 


[44.5 Angles at the Baſe B and C in the Je- 
. celes now framed, is two fifths of two right ones, 
or four ſiſths of one right one, and the remaining one A 
is que fifth of two right ones, or two fitths of one right 
one. As is manifeſt out of this Propoſition taken toge⸗ 
ther with that 32. I. 1. | "I 


p R O. p. XI. Problem. 


O inſcribe a regular Pentagon in a Circle. 


Let there be deſcribed (a) the Friangle B A C, having 
the Angles at the Baſe double to that ar the Top; In- 
ſcribe a Triangle CAD equiangled to this in a Circle(b). 
Biſect the Angles at the Baſe A CD, APC, wich the right 
Lines C E, DB, cutting the Circle in E. and B. Phe 
Poines A, B, C, D, E, join'd by right Lines; will give an 
ordinate Pentagon inſcrib d in a Circle. 

For ſrom the Conſtruction it appears that the Angles 
LN, Q, 2 0 ** ual. A3 T the 4, n. 

ed to them AE, E P, C » BA. Are allo (eq equal. 
Therefore the right Lines ſubrended to thoſe FEY a 
allo (d) be equal. The n is equilateral. 
But it is alſo 1 equiangular, becauſe its Angles B A E, 
AED, &c, ſtand on equal Arches BCE, ABO b, 
& c. That therefore is done which was required. 


Corollary. 


THE Angle of a regular Pegragon make fix fifchs of 


one rights Angle, or three fifths of two. For the 
three Angles at A ſeeing they are equal, as ſtanding 
upon equal Arches, BC, CD, DE, and the middle- 

ing is two fifths of 


one right Angle; the three together, that is, the Angle 
ot rhe Pentagon it ſelf muſt make fix fifths of one right 


One. 
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[Scholium. This bolds univerſally, that Figures of an odd Fi · . 
Number of Sides are in(cribed in a Circle, by means of an L- 
ſoſceles Triangle, whoſe equal. Angles at the Baſe are multi- 
ple of thoſe at the Top. But Figures of an even Number f 
Sides are inſcribed by the means of Iſoſceles Triangles, who e 
Angles at the Baſe ate each of them multiple ſeſquialteral of 
that which is at the Top. 

As in the Iſoſceles 4CD, if the Angle C or D be three- 
fuld of 4, the Side CD will be the Side of an Heptagon z 
If fourfold , it will be the Side of an Enneagon, &c, But if 
C or D ſhall be 15of 4, CD will be the Side of 4 Square 3 
and if C (hall be 25 of the Angle A, CD will ſubten 4 
ſixth Part of the Circumference ; In like manner, if C or D 


ſhall be 27 the Angle A, CD ſhall be the Side of an 0- 
Aagon, &c. | | 


| Sebolium. 


Velid's Inſeription of a Pentagon is ingenious, bur 

+ that of Ptolomy, which he 2 in che firſt Book 
<P Almageſt, is much more expedirious : And ir is 
t 

Let che Diamerers E D, BF be drawn, cutting one Fig. 18. 
perpendicularly in A. Biſect the Radius AD in C. 
From the Center C N B deſcribe an Arch, meet- 
ing the Diameter E D in G. The right Line GB is the 
Side of a Pentagon, and AG of a Decagon. 7 

The Demgaftrarien eannot he given here, for jt de- 
peu upon the 13th Book of Euclid, See it in Clavius, 

his Scholium, after Prop. 19+ J. 13. 


Problem. 


PON a given right Line (AB) to deſcribe a re- Fig: 9+ 

| gular Pentagon. | 

Cut AB ſo in C (a) that the Reftengle, ABC may (a) Per x8, 
be equal to the Square of AD. From AB protracted on J. 2. 


both Sides take away A D, BE, equal to the greater Seg- 
ment AC. From the Centers A and D wich che Inter- 
val AB deſcribe two Arches, cutting each other in F. 
Likewiſe from the Centers B and E delſcribe , . 

| ame 
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ſame Interval, two 8 each other in G. And 
again, from the Centers G and F, with the ſame Inter- 


val, deſcribe two others, cutting each other in I. The 


points A, F, I, G, B, being join d, will give a regular Po- 
ly gon upon the given right Line AB. | 

That it is equilateral is manifeſt from the Conſtructi- 
on; that it is equi-angled will be thus demonſtrated. 
Let DF be drawn. ft is manifeſt by the Conſtruction, 


that ADF is an Toſcelzs. And the Baſe AD is the greatet 


Segment of the Side DF, fo divided, that the Rectan- 
glc of the whole and the leſſer Side, is equal to the 
Square of the greater. (For DF is equal to A B, and 
7 D equal to A C). Therefore the Angle DA F is two 

ſths of two right ones; by Coroll. Prop. 10. 4. There- 
fore the remaining Angle FAB is three fifths of two 
right ones, or fix fifths of one right one (5); and there. 
fore is an Angle of a regular Pentagon (c). In the ſame 
manner may it be ſhewn, that the Angle G BA is three 
fifrhs of two right ones, and fo equal ro FAB. From 
whence it is neceſſary, that the reſt E, G, I, ſhould be e- 
_ to theſe, as appears from their being equilareral to 
theſe, if the right Line F G be conceiv'd to be ſubteuded. 


PROP. XII. Problem. 
＋ O cifcumſcribe an ordinate Pentagon about a 


"Circle. G 


Let there, by the foregoing, be inſcrib'd the regular 


Pentagon GHTKM, and let there be drawn Tangents 


in the Points G, H, I, K, M, which may concur in B, C, 
D, E, F. I fay the thing is done. 

For from the Center A draw the right Lines, A G, A B, 
AH, AC, Al. Here becauſe from the ſame Point B, 
BG, and BH touch the Circle, they (a) are equal. 
Therefore the Triangles & AB, B AH are equilateral fo 
each other. Therefore (b)the Angles O, P, as likewiſe 
thoſe Q, S, are equal, And therefore the whole Angle 
B is double to p, and the whole GAH double to S. 
For the ſarhe Reaſon the Angles C and HA are dou- 
ble to T and N reſpectiveſy. But GA H and HAI 


are equal (c), becauſe wats ſtand upon equal Arches, by 


herefore their halves S a 


Conſtruction GH, HL 1 
8 3 N are 
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N are alſo equal. Becauſe therefore in rhe Triangles 
B AH, HAC, the two Angles S and N are equal, and 
thoſe at H are both right Angles (d), and likewiſe the 
Side A H is common; therefore the Sides (e) B H, CH, 
as likewiſe the Angles P, T, are equal. In the fame 
manner I might ſhew BG, FG to be equal. Therefore 


93 


(d) Per 18, 
19 Per 26 


» 4s 


BF, CB which are double to the equals BG, BH, are 
alſo equal. In the ſame manner it may be ſhew'd that 
the reſt of the Sides of the circumſcribed Pentagon are 
equal. It is therefore equilateral ; but it is alſo equian- 
gled; for ſeeing ir hath been ſhew'd that the Angles B 
and C are each of them double ro che equals P, and T, 
they muſt alſo be equal betwixt themſelves. And in the 
ſame manner of the reſt. We have therefore: deſcribed 
2 regular Pentagon abour a Circle, Which was the ching 
to be done. 

In the ſame way any ordinate Figure whatſoever is de- 
ſcrib d about a Circle, that is, if a like Figure be firſt in- 
{crib'd in the Circle. K | 


PROP. XIII, XIV. Problems. 
O inſcribe a Circle in a regular Pentagon, and Fig: tt» 


circumſcribe one about it. 


Biſect the two Angles of the Pentagon B, C, with the 

right Lines BN, CS, cutting each other in A. From 
A draw the Perpendicular Al. 

A Circle deſcrib'd from the Point A with the Inter- 
wal AL touches all the Sides of the Pentagon; and a 
Circle deſcrib'd from the ſame Point A with the Inter- 
val AB, paſſes alſo through the Points F, E, D, C. 

Part I. In the Triangles DCA, BC A, becauſe the 
Sides DC, CA, are equal to BC, CA, by the Hypo- 
theſis, and the Angles P and O are equal by the Con- 
ſtruction, thoſe allo & and 1 will be equal by 4. J. 1. 
Now the whole alſo B and D are equal by the Hy po- * 
theſis, Wherefore ſeeing the Angle G is half of B by 
the Conſtruction; 1 alſo will be half of D. Therefore 
D is biſected by the right Line DM. For the fame 
Cauſe the reſt of the Angles of the Pentagon E, F, h 
biſected, and conſequently all the half Angles are equa 
detwint themſelves. Nom let the Perpendiculars be 

R draus, 


2 
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drawn, AM, AS, AN, AR. For becauſe in the Tri- 
angles L BA, MBA, the Angles G and BLA are e- 
qual to the Angles Q and B MA, by the Conſtruction, 
and the Side BA is common, AL and AM muſt be 
fa) Per 26. Alſo equal (a). In like manner I might ſhew chat the 
. I, reſt of the Perpendiculars, AM, AN, AS, AR, are 
equal. A Circle therefore from the Center A paſſing 
through L, will likewiſe paſs through. M, S, N, R, 
and becauſe the Angles at L, M, 8, N, R, are right 
* Per 16 l. 3. ones by the Conſtruction, * it will touch the five Sides of 
the Pentagon. Which was the firſt Part. 
Part 2. In the Triangle CAB becauſe the Angles O and 
G have already been ſhewn to be equal, the Sides alſo 
(b) Per 6, AC, AB muſt be equal (5), and in the fame manner, 
7 AB, AF, AE, AD, may be provd equal, and there- 
ſore a Circle from the Center A paſſing throngh B 
muſt paſs alſo through C, D, E, F. Therefore we 
have both inſcrib d a Pentagon ina Circle, and circum- 
ſcrib'd one about a Circle. Q. E. E. | 
In the ſame way , in any regular Figure whatſoever, « 
Circle may be inſcrib d, and circumſcrib d about it.] 


n 

P R O P. XV. Problem. r 

| A 

F. 13- Na given Circle to deſcribe a regular Hexa- i 

gon. . 

Let the Diameter F A B be drawn. From the Cen- or 

ter B through A deſcribe a Circle, cutting the given one R. 

in C and D. Likewiſe from the Center F chro A a Circle gi 

cutting the given one in E and G. The fix Points, B, pe 

C,E A G, D, connected by right Lines will give the Vic 

Hexagon require. win” [ 3 

From the Center let fall the right Lines A E, AC, AG, ea 

AD. tt is manifeſt that the Triangles H, I, M. L are cle 

12 Per k. uilateral, both in themſelves, and with one another (c). B 

Then becauſe. the Angles CAB, E AF, each of them C 

make one third of two right * ( per Coral, 1 2. N 32. ang 

L 1.) and therefore do make both together two thirds of | 

(d) Per ce two right Angless it remains (d) that EA di one off 

%: third of two Angles; therefore the Angles EA G. Par 
+ Is | - 

CAB arecqual. | But the Sides alſo E A, A , arc e- ſta 

Fun e Ba, AG, Thain che BaGr BC MN fg 
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per 4-1. 1.) is equal to the Baſe BG, that is, to the Ra- 
ius A C by the Conſtructien. Wherefore the Triangle 
N is alſo equilateral. And in the ſame manner the Tri- 
angle K may be ſne wn to be ſo, Becauſe therefore all 
the fix Triangles, H, I, K, L, M, N are equilateral; it is 
manifeſt that all the Sides, C B, BD, DG, GE, F E, Ec, 
are equal one to another; and to che Radius A C. The 
Hexagon is therefore equilateral, But it is alſo equian- 
gular, ſeeing each one of its Angles E, C, B, D, G, F, 
conſiſts of tuo Angles ot an equilateral Triangle. Fhere- 
__ we have inſcribed a regular Hexagon in the Cir- 


Corollaries. 


- 


T HE Side of an Hexagon inſcrib'd in a Cirele, [or 
+ a Chord of 60 Degrees] is equal to che Radius 
[and conſequently the Sine of 30 Degrees is equal to half 
the Radius (per Corol. 2. p. 3. J. 3.) 5 

2. An Angle of a regular Hexagon is four thirds of one 
right Angle; as conſiſting of two Angles of an equilate- 
ral Triangle, each of which makes two thirds of a right 
Angle. | 
5, there be drawn the Diameter b 8, EN 
to the other FB; and with the Interval of the Radi- 
us PA, ftom the Center p, and 8, there be made Secti- 


ons in O and Q, in R and T, the Points, P. E, O, F, 


R, G, d, D Te. QC connected with right Lines wi 
give a Figure of 12 Sides, inſcrib'd in aCirele with one A- 
perture ot the Compaſſes. Which Thing is of great Ser- 
vice in Dialling. 2 
+ From what has been demonſtrated we may 
ly deſcribe an equilateral Triangle | ina  Cir- 
cle, The Diameter F B being drawn, from che Center 
B through A deſcribe. the Arch CAD. The Poines 
C, F, D, connected with right Lines, will give the Tri- 
angle ſought. 

5. The Side CX D of the equilateral Triangle, cuts 
off from the Diameter B F BE a fourth 
— —— — 4 Angles * BC X, 

ing upon Ar GD, DB are (per 29. 
40 and the Sides AC, CX, ure ele the Side 
9 2 5 — 
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Fig. 14. 


Fig- 14» 
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(2) Per 4+ BC, C X. Therefore AX, BX are equal (). There- 
22 fore BX is the fourth Part of the Diameter B F. 


. g 1. Problem. 


Fig. 13. O U may raiſe a regular Hexagon upon a right Line 
Per f. 41. BC thus. Make an “ equilateral! Triangle C A B 
upon the given Line C B. From the Center A through 
B and C deſcribe a Circle. This will contain an Hexa- 
gon upon the given right Line C B. The Thing is ma- 
nifeſt from the Propoſition, and Coroll. 1. | 


Theor em, 


T HE Square of a Side of an equilateral Triangle 
is treble to the Square of the Semidiameter ot 2 
Circle in which it is inſcribd, and is to the Square of 

the whole Diameter, as 3 to 4. ms ONO 
Fig. 14. Let there be drawn the Semidiamerer A D. The 
Square of FD is equal to FAq + DEL the Rect- 
.angle FAX twice taken (per 12. /. 9 ur the Rect- 
angle FAX twice taken is equal to the Square of the 
{b]PerCoroll. Semidiameter F A or DA: (For becauſe A X, X B (6) 
5- foregoing. are equal, the Rectangle F A X twice taken, is equal to 
the two Rectangles which are under FA, AX, and un- 
der FA and & B, that is, equal to the Rectangle FAB 
12 Per 1. (c); that is, equal to F A 5 Therefore the FD q is 
1 treble to F Aq or DA ꝗ the Square of the Semidiame- 


ter. 
Now becauſe the Square of the whole Diameter is qua- 
(4)P«rCere!, druple of the Square of FA the Semidiameter (d), it is 
3- prep. 4. manifeſt that the Square of FD is to the Square of the 
1. 2. Diameter, as 3 tO 4. 
Hence it follows that a Side of an equilateral Triangle 
is to the Diameter, as the ſquare Root of 3 is to 2, 
ſquare Root of 4; and therefore that choſe Lines are in- 
commenſurable. „ 
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PR OP. XVI. Problem. 


F O inſcribe a regular Duindecagon in 4 Cir- Fig. 15. 


cle. 


Inſcribe in the Circle A C the Side of a Pentagon (4), {7 * Ih 


and AD the Side of an equilateral Triangle, ( per Co. 
4. 45 15. J. 4.) biſect the Arch CD in E. CE is the 
Side of the Quindecagon , or fifteen- angled Figure 
ſought. | 

For if the whole Circumference be ſuppos d to be 15, 
the Arch AC will be 3. and the Arch AD 3, and 
therefore the Arch C D 2, and conſequently CE 1. 


> 2 


Corollary. 


Y this Method innumerable regular Figures may be Fig. 5. 


inſcrib'd in a Circle. For if AC, AD, the Sides 
of two regular Figures be inſcrib'd in a Circle, the Diffe- 
rence of the Arches CD will contain ſo many Sides of 
a new regular Figure, as are the Unites whenby the De- 
nominators of the former differ one from another. Bur 
the Denominator of the new Figure is had, if the Deno- 
minators of the former be multiplied one by the other. 
As if AD be the Side of a Square, and AC of a 
Decagon, the Difference of the Denominarors is 6. There- 
tore the Arch CD contains 6 Sides of a new Figure. 
But the new Figure is of 40 Sides. For the Denomina- 
tors 4 and 10 multiplied one by the other make 40. 


Scholium, 


Tie hath not yet been found out the Art by which 
regular Figures of 7, 9, 11, 13, 17, Cc. Sides may 
be inſcribed in a Circle, by a Pair ot Compaſſes and a 
Rule only. Foraſmuch as that Inſcription of Figures 
depends upon the Diviſion ot the Circumterence into any 
given Parts, which thing is * lacking. But if the Cir- 
cumſerence of a Circle vided into 360 Parts, you 


may in a mechanical way inſcribe any regular Figures 
whatſoever in it, after this manner. 
f G 3 Pig. 
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Problem 1. 


Ivide 360 Degrees ( that is, the whole Circumfe- 
rence) by the Denominator of the Polygon to be 
in{crib'd (e. g. a Nonangle.) Make at the Center the An- 
le AG K of ſo many Degrees as are the Units of the 
8 in the ſaid Diviſion. A K ſhall be the Side of 


the nine - angled Figure, which is required to be inſcrib'd 
in the Circle. ' 


Problem 2. 


UT upon a given right Line you may deſcribe an 
regular Fine — by the Help of the fol- 
lowing Table. | 
A right Angle is tothe Angle of the Figure, 
| Difference. 
In a Pentagon as 5 to 6— 1 
In an Hexagon as 3 to 4 — 1 
In an Heptagon as. 7 to 10 — 3 
In an Octagon as 2 to 3— 1 
In a Nonagon as 9 to 14— 5 
In a Decagon as 5 to 8 — 3 
In anUndecagon as 11 to 18 --- 7 
Ina Duedecagon as 3 to 5 — 2 


Let a regular Heptagen be to be inſcrib'd upon the gi- 
ven right Line X B. From the Center X with the In- 
terval X B deſcribe a Circle , from which cur off the 
Quadrant BO. See in the Table what is the Proportion 
ot a right Angle to the Angle of an Heptagon : You will 
find it to be as 7 to 10, = the Difference is 3. Divide 
the Quadrant therefore into ſeven equal Arches, ſo man 
of which add to it from O to N as the Difference hat 
Units. Through the three Points B, X, N, deſcribe (per 
5. J. 4.) a Circle. This contains an Heptagon of the gi- 
ven right Line X B. 2 

The Table was made by means of Theorem a, in the 
Sthol. upon 5p. 32. J. 1. by which is found the Number of 
right Angles, which the Angles of any right- lin d Figure 
make ; which Number being divided, by the Denomina- 
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WW tor of the Figure, gives the Denominator of the Pro- 

—_ portion of che * of the Figure to a right one. 

8 Now becauſe hitherto many things have been pro- 
pounded concerning regular Figures, let the following 
famous Theorem ot Proclus cloſe this Book. 


Theorem. 


O * LY three regular Figures, to wit, 6 equilateral 
Triangles, 4 Squares , and 3 Hexagons, can fill a 
Space; that is, can conſtitute one continued Superficies. 
Which is thus demonſtrated. That ſome regular Figure 
often repeated ſhould be able to fill a Space; it is requi- 
red that the Angles of many Figures ot that kind being 
diſpoſed about one Point, ſhould make juſt four right 
ones; for juſt ſo many right Angles may be placed about Fig. 13. = 
one Point, as appears from Coro!. 3. Prop. 13.4.1. As tor 8 
Example, that cquilateral Triangles ſhould fill a Space, 15 
ie is requir'd that ſo many Angles of ſuch Triangles N, i. 
M, L, X, I, u, being diſpos' d about the Point A, ſhould i. 
make juſt four right ones. Bur fix Angles of an equila- | 1 
teral Triangle do make four right ones ; ( for one makes L 
two thirds of one right one , and therefore fix of them .  , oP 
make 12 thirds of one right one, char is, 4 right ones) : „ 21 . 
Likewiſe the four Angles of a Square make tour right | 
ones, as is manifeſt ; likewiſe three Angles ot an Hexa- 
gon ; for one maketh four thirds of one right Angle 
(per Corol. 2. p. 15. J. 4); and therefore three of them 
do make twelve thirds of one right Angle, that is, four 
—_— ri. ones. Therefore, Cc. | 
. But that no other Figure beſides theſe can do this, 
—_— i manifeſtly appear, if its Angle being found as above 
vou ſha!l multiply the fame by any Number whatſoever; 
dor che Angles will always either fall ſnort of, or exceed 
bor right ones. 
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BOOK V. 


HIS fifth Book of Elements is altogether ne- 
ceſſary for demonſtrating the Propoſitions of 
the Sixth Book. The Doftrine which it con- 
taineth is almoſt in continual Uſe. The way 
of Reaſoning from Geometrical Proportion is moſt ſubtle, 
ſolid and brief. This Method of Reaſoning, as a kind of 
Mathematical. Logick, Geometry, Arithmetick, Muſick, 
Aſtronomy, Staticks, and all the other Parts of the Ma- 
thematicks, make eſpecial uſe of: Foraſmuch as they 
almoſt wholly depend upon Proportions connected toge- 
ther one with another; and are wont to borrow their 
Ways of Reaſoning concerning Proportionals from this 
Fifth Book. Practical Geometry, which confiſts in the 
meaſuring of Lines, Figures, and Solids, is for the moſt 
art derived from the Doctrine of Proportions. There 
is not a Rule in Arithmetick but what may be demon- 
ſtrated from the Propoſitions of this fiſth Book, without 
the Help of the 7th, 8th, and gth Books, which treat 
profeſſedly of Numbers, We may fitly call the Mufick of 
the Ancients Geometrical Proportions apply d to tuneful 
Sounds ; which ſame Thing you may well nigh ſay con- 
Feng Staticks which are converſant about the Weights 
of Bodies. To comprehend the whole Matter in few 
Words, If you take away the Doctrine of Proportion 
from the Mathematicky, you. will leave almoſt nothing 
which is excellent or greatly to be accounted of. 
p | Scholium. . 
There is noMathematician who is ignorant of bam great Im- 
rtance in Geometry the Knowledge of Proportions Is; for 
it i the very Marrow, as it were, of the Mathematical Sci. 
ences ;, and the various Ways of Reaſoning concerning grant 
N 8 : tionali 
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tionale, are both moſt uſeful and moſt certain; neither can 
we without them move one Step. _ 

But then I reckon that this Doctrine is congenite in Men's 
Minds with common Reaſon it ſelf ;, and that the various 
Ways of Reaſoning concerning Proportianals , which Euclid by 
much winding and going about delivers in this whole Bol, do 
not ſo much need Demonſtration, properly ſo calld, as Tlluftra- 
tion and Examples. And I altogether am of Opinion that 
thoſe who take in Hand to deliver this moſt eaſy Dockrine by a 


long Circuit of Propoſitions, db involve a Thing in it ſelf moſt 


clear, in a certain Cloud, and render it far more difficult. The 
Sum of the Matter I will open in a few Horde. It is A thing 
eaſily known, that four Quantities are then proportional, or 
that the Analogies are then alike , when the firſt Quantity 


contains the ſecond,as of ten as the third contains the faurth; or 


when the firſt is as often contain'd by the ſecond, as the third is 
the fourth. $016:8::4:2, And 3: 9:: 4:16. Here 
are li le or the ſame Proportions ; becauſe in the former Ex- 
ample the Conſequents 8 and 2 are contain'd twice in their re- 
ſpective Antecedants ; and ſo the Proportion of the Antece- 
dents to the Conſequents is chuble. And in the other Example 
the Proportions are alſo alike ; becauſe the Conſequents 5 and 
12 dh contain their reſpectiue Antecedents three times; and ſo 
the Proportion of the Antecedents to the Conſequents is ſub- 
triple. (Nor is there any Proportion of commen/urable Quanti- 
ties which may not be expreſs'd by certain Numbers; nov in- 
deed of Incommen/urables, which may not be expreſſed by Num- 
bers infinitely approaching nearer and nearer unto the true one.) 
Furthermore from what hath been ſaid it appears , that like 
Proportions, what ever they are, may be expreſs'd not only by 
divers Numbers, but alſo by the ſame. Thus 2 to 1 defigns 
as well t he Proportion of 16 to 8, as of 4t02. 1 to 3no 
leſs expreſſeth that of 4 to 12,than that of 3 to 9, as is moſt 
manifeſt. Suppoſing therefore four Quantities to be proportio- 
nal, A:B::a:b, It is enquird in this Book after how 


many like Manners the Terms of theſe like Proportions may be 


changed, and ordered among ft themſelves. Sh that the emer- 
ging Proportion on both Sides may be ſtill alike. And it may be 
anſwered, that it may be done after all the ways and manners 
poſſible ; far ſeeing the Proportion of A to B, and that of a 
to b are alike, both of them may be expreſsd by the ſame 
Numbers after this manner, A: B:: 9: 3, anda:b::9:3- 
And conſequently all the Proportions emerging on both Sides, 


either by Alternating the Terms, or Inverting them, or by 
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Compounding, or Dividing, “ Converting, or mixing 
them, may be expreſsd by the very ſame Numbers; and con- ' © 
ſequently the ſame Proportion will always be kept on both Sides, | 
As for Example ſake. AAB: B:: a4b:b, becauſe 9g. 
3 : 3, expreſſeth the ſame Proportion ;, which is Compoſition. | 
The lame is to be ſaid of all the ways of changing the Terms. 
Therefore let Beginners obſerve this one Thing, that Proporti- 
ons which are on both Sides the ſame be ever changed and or- 
dered. in the very ſame manner. And then there will be no 
Room to queſtion , whether the Proportions which ariſe on both 
Sides be alike or no. It is indeed a Thing to be wonder'd at, 
that no. one of thoſe. who have hitherto compiled Elements of 
Geometry, have made uſe of this moſt eaſy Method of ſtating 
the Equality of Proportions, for the illuſtrating of this Fifth 
Book about the Doctrine of Proportions. Take therefore the 
primary Ways which Geometry make uſe of, in reaſoning 
concerning like Proportions, as they are digeſted into this ſhort 
Table. | 


Let it be A 
Then it will 

be by 
Alternating A . 
Inverting B : 
Compounding A4-B : 
Dividing A- B: 
Converting A : A4+B 
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2: bc, then A: C:: 4: c. det 

1 311, then 9:1 :: 921. titi 
2:11: 4, then A: C:: 7: 6. Nu 

12:: 2:8, then 86:12: 2:3. | 

:2 ::24:16, then 8: 2:: 24:6. 

::4＋ . Ae then a: e:: , :e 


He therefore that is expert in theſe Ways of Reaſoning 
concerning Proportionals, and knows how to bring them into 
Uſe upon Occaſion, will ſeldam ſtand in need of the particular © 
Propoſitions of theFifthBook.Only two of them, which yet are al- MI is, | 
moſt Axiome, may not improperly be inſerted and illuſtrated the 
by Examples, in way of Appendix, becauſe of the Frequen- (r 
cy of their Uſe in all the Parts of the Mathematicks ; which 
therefore ſhall be done after the Definitions. ; 
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DEFINITIONS 


1. A N Aliquot Part of Magnitude, is that which bei 
ſo many times more or leſs repeated, d 

meaſure or is juſt equal to the Magnitude, An Aliquant 
part is that which doth not meaſure jr. | 

The Length of one Foor is an A/iquot Parr of the 
Length of 10 Feet, becauſe being ren times repeated it 
meaſures it, But the Length of tour Feet is an Aliquant 
Part of a Line of 10 Feet, becauſe being ſa many times 
repeated, to wie, twiee, je falls ſhorr of it, but being 
thrioe repeated it exceeds it. 

2. One Magnitude is ſaid to be a multiple of another, 
when the leſter meaſures the greater, and confeqently is 
an Aliquor- Part thereof; or when the greater contains 
rhe leſſer fo many pare * a 

. Proportion is the mutua as to Quantity, 

of Bk — of the ſame ==y * 

Therefore there are in all Proportions two Terms, of 
which that is ealled the Antecedent which is firſt named, 
or which is nam d in the Nominative Caſe; the other the 
Conſequent. 

When the Antecedent and the Conſequent are equal it 


is called Proportion of Lquality; when they are unequal, 
Proportion of Inequality. | 

4. Rational Proportion is that which is berwixt com- 
menſurable Magnitudes, and may be ex 
bers. Irrational Proportion, that which is betwixt 


tities incommenſurable, and cannot be explicared by any 


Numbers. 
Moreover, Commenſurable Quantities are thoſe which 


in Num- 


ſome common Meaſure meaſureth; Incommenſurable, 


2 which cannot be meaſured by any common Mea- 
ure. 
3. Two Proportions (that of A to B, and that of C 
to D) are alike, equal or the ſame; when the Antece- 
dent of one (A) doth 2 or in the ſame Manner (that 
is, neither more nor leſs, contain its Conſequent (B), as 
60 Antecedent of the other (C) contains its Coniequent 
F 

Or when the Antecedent of the one (A) is fo often con- 
und in its Couſequent (B), as (C) the Antecedent of 
the other is in its Conſequene (D), 6. Two 
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6. Two Proportions are unlike, or one is greater than 
the other, when the Antecedent of one (I) doth more 
conta in its: Conſequent (I), than the Antecedent of the 
other (O) doth contain its Conſequent (Q); or when the 
Antecedent of one is leſs contain d in its Conſequent, than 


the Antecedent of the other in its Conſequent. 


7. Like or ſimilar Parts are thaſe which are equally or 
in the ſame Manner contain d in their Wholes; fo * 
what ſort of Part one is of its Whole, ſuch a Part the 
other is of its Whole, Which Thing indeed is nothing 
elſe, but that the Parts bear the ſame Proportion to their 
Wholes. | 

Aliquor Parts are like, which do equally meaſure their 
Wholes, as if each of them be one Third or one Tenth, 


Cc. of its Whole. 


8. Mag nitudes (A, B, C, D) are ſaid to be continually 


proportional when the middle Terms (B, C) are taken 


twice; that is, when they are each of them a Conſe- 
quent in reſpect of the foregoing, and an Antecedent in 


reſpect of the following. 


We thus pronounce conrinual Proportions. A is to B 
as B to C; and B is to C, as C is to D. And fo 
on. 

9. Magnitudes are diſcretely proportional when no Term 
is twice taken. 

Diſcrere Propoſitions we thus pronouce. A is to B as 


C to F. When there are more than three proportinal 


Magnitudes, if they be ſaid to be propertional, they are 
always underſtood to be diſcretely ſo. 

10. When the Magnitudes (A, B, C, D) are continu- 
ally proportional, the firſt (A) is ſaid to have to the third 
©) a duplicate Proportion of that which it hath to the 

econd (B): And the firſt (A) is ſaid to have to the 
fourth (D) a triplicate Proportion of that, which the 


ſame firſt hath to the ſecond. (B); And fo forwards. 


[If one triplicate Proportion be equal to another duplicate 
Proportion, the latter ſimple Proportion ſhall be ſeſquiplicate, 
or one and à half of the former ſimple Proportion. Let A, B, 
C, D, be ; and a,b,c, ; and let A the firſt in the 
former Analogy be unto D the fourth; as (a) the firſt in the 
ſecond Analogy is to (c) the fourth; I ſay that (a) is to (b 
in a Proportion which is one and a half of that which A is in 
fo B. For let F be a middle Proportional betwiæt B and C 
Or, which is the ſame thing , betwixt A and D. Becauſe 4 
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| the Equality of the Proportions of A to D, and (a) to (e), } 
and the middle Proportions on both Sides F and (; It will | 
be A:F::a:b, But the Proportion of A to F is compound- | 
; ed of the entire Proportion of A to B, and of the Proportion of 


the ſame B to C halved ; and conſequently the Proportion of 
(a) to (, which is equal to that of A to F, contains the 
s entire Proportion of A to B, and alſo the ſame halud, to wit, 
. the Proportion of B to F. But the whole Proportion with its 
; half, is a ſeſquiplicate or ſeſquialteral Proportion, or that 
p which is one and a half of the other. (Ca) therefore is to 

(in a Proportion ſeſquiplicate of that of A to B. S in 


—— ů ů ů — 


I Aſtronomy , ſince the Cubes of the Diſtances of the Planets 
b from the Sun bear that Proportion one to another, which the 
Squares of their periodical Times bear; ſo that the triplicated 
ly Proportion of the Diſtances, is the ſame with the Duplicate 
4 one of the periodical Times; It is wont to be ſaid, that the 
I periodical Times are in a ſeſquiplicate or ſeſquialteral Propor- 
n tion of their Diftances from the Sun.] 
11. Antecedent Magnitudes are ſaid to be Homologous 
B or like to Antecedent, and Conſequent to Conſequent 
0 1 As if A is to B, as C to F; A, C, and Fs. 1 
B, F, are homologous Quantities. 
mM | <0 
XII. If a Set of Pairs of Quantities contain every one 
* the ſame Proportion, that is the very Proportion. alſo 
* which the Sum of all the Antecedents bears to the Sum 
8 of all the Conſequents. | 5 
204- 6 8 41844142866 if 
_ 1o+3+4+ 9+ 7=33 ill 
XIX. If Parts be as Wholes , the Remainders will be il 
alſo in the very ſame Proportion. I 
If zo be to 20, as 3 to 2; 27, Will be to 18 alſo, as ll 
30 co 20, Or as 3 00 2. * 


————— 


— 3 4 


© X re Ta 5 * "© * _— ”_ 4 F — 
; 1 \ ö ö | 


1 


Ny r 


The Elements of Euclid. 


. T1 ” 1 
1 1 3 oath. a4. ABCS. a 4 Av 4. as tA 


BOOK VI. 


HK Doctrine of which was gene- 
rally let forth in the Fifth Book, is applied in 
the Sixth, to plain Figures. And thote Things 

̃ which are delivered in this Book are ſo neceſ- 

fary to be known, that without them no Man can pene- 
trate into the-Secters of Geometry, and reap the ſweet 

Fruits of the Mathematicks. ' Kach Propoſition deſerves 

2 have an Encomium annexed 5 ſo great is the Utility of 


This Sixth Book, as hath been ſaid ,. begins to apply that 
excellent Dofrime concerning Geometrical Proportion, which 
war jeſt before delivered, th Mverr and, theſe certain y, muſt 
twtable Vfes ; amd beginning with Triangles, the moſt fimple 
of Figures, ſearches out their Sides und Arat, ts they an- 
ſwer to one another in a certain Proportion. Then it defines 


proportional Lines, and the proportional Augmentations or Di- 


minutions of Figures,and ſhews in what manner we may either 
increaſe or dimimiſh them according to any Proportion given. 
Tt opens likewiſe the Golden. Rule, or Rule of Proportion, the 
very thief of all Arithmetic ; and demonſtrates that in a 
rectangle Triangle, not only the Suare, but alſo the Pentagon, 

Aon, and ih general, buery regular Polygon, which is de- 
ſcribed by the Hypotenuſe, is equal to the Squares, Pentagons, 
Hexagons, or any regular Polygons whatſoe ver, that are de- 
ſcrib d by the two Sides. It alſo propounds moſt eaſy and cer- 
tain Principles for meaſuring as well Side, as Lines and Sur- 
faces, which are of very great Uſe in all Parts of the Ma- 
thematicks. 4 
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..DEFINATIONS. 


1. 1 Ike or fimilar Figures are thoſe which both have 
L all che Angles equal, cach to each other re ſpective- 
ly, and the Sides which are oppoſed to the equal Angles 


or which are herwixt them, or which are abaut the equal 


Angles, (for they come all to one) Proportional. 


As the Triangles X, Z, will be {aid to be like, or ſimi- Fx. 7. l. 6. 


lar, if the 52 A be equal to the Angle F, and the 
Angle B equal to the Angle I, and conſequently the An- 
gle C equal to the Angle L: And moreover if AB be 
to FI, as BC to LI; and B C is to LI, as CA is to 


'LFy and CA to LF as AB to Fl; by comparing 


always the Sides oppoſite to the equal Angles. | In the 
fame'manner the Likeneſs of all right-lin d Figures may 
be explained, 


2. Reciprocal Figures are when the Antecedent and Fig. 25 


CIA Terms of the Proportions appear on both 
ides. | 
As in the Parallelograms X, Z, 

It AC be to CB, 

As FC is w CL. 
The Antecedents here are A C, and FC of hich there 
is one in both Figures; and the Conſequents are C B. 
and CL ; of which likewife there is one in each Figure. 
And therefore the Parallelograms X, Z are calld reci- 
procal. Underſtand the ſame of other Figures. F 


K. The Altitude of a Figure is the Perpendicular let 
fi 


rom the Top to che Baſe, This is with Exclid the 
fourth Definition. | 


As the Altitude of che Triangle A BC is the perpen- FK. 1. 


dicular AQ which falls from the Top upon the Baſe 
BC, either within the Triangle or without, upon the 
Baſe protracted. Now the Baie and Top are aſſumed ar 
Pleaſure. 1 | 

4. Like Arches of Circles are thoſe which have the 
ſame Proportion unto their whole Circumferences. 


As if each of them be à third or fourth Part, (gc. of 


that Circumlcrence, * 
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PROPOSITION L Theorem. 
Egg. 2. "RIANGLES (ARC, DE F) and Paral. 
| lelograms (AOPC, DARF) which are ( 
betwixt the ſame Parallels, or have the ſame Alti- 
tude, have the ſame Proportion betwixt themſelves 
as their Baſes, (AC, DF.) | = 1 
Upon this Theorem the whole Sixth Book depends, 


yea, whatſoever any where is demonſtrated about Figures 2 
by Proportions, whether Plain or Solid, ' _ 7 
Let there be taken any Aliquot Part of the Baſe DF: 0 
E.G. DG one Third, and let the right Line G E be 4 
drawn: The Triangle DE G will likewiſe be one third a 
Part of the Triangle DEF as is gathered from 38. I. 1. by 
Wherefore DG and the Triaugle DG E are like Ali- 7 


* Per den. quot Parts of their Conſequents *. Then let there be 
7. 5. taken away DG from the Baſe AC as often as it can, 2 
as ſuppoſe fix times, and let the right Lines HB, IB, 
K B, L B, MB, NB, be drawn. Becauſe the Lines C H, 
HI, c. are each of them equal to D G, the fix Trian- 
(a) Per 38. gles CB H, HBI, &c. are each of them (a) equal to the 
. bs Triangle DEG. Therefore as often as D G is contain d 
in the Antecedent A C, fo often is rhe Triangle DEG 
contain d in the Triangle ABC. By the ſame Reaſon- 
ing it may be ſhew'd, that the like Aliquot Parts wharſo- 


ever of the Conſequents (the Baſe DF, and the Trian- port 
gle D E F) are in an equal Number contain d in the An- (4 
tecedents (the Baſe A C, and the Triangle ABC), 
therefore as the Baſe A C, is to the Baſe DF; ſo is the 
Triangle A BC, to the Triangle DEF. N. E. D. (B. 
[b] Per 41. But now becauſe the Parallelograms AP, DR are (6) the 
hu double to the Triangles A B C, DE F, they alſo will be 
as their Baſes, | 15 Pa 
NA fg \upp 
| havir 
Corollary. ang le 
ge) 
X is 


Fig. 3. HE Triangles (ABC, F II) and the Parallelograms 
— T which have equal Baſes (AC, FL) or the — * 

have that Proportion one to another, which their Alti- 0 ih. 

— oe OR © * 
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Lib. VE E UCLI D's: Elements, 


For ler QS, OR, be made equal to the equal Baſes 
(FL, AC); Qs, OR will then be equal, Draw SI, 
RB, It in the Tria O BR, QIS, you take BO, 


: IQ for the Baſes, O „Qs, will be their Altitudes; 


which 189 Sac are equal, the Triangles OB R, QT: 
(c) will be bewixt chemſelyes, as their Baſes BO, 10. 
Bur becauſe by the Conſtruftion OR is equal to AC, 
and QS equal to FL, the Triangles O BR, QIS, are 
(d) equal to the Triangles AB ot Il. Therefore the 
Triangles ABC, FIL, are alſo as BO is to QI, 

Coroll. (2.) Hence a Trapezinm A B CD, whoſe Sides 
AD and BC are parallel, may be divided into any equal 
Parts whatſoever. Fur let CE be made equal to 4A D. Be- 
cauſe of the Equality of the Angles wertically oppoſite (e) 
AFD, E FC, and F the alternate Angles (f) DAF, FEC, 
and A D F, ECF, and the Equality of the Baſes AD, CE, 
by Conſtru#ion, the Triangles AD , ECE (g, are equal; 
and therefore the Triangle ABE is equal to the Trapetium 
ABCD. Therefore the Baſe B E being divided into any & 
qual Parts whatſoever ; as for Inſtance, three, BG, GR. 
RE, the Triangles ABG, AGR, ARE, ſhall each of them 
be one third Part of the Trapexium. C. E. I. 


PROP. II. Theorem. 


F to one Side of a Triangle (as BC) there be 
drawn;(FL) a Parallel, this cuts the Sides pro- 
portjonally, that u, (AF) will be to (FB) as 
(AL) to(LC), | 
And if the right Line (PL) cuts the Side, 
(BA, C A) proportionally ,/ it will be parallel to 
the other Side (BC). | | 


Part 1. Let BL, CF be drawn, Beeauſe FL: is 
ſuppoſed parallel ro BC, rhe Triapgics FBL, LCF 


having the ſame Baſe are (a) equal. Theretore the Tri- 


ingle X hath the ſameProportian to boch; now the Trian- 
zlc X, is to the Triangle EBL, as the fame Triangle 
Nis to that IL. CF. But the Triangle X is to the Tri- 
agle F B I. (6), as AF is to FB; and the Triangle 
Kis to that LCF as AL (c) is to LC. Therefore al- 
0 AF is to FB, as AL to LC. 2. E. D. 

H | Part 
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110 EUCL1D's Elements, Lib. VI. 
{d] By the Part 2. As AF is to FB, ſo is the (d) Triangle X 
torcgoing- to the Triangle FB L: Andas AL is to LC, fo is the 


ſame Triangle X to the Triangle LCF. Now AF is 
ſuppos'd to be ro FB, as AL is to LC. Therefore the 


Triangle X is to the Triangle F BL, as the ſame X is 


to LCF. Therefore the Triangles FBL, LCF are e- 
os Therefore ſeeing they haye a common Baſe FL, 
fe] Per 39. Lines FL, BC, are (e) parallel. & E. P. 


. Corollary, 


Fig. 5. F unto (BC) one Side of a Triangle there be drawn 
more Parallels (IO, FL) all the Segments of the 
Sides will be proportional. 
Let FQ be drawn parallel to AC. The right Lines 
() Per 3a. aN are equal (f) to LO, OC, But BI is to 
J. f. FI as QS to SF (a). Therefore BI is alſo to I F as 
© CO to OL, | 


. * 


p R O p. III. Theorem. 


Fig. 6. F a right Line (BF) which biſects an Angle 
of a Triangle, doth alſo cut the Baſe (AC), 
the Segments of the Baſe (AF, FC) will have 
the ſame Proportion betwixt themſelves as the Sides 
(AB, BC) have. 

And if the Parts of the Baſe (AF, FC) have 
the ſame Proportion betwixt themſelves, as the o- 
ther Sides (AB, CB) the Line (B F) which cuts 

the Baſe, biſetts the oppoſite Angle (A B C). 


Part 1. Draw forth CB until BL be equal ro BA; 
and join AL, Becauſe in the Triangle Z the Sides LB, 
[9] Per 3. AB, are equal, the Angles alſo (b) L and O are equal. 


928 Becauſe therefore the external Angle ABC is to 
(ch per 44, the two internal ones (c) L, O, the Angle I which b) 
41. the Hypotheſis is half AB C, will be equal to the 


© Per 29. Angle L. Therctore AL, FB (a) are parallel, There- 

9 Per ,, fore in the Triangle ACL, AF is to FC (e) as LB 

I (chat is, A B) is to BC. QED. . & 
art 


© © w 


O. Bur becauſe LB, AB, are equal, the Angles L and 
O (c) are equal. Therefore I and Q are alſo equal. : 
Therefore A BC is biſected. Q. E. D. 


T 


alſo (a) that are oppoſite to the equal Angles pro- (a) Per def. 
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part 2. Protract C B again until BL be equal to 


BA. Becauſe AF is ſuppos d to be to FC, as AB 
(that is, LB) is to BC; AL, FB (a) are parallel. (a) Per 2. 
Therefore the external Angle I is equal to the internal 

one L (6); and tlie alternate Q equal to the alternate * 27. 


6. 


„ 4, 


PR O P. IV. Theorem. 


Riangles which are equiangular to one another 
are like or ſimilar, that u, have their Side, 


: 1. J. 6. 
tional. 


In the Triangles X, Z, let the Angle A be equal to Fig. 7. 


the Angle F, and the Angle C to the Angle L, and the 
Angle B to the Angle I; I ſay, that AB is to FI as AC 
is to FL; and AC is to FL as CB is to LI; and 
CB is to LI as BA is to Fl. | 


Demonſt. If the Angle F be laid upon its equal A, Fig. 7, 8. 
the Sides FI, FL wall fall upon the Sides AB, AC. 
And becauſe the external Angle AIL is by the Hypo- 


theſis equal to the internal B (d), therefore (e) IL, BC, (c) Fig. 8, 


are parallel. Therefore BI ig to I A ( as CL to Ane. 


LA. therefore by compounding B A is to IF as 12 Per 294 


CA to LF. And if the Angle L be laid upon the An- If] Per 2. 
gle C, it will be ſhew'd in the ſame manner, that A C J. 6, 

is to FL, as BC is to IL, and if the Angle I be laid 

upon the Angle B, it will be ſhew'd in the tame manner, 

that BC is coILas AB to FI. The Propoſition 

therefore 15 prov d. ; 


Corollaries. 


1. IF ina 1 a Line LI be drawn parallel to one Fg. 8 

Side BC, the Triangle LFI will be like to the © * 
whole CBE; and conſequently C F will be to LF, as 

BC to LI. 

For becauſe LI, BC, are parallel, the external An- 
gles FIL, FLI will (per 27. J. 1.) be equal to the inter- 
nal ones B and C: Bur F „ 
H 2 There- 


c] Per 4. 
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Therefore they are equiangular. Therefore the Sides 

(f) By the CF, LF oppoſite to the equal Angles B and FIL (J) 

forezoinz- are proportional to the Sides B C, LI, which are oppds d 
to the common Angle F. 

Fig. 9+ 2. If in a Triangle à right Line BF drawn from 
the oppoſite Angle B, doth cur the Parallels A C, LO, 
it cuts them proportianally. 

For by Coroll. 1. AF is to LI, as FB is ta IB; 
and FC alſo is to IO, as FB is to IB. Therefore 
AF is to LI, as FC to IO. Therefore by changing 
A F is to F C, as LI to 10. f 


Fig. 51. [ 3. From Coroll. 1. we learn to find the | Heighth of 4 
Tower, or any elevated Point, by only the Shadow of a Staff. 
Fix the Staff FL perpendicularly upon the Ground in that ( 
Place where the Ray of the Sun XB A, that terminates the { 


Shadow of the Jomer B Z, maytalſo paſs through I. Here 
will be in the Triangle 4 Z B the Line FL parallel to the 
Heighth of the Tomer Z B. Whence 4s 4 # the Diſtance of 
the Staff from the Point of the Shadow, is tu HL the Length 
of the Staff; ſois AZ the Diftance of the Tawer from th: 
Point of the Shadow, to Z B the Heighth of. the Tower. 
And becauſe'the three firſt Terms are eaſily had by meaſuring, 
the fourth alſo, i. c. the Heighth of the Tower is bad 
alſo. Q,. E. I. | 
Fig. 52» 44. From this alſo incomparably uſeful Propoſition , we ms 
deduce that Fumaus Theorem ef | Pro'omy ; ta wit, That in 
every Quadrilateral inſerib'd in a Circle, the Rectangle of th: 
Diaganals ACXBD. is equal to the tmo Ref angles of th: 
oppoſite & des, ANC D and ADN C. For let the Angie 
B AZ be made equal ſa the Angle CAD. Becauſe the Ar- 
gles B AE, CAD, are equal by Conſtruclion, the Angles 
Per 21. AB E, ACD, ſtanding upon the ſame Arch A P, are * equal; 
1. 3. therefore the Triangles BAE, CAD, are alike. And AC: 
1 Por 16. . 6. CD:: AB: BE; and conſequently + the Rectangle of th: 
Extremes ACXBE is equal to the Rectangle of the Mean, 
CDXAB. In like manner, becauſe the Angle EAD ige. 
qual to B AC by Conſtrudtion, and the Angles ADE, AC, 
as ſtanding upon the ſame Arch A B, are equal: The Trian- 
gles ADE,ACB, will be lite; and 4D: DE:: AC: CE, 
And therefore the Rectangle of the Extremes ADXxCB is 
gue! to the Rectangle of the Means D.ExX AC. But th: 
Redtangles AcxB⁰ E, and ACD, ave equal to the Re#- 
angle A Cx D. Therefore the Rellangles A BND, = 
2 | ADXBC, 
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ADxBC, which are made by the oppoſite Sides, are equal to 


the Re dangle ACXBD, which is made by the Diagonals. 
. E. D. ] . 


5 PROP. V. Theorem. 


TF two Triangles have all their Sides proportio- 
nal each to each, they ſhall alſo be mutually e- 
quiangular, 
That is, It AB be to RF, as AC to RQ; and as 
AC is to RQ, ſo is CB to QF; and as CB is to 
E, fois AB to RF; I fay, that the Angles oppoſite to 
che Antecedents , are equal to the Angles oppoſite to the 


Conſequents; to wit, C to I, and B to F, and A 
to O. 


Ang. Antec. Conſegq. Ang. 
C AB ; WW [ 
B 11 R F 
A CB 0 


Make X and Z equal to A and C; and let the Sides 
meet in N. The Angles B and N will (a) be-alfo e- 
qual. Becauſe therefore the Triangles P, T, are equi- 
angular, AB (by che foregoing) will be to RN, as A 
C to RQ. But by rhe Hypotheſis, AB is to RF as 
AC to RQ. Therefore AB is to RF as the ſame 
AB is to RN. Therefore RN, R F are equal, In the 
like manner I might ſhew that QN and QF are equal, 


Therefore the Triangles T, S, are equilateral to each o- 


ther. Therefore the Angles I, F, O, are equal (per 8, 


J. 1.) to the Angles 2, N, X, that is, by the Conſtrucki⸗ 2 


on eo the Angles C, B, A. 2. E. P. 


PROP: VI. Problem. 


F two Triangles (P, S) bave one Angle (A) 
equal to one Angle (O); and the Sides (AB, 
AC, RF, R which contain the equal Angles 

proportionial ; the Triangles will be like. 


H 3 Ler 


Fig. 10. 


(a) Percorg. 
9. jp 14 
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Let X and Z be made equal to the Angles A, C, 
F and the Sides meet together in N. Therefore the An- 
1 les B and N will (+) be alſo equal. Then it may be 
++ 3%+ + ** ſhew'd, as in the foregoing, that RF, RN, are equal. 
But RQ is common to both Triangles S, T. The An- 
gles alſo O and X are equal, becauſe they are both e- 
qual to the ſame A, the one X by the Conſtruction, & O 
J by the Hypotheſis. Therefore (e) I and F are like- 
EY wiſe equal to Z and N. Therefore the Triangle S is 
equ jangular to the Triangle I; that is, by theConftru&ion 
to the Triangle P. Therefore 8, P, are like (per 4. J. 6.) 

2 E. p. 


PR O. P. VII. 
I S ſcarce of any Uſe. 


PROP. VIII. Theorem. 


Fig- x1, 17 a rectangle Triangle, the Perpendicular 
(BC) let down from the right Angle to the 
Baſe, cuts the Triangles into Parts like to the 

whole, and betwixt themſelves. 


In the Triangles AB F and L, the Angle F is com- 
mon, but the Angles ABF and X are by the Hypo- 
theſis right ones, and conſequently equal. Therefore 

fel per Corel. the other Angles A and O are (e) alſo equal, There- 
9.- 42-1. 1. fore () the Triangles AB F and IL. are like, In the 
C) Per 4 ſame manner the Triangles A B F and R may be ſhew'd 
: to be equal, and the Angle I equal to the Angle F. 
From which it is now maniteſt , that R and L alſo are 
like, ſeeing the Angles I and F; O and A; U and & 

are equal. N. E. D. 


Corollaries. 


* # T\BC_3s a mean Proportional betwixt AC, 
For 
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For ſecing there be in the Triangle R and L, 
equal Ang. I. F equ. Ang. A. O 
Sides oppoſ. A C. CB | Sid. oppoſ. C B. C F. 
It is manifeſt (a) that A C: CB:: CB: CF. 
2. B F is a mean proportional berwixt A F, and CF. 
Likewiſe AB a mean betwixt FA and CA. 
For in Triangle AB F and L. 
equal Ang. ABF. X u. Ang. A. O 
Sid. oppoſ. A F. BF Sid. oppoſ. B F. C F 
Therefore AF (: BF:: BF: CF. Likewiſe be- 
cauſe in Triangle A B F and R there be 
equal Ang. AB F. V equ. Ang. F. I 
Sides oppoſ. A F. AB Sid. oppol. AB. AC 
It will be again AF: AB:: AB: AC. | 
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(a) Per 4: 


J. 6. 


(b) By the 


3. Hence we learn to meaſure an inacceſſible Line, one gig, 11, 


Term whereof is acceſſible. Let the inacceſſible Line be CF. 
Let there be raid from the Point C the Perpendicular CB : 
And to anyPoint of this Perpendicular as B, let there be applied 
aSquarez or any right Angle AB; ſo that in looking along the 
Line B F the Point F, and along the Side B A the Point A 
may be obſerved. Let the acceſſible Line A C be meaſured, 
and from the following Analogy the inacceſſible C F will be 
made known. AC:CB::CB:CF. Let the Square then 
of the Line CB be divided by the Line AC, and the Quati- 
ent (c) will give the ſought Line CF, Q. E. I. 


PRO P. IX. Problem. 


T O divide a given Line (A B) according to 
a given Proportion (FI to IL). 


Let the infinite Line AZ be draun. From which take 
AQ, QR, equal to FI, IL. From R draw RB. Pa- 
roſe to this draw QC from Q. I ſay the ching is 

one. . 


It is manifeſt from Prop. 2. J. 6. 


H 4 


(e Per ce- 


» To +1 * 
J. 6. e 2 


Fig. 18. 


* Fer (e- 


rol, 4+ P+3 1+ 
1. 3» 


Fig. 13. 
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DROP. X. Problem. 


15 divide given Lint AN] in like man- 
ner as another given one (AI) hath been di- 
vided ( in F, C). ory | 

Let the right Line IB join the Extremities of the 
two Lines. aw Parallels to this from the Points F, C, 
which may meer the right Line, that is to be cut, A B in 
L and Q. I fay the Thing is done. 

This is manifeſt from the Corollary of Prop. 2. J. 6. 

Cor thus, if the cut Line IA be greater than that which 
is to be cut B A, let three Circles touching one another be 
eſcribd with the Diameters IF, TC, IA; and let the Sub- 
tenſe B be fitted from the Pint I to the Circumference of 
the ereateſt Circle: The two leſſer Circles will cut the Line 
B N in the Prints L, P, in the Proportion * of the Se#ions 
of the Diameter LA. If the Line IA be cut into four 
Parts, four Circles are to be drawn; if into froe , then froe 
Circles; and ſo infinitely. | 


Scholimm. 


F R OM this Propoſition we learn to cut a right Line 
given into any equal Parts whatſoever. Let an infi- 
nite right Line make any Angle with the right Line to be 
cut AB; from which take with 4 Pair of Compaſſes ſo 
many equal Parts AC, CE, FI, as you would divide 
A B into. Draw the right Line I B, and the Parallels to it 
FL, CQ. I fay the Thing is done. | 
We may do the fame Thing otherwiſe, and more ea- 
fly after Maurolycus, in the manner following. Let AB 
be to be triſected or divided into three equal Parts. Draw 
the infinite Line I X parallel to A B, above or below it. 
From IX, it it be below AB, take with a Pair of Com- 
paſſes three equal Parts 10, QR, RS, which rogerher 
may. be greater than AB; but leſſer if I X is above, 
Through I and A, as likewife through S and B draw 
right Lines which may meer together in C. From C to 
and R draw right Lines: Theſe will triſect the given 
Le AB, The Demonſtration appears from Coroll.2.Prop.4 + 
| 3 | Again, 
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Again, with Maurolycius we may otherwiſe obtain the Fig. 15. 
ſame thing, to wit, thus: Let AB be to be quadriſected. 
Draw the 1nfinite Line AX and B Z alſo an infinite Line 
parallel to it. From theſe take with the Compaſſes equal 
Parts A L, LO, OC, and BV, VS, SR, in each fewer 
parts by one, than are required in AB; then let there 
be draun the right Lines, LR, OS, CV. Theſe will 
quadriſect the given AB. 

For becauſe by Conſtruction, the Lines LO, RS, pa- 
rallel and equal, are join d LR and OS, rheſe alfo 
(4)- will be parallel. In like matner OS and (a) Per 33. 
QV are parallel, Therefore ſeeing AQ is cult into h ce. 
rhree equal Parts, AI will alſo (5) be cut into fo many ;,2. 2. 
equal Parts. Likewiſe BC will be cut into three equal J. 6. 
parts. Thereſore the whole AB will be cut into four 
equal Parts. | k 

Theſe two Ways of Practice are eaſier than Euclid's, 
becauſe fewer Parallels are to be drawn. f 


PR OP. XI. Problem. 


To find a third Proportional to two right Lines Fig. 16. 
given (AB, BC). 


Draw the right Line AC. From BA uced take 
AF equal to BE, Through F draw the infinite Line FX 
parallel to A C, which infinite let BC produc'd meet in 
I. Ifay chat A B is to BC, as BC to C. [a]Pera, l. C. 

For AB: AE (2) :: BC: CI. But A (6) is cqual 1 
ro BC. Therefore AB:; BC :: BC: CL; d fo 81 Construction 
is the third Proportional fought, | 


Otherwiſe, 


"ET AB and BC be ſet at a right Angle. Joi AC. Fig. 17. 
From C draw CX perpendicular to Ache MY 

which CX let AB produc d mect in IL. I fay AB: 

B CBC: BI. It is manifeſt from Gorolh, 1. pr. 6. 


k * 
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Fig. 19. 
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Scholium, 


A Given Proportion may not only be continued in 
three, hut alſo in infinite Terms, aud the whole 
Sum of the infinite proportional Terms be exhibired. 
Gregory of St. Vincent hath very handſomely proſecuted 
this Matter, and the whole Buſineſs of Geometrical Pro- 
22 in the whole ſecond Book of his Work. we 
or the Sake of the Stud ious, will here preſent ſuccinct- 
ly the Conſtruction and Demonſtration of the Thing pro- 


Problem. 
1 E T a proportion of the greater Inequality be given, 


as AB to BC. It is requir d to continue this thro' 
infinite Terms, and to preſent the Sum of them all. 


Let the Perpendiculars AL, BO, be erected, and ta- 
ken equal to the given Lines AB, BC, and through L, O, let 
a right Line be drawn, meeting with A B C produc'd in 
Z. I fay, 1. If from C you ere& the Perpendicular 
CQ; CQ ſhall be a third Proportional. Transfer QC 
into CE, and from E erect ER; this ſhall be a fourth 
Proportional, Transfer ER into EF, and ere& FS; 
this ſhall be a fifth Proportional; and fo the Proportion 
of AB to BC, that is, of AL to BO, will be continu- 
ed through the Terms, AL, BO, CQ, ER, FS, c. or 
AB, BC, CE, EF, FI, Cc. infinitely , becauſe every 
Term (as F S) may be taken away from the remaining 
one F Z; for ſeeing LA (that is, AB) is lefs than 
AZ; FS alſo (a) muſtever be leſs than F Z. 


I fay, 2. AZ is equal to the whole Sum of the infi- 
nite Proportionals. 


Part I. [ It being ſuppos'd as before, AZ: BE:; 
AB: BC; it will be by alternating AZ; AB::BZ: BC. 
And by dividing, AZ—AB: AB:: BZ—BC; that is, 
BZ: AB;:CZ: BC. Therefore by inverting AB: BZ 
c:. And by compounding AB4-BZ:BZ: BC 
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cz: cz; tbat u, AZ: BZ :: BZ: Cg. J But as AZ 
is to B Z, ſo is LA to OB; and as BZ is to CZ fois 
OB to QC. Therefore alſo L A is to OB, as OB is 
to QC. In the ſame manner I might ſhew that OB is 
to QC, as QC to RE; and fo forwards intinitely. 
Parr 2. The whole Sum of the infinite Terms is nei- 
ther leſs than A Z, nor greater; therefore ix is equal. 


It is not greater, becauſe ſeeing we have ſhew'd above, CR 
that QC is lefler than CZ, and RE than EZ, and £ 


SF than FZ, and ſo on infinitely, all che Terms QC, 
R E, S F, Cc. may be inſiuitely ſer one by another in the 
right Line A Z, fo that the Point Z ſhall never be 
reach d. Again, the ſaid Sum will not be lefs, becauſe I 
have above ſhew'd, AT, BZ, CZ, to be continually pro- 

rtional; and in the ſame manner the ſame Thing is 

ew'd of the reſt E Z, F Z, Sc. Seeing therefore by 
transferring the Proportionals QC, ER, FS, c. into 
CE, EF, FI, the Remainders EZ, FZ, IZ, c. are 
always continually proportional, as we have already 
ſhewed ; we ſhall at the laſt come unto a Remainder lets 
than any given one; and therefore the Sum of the Pro- 


portionals ſhall exceed every 0 that is leſs than te. 
AZ; from whence it ſelf cannot be lefs than A Z. See- = 
ing therefore it is neither greater nor leſs than AT, it = 
ſhall be equal to it. Q. E. D. - 


Theorem, 


HE Difference of the firſt Terms, the firſt Term, 


aud the whole Sum of the inſinite Proportionals,are 
conrinually proportional. 
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In the upper Figure jet OX be drawn parallel to A Z. EK. 15. 

Therefore LX ſhallhe the Difference of the firſt Term 

AL or AB, and of the ſecond BO, or BC. Becauſe 

XO is parallel to AZ; L. X ſhall be to X O, as (a) (Cerca. 
A is to AZ. But X O is AB, and LA likewiſe is . 74 


B. Therefore the Difference LX is to the firſt Term A | 4 
AB, as AB the firſt Term is to AZ the whole 8 Ft 
N. E. D. | | 8 

The ſame Thing may be demonſtrated univerſally and Fig. 20 5 
very brietly in every kind of Quantity, thus; Let there 


be any continually Proportionals wWhatſoever (as well | | 
Numbers, as other Quantities) AT, BT, „ . 


— 
r 
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| Fig. In, 


Fig. 22. 
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let chem all be trunsfert᷑ d upon the firſt A T. There- 
fore AB BC, CEB, EF, toc. will be the Differen- 
ces of the propbrtionals; which together with the laſt 
Quattity I Z are equal to the firſt AZ. Now becaufe 
if Proportionals be continued infinitely, the laſt Quantity 
vaniſheth away, it is manifeſt that the Differences of the 


inſinite Pr onals are equal to che firſt AZ. Then 


becauſt AT is to BZ, s BZ iS to CL, and fo 6h. 
By dividing, AB will be to BZ, as BC to CZ, and 
y convernng, as A B, the firft Difference, is to AZ, 
che firſt Quaniity 3 {70 BC, the ſecond Difference, is to 
BZ, the ſeebh unticy, and {5 forwards. Thetefore 
as AB, the fiſt Differthee, is to A Z the firſt Quanti- 
2 all the Differences, (that is, as I have already 

'd, rhe firſt Quantity A ) are tb all the Quantities, 
2 is, to che whole Sum of the infinite Quantities, 2. 


"PROP. XII. Problem. 


I Hree right Lines being given (A3, BC, AF) 
to find a fourth Proportional. 

Let the two right Lines be diſpoſed, as the Figure 
ſhews, and draw the right Line BF, to which let the 
infinite Line C Z be made parallel, Let AF produc'd 
ro L meet CZ. 

I fay, AB is to BC, as AF to FL, as is manifeſt 
from Pop. 2. of this Book; Therefore F L is the fourth 


Proportional ſought. 
Soboliumr. 


UR Countryman Betiin in his Treaſury of Mathe- 
matical Philoſophy, doth hand ſomely from 35-1. 

nd 14. of this, which depends not upon the preſe 
ropoſnion, ſiud out a fourth Proportional, rhree being 
given, and a third two being given, after this man- 
three right Lines be given, let the ſecon® CB, and 


* 


the third BB be join d right to one another, fo as to 
make one right Lune, and let the firſt B A touch them 


in 
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in the Point B in what Angle you will, Through the 

Points C, A, D, deſcribe a Circle (a), which let AB 

the firſt 125 meet in the Point Z. B Z is a fourth Pro- 
rtional. 

For ſeeing the Rectangles ABZ, CBD, are () equal, 
AB will be to BC, as B D to BZ, by the 44th of this 
Book, which, as was faid, depends not upon this, 

If there be given two right Lines AB, BC; let BD 
equal to BC be join d ta Fc, ſo as to make one ſtrait 
Line. Then let the firſt AB touch BC in B in any 
Angle, Then the reſt is as betore, aud BZ. will be rhe 
third Proportional ſought. 

The Demonſtration is the ſame; for ſeeing the Rectan- 
gles ABZ, CBD, are cqual, AB will be to B C, as 
BD (that is, BC) is ta BZ. | 


PROP. XIII. Problem. 


oO right Lines given (AC, C B to find a 
mean Proportional. 


Let che whole compound Line A B be biſected in O, 
and from the Center O a Circle be deſcribed through A 
and B; from C erect a Perpendicular CF, meeting the 
Circumterence in F. 8 7 

Hay, AC is to CF, as CF is ro CB, 

For let AF, B be drawn; the Triangle (c) AFB is 
right-angled, and from che right Angle there is drawn 
the Perpendicular FC to the Baſe. Therefore AC is 
to CE 8 (4) CF is ro CB. 


Corollary, 


Ence it is manifeſt, that if from any Point of the 
, Circumterence (as F) there be drawn aer pendic u- 
lar to the Diameter (VC), this Perpendicular is a mean 


proportional betwixt the Segments of the Diameter 
(AC, CH. | 


Scho- 


J. 3. 
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(a) Per 5. 
l. 4. | 
b) Per 35. 
4. 3. 


Fig. 23. 


Fir. 34: 


(e) Per 31. 
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Scbolium. 


T #15 Place tequires, that wg ſhould ſay ſomething 
briefly concerning the finding out of two mean 
Proporrionals betwixt two given Lines. All the Geome- 
tricians of Greece, at Plato's Suggeſtion, ſer themſelves 
with all their Might to the Solution of this Problem. 
Divers moſt ſubtle Ways of Practice are recited by Euto- 
cius in his Commentary on Archimedes ; as thoſe of Plato, 
Architas the Tarentine, Mengchmus, Eratoſthenes, Philo 
Byzantins, Hero, Apollonius of Perga, Nicomedes, Diocles, 
Sporus, Pappus; to whom the later Times have added 
Verner, Gregory of St. Vincent, Renatus Carte ſium. Out of 
all theſe we ſhall ſelect Three more eaſy than the reſt. 


Plato's Method. 


T is requir'd to find out two Means betwixt the given 

Lines AB, BC. 

Let AB, BC be ſer at a right Angle, and be produc'd 
infinitely towards X and Z. Then let two Squares ( ſo 
our Claudius Richards hath it; for Plato himſelf made uſe 
of one Square only, but which had inſerted into its Side 
* DE a Rule moveable along DE, let two Squares, I 
fay) be taken, and the Angle D of one Square be ap- 
plicd to the right Line BX, in ſuch certain wiſe, thar 
one Side may alſo paſs through A; and to the Point E. 
in which the other Side curs the right Line BZ, ler 
a ſecond Square be applied, which will paſs through C. 
I fay, chat B D, BE, are two Means betwixt the given 
Lines AB, BC; that is, as AB is to BD, fo is BD 
to BE, and BE to BC. | | 

The Demonſtration is manifeſt from Coroll. 1. Prop. B. 
J. 6. for ADE is a right-angled. Triangle, and from the 
right Angle to theBaſe there talls the Perpendicular DB. 
Therefore by the ſaid Corollary, as AB is to BD, fois 
BD to BE; and for the ſame Cauſe, as BD to BE, 
ſois BE to BC, Therefore berwixt the given right 
Lines A B, BC, there are found rwo mean Proportionals 
BD, BE. Which was the Thing to be done. This 
manner of ſolving the Problem is the cafieſt of all to be 
underſtood. | ft. 
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The Method of Phylo the Byzantine. 


E T the two given ri hr Lines AB, BC, be ſet to- Nx. 27. 

| gether at a right Angle; then let the Rectangle A 

BCD be perfected, and let D A, DC be produc'd infi- 

nitely, and ler the Di ameters BD, A C be drawn, cut- 

ing each other in E. From the Center E through B 

let a Circle be drawn, which becauſe ABC is a right 

Angle (a) will paſs through A and C. Then let a Rule (a) Per 31, 

be applied to the Point B fo, that the intercepred right 4 3+ 

Lines BG, OF, may be equal. I fay, that AF, GC, 

are two mean Proportionals betwixt the given A B, BC; 

that is, as AB is to AF, ſo is AF to GC, and GC 

to CB. 

Demonſt. Becauſe G B, O F (ö) are equal, OG, B F, G By the 
will be alſo equal. Therefore the Rectangles OG B, A 
B F O, that is (c) che Rectangles DG C, D F A, are e- 97 1. 5. 36. 

ual. Therefore as GD is to DF, ſo (d) reciprocally J.; 
AF is to GC, but GD is to DF (e) as BA to AF. . N 14. 
Therefore as BA is to AF, ſo AF is to GC, Again, G. 
becauſe I have already ſhew'd that A F is to GC, as 
BA is to AF; and ſince BA is to AF, as GD is to J. 6. 
DF; that is, as GC is to CB, AF will alſo be o 
GC as GC is to CB. Therefore all four BA, AF, 
GC, CB, are continually proportional; and therefore 
betwixt the given Lines AB, BC two Means have been 
found. Q. E. I. | 575 Þik 

Theſe two Methods of Solution, although they, be in- 
genious and eaſy enough; yet becauſe a due Application 
of a Square and Rule is not made but by trying, they are 
not Geometrical. 


The Method of Cartes. 


ET an Inſtrument of ſuch ſort be provided; that F. 28: 
two Rules may be open'd and ſnut about Y. Let 
there be inſerted into theſe divers Squares connected to- 
ether berwixt themſelves in the Points B, C, D, E, F, G, 
in ſuch ſort that in the mean while that the Rules Y X 
and I Z are open d, the Square BC may impel the 
Square CD in the Rule Y Z, and the Square CD ny 
| unpe 


— es —— ü 
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impel the Square DE in the Rule VX, and the Square 
DE may impel EF, and E F impel or force forward 
FG and on: But ſo that while the Rules 
YX and YZ are ſhur, all the Points B, C, D, E, E, G, 
tend to fall upon one and rhe fame Point A. By this In- 
ſtrument not only two, but alſo four and fix, yea, as 
many Means as you will, berwixt two given right Lines 
may he found. Which — can be obtain d neither by 
the Sections of a Cone, nor by any Methods found out 
by the above- ſaid Authors. | 

For two Means three Squares are requir'd, for four 
Means hve Squarcs, and ſo on. 

Let the leſſer of the given right Lines be transferr'd 
upon the Rule IX, and let it be YB; the greater up- 
on the Rule VZ, and let it be Y E. Let the firſt Square 
be applied to the Point B, and be fixed there, and let the 
Rules be open d, untill the Side of the third Square paſ- 
ſeth through E. I ſay, that Y C, YD, are two, Means 


betwixt the given YB, I E; that is", that YB is to 


YC, as YC is to YD, and 1 D to YE. | 
The Demonſtration appears out of Coroll. 2, pr, g. J. 6, 
For from the Nature of the Inſtrument, in che Triangle 
YCD, the Angle at C is a right one, and from it CB 
falls perpendicular upon the Bate Y D. Therefore by 
the ſaid Corollary, as YB is to YC, fois YC ro YD. 
Again, becaulc in the Triangle Y DE, the Angle at D 


is a right one, and from it there talls che Perpendicular 


DC upon the Baſe YE, as YC is to Y D, ſo is YD 


to YE. Therefore 1 B, J C, 1 D, Y EK are four con- 


tinual Proportionals, Betwixt the given Line therefore 


IB, Y E, there have been found two mean Proportio- 


nas Y C.-Y ID. . 1 4 

If betwixt the given ones Y B, Y G, there be requi- 
reti tour Means, open the Rules, untill the Side of the 
fifth Rule FG paſſeth through G. There will be YC, 
YD, YE, V, tour Means betwixt YB, YG, The 
Demonſtration is maniſeſt trom rhe 1aid Corollary, 


This way, although the Inſtrument is more operoſe than 


Plato's, is in very Deed an excellent onc; both becauſe it 
doth nothing by bare Tryal, and becauſe it extends it 
lelt unto four and fix, and as many Means as you will. 
The Deliacal Problem, to wit, che Duplication of the 
Cube is performed by two Means, and all Bodies what- 
loever are 1ncreas'd or dimnithd in 4 given kran 
: e (4) by 
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(a) by the ſame ; like as the ſame Thing is per ſorm d in (a) See ſchol. 
plain Figures (5) by one Mean. AMiptocrates firſt. open d 60 ll. 
this way, which as the ſingular and only one; all Geo- p, 0. J. > 


metricians that have folloiv'd him have embrac'd. 


Ine 1.55.48, 
p RO P. XIV. Theorem, 


Angle (C) equal to one (O); have their Sides 
alſo, which are about the equal Angles, reci procal; 
(obat 5, AG.15 ta CB, 25 FO isto OL): ' 

And if they bave the Sides thus reciprocal, the 
Parallelograms ars equal. = net 


Part I. Let IL and SB being produc'd meet together 
in Q. The Parullelogram K is to the Parallelogram R, 
as AC is to CB (c); and Z is to R (d), as FO to OL, 95 Per 1. 
But becauſe by rhe Hypotheſis X and Z are equal, X 77 a 
is to R as Z is to R. Therefore alſo AC is to CB as 8 ) By 
FO is co OL 2, E. D. by. | 

Part IL AS AC is to CB, ſo X is to — And (e) ny the 
as FO is to OL, ſo is Z to R (e). But already by che fame. 
Hypotheſis A C is to CB, as FO tf OL. Therefore 
Xi to R as is to R. Therefore X and R are e- 
qual. 2. E. P. 2 EN | ; | 

| poi this depends the Demonſtration of the inverſe 
Rule of Proportion. For in it there is always ſome R#d- 
angle given as X; and one Side of another equal Rettangie, 
CB; antt the other Side is ſought. As therefore AC the fut 
Side of the given Ren. x to CB, the given Side of the other 
Rectangle; ſo reciprocally FC the ſouzht Side is to CL the 
ſecond Side of the given Rectangle. The Rectangle therefore 
EBxFC is equal" to the Rectangle Acc L: And the latter 
Recłangle given being divided by the given Side of the former 
CB; the Quotient will give the ſought Side FC. Q. E. I.] 


r R O P. XV. Theorem. 


Qual Triangles (AC., FN) which have ove Fig. 37, 32. 
Angle (CJ equal to one (O) have alſo their 
I 


Sides 


Dual Parallelograms (X, Z) which have one Fig. 29, zo. 
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= Sides abont the equal Ang les en (that *. 
. i to CB, as O to OL). - 
And if they bave their Sides thus reciprocal, the 
Triangles are equal, 


Ler the right Line LB be dra the reſt of che De- 
monſtration is the ſame as that of # rhe foregoing. 


Cor ollary. 


A 8 well Parallelograms as Triangles which have their" 
Baſes and Altitudes reciprocal are equal: And ſo 
converſely. 

It is manifeſt from the two foregoing Propoſitions. 


PROP. XVI. Theorem. 


Fig: 1. F four right Lines (AB, FI; IL, BC) be pro- 
portional, (that u, if AB be fo F I &IL 7 
to BC) the Rectangle (X)_ under the Extremes 
(A B, BOY & equal to the Redtangle (Z) under 
the Means (FI, IL). 
And if a e under the Extremes be 10. 
to a Rectan 7 under the Means, thoſe four rigor 
Lines will be proportional. 
Part I. In the Rectangles Xx and Z, about the nicht 
and therefore equal Angles B, I, by the Hy pothe ſis A B 
is to F as reciprocally IL to CB. Therefore X _ 
G) Per 14. Z (a) are equal. Q. E. D. 
Part I. Becauſe X and Z are now ſuppos d equal; 
(6 5 the rherefore (b) about the equal Angles B and I, AB 40, 
228 FI as reciprocally IL to BC. N. E. b | 
{ Coroll. (1.) Hence it is eaſy to aÞply. - given Refhan-" 
5 Per 12. ple E (c) to the given right Line AB; to wit, by making 
8 AB: FT: : IL: BC. For BC is the "Reflangle Z applied 
to the given right Line AB. * 
[ Coroll. (2.) Upon this Propoſition depends the Demon- 
tration of the direct Rule of Proportion. Far in it there is 
always given ſome Rectangle as CL: And another like Ret 


angle is ſought, one 272 is alſo given. 1; will theres 
fore 


— — 
1 . — 
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fore be, * BC the firſt Side of the Rectangle given , is to 

Eo the Side of the Rectangle ſought ; ſo directly CE, the 

| ſecond Side of the Rectangle given, it ta 0A the other / 
| ſought Side. Therefore the Rectangle C EXEO i equal to 

| the Reftangle B CN A. And the Refangle C EXE O b& A 

ing divided by BC the Quotient, will giye, 0.4 the othei 


Kue which was ſought. C, E. I.] 


: | . G | | __— n 
my l PRO P. XVII. IIe 
Nn e e br 9 1) 03 hp are 
Fes right Line (4B, FL, BC) be propor-, .; . 
tional, ibi Rectangle under the Extremes (AB, 
BC) ſhall be equal io tbe Squate of: the! Alean 
(FL): {3 01 TRE s 0 #7 YAB0A e BUEN 101 
An if the Reflangle under the Extremes be e- 
qual to the Square prot Maan, thoſe, three right. 
Lanes are proportional, nem Sulit nt 02 


* 


| 


Part I. Let O be taken equal to the Mean FIL. Be- 
cauſe therefore by the Hypotheſis A B is to FL as FL , 
to B Cy and 0 in qual ro FL; AB Will alſo be ro FI, 8 
as O is to BC. Therefore (a) the Rectangle under the Q By the 

regoingy 


. 


Extremes A B. BC, is equal to the Rectangle under the 
err and O, that is, is equal to the Square of © 
Fart II. This is demonſtrated in like manner from 


\ 


ſecond Parr of the foregoing... . ) 


L * - oy * y + < . 
$A Ca wor ra. 
Rom this, taken togerher with the-x3th „it is mani- Fig. 24. 
| feſt, that if in a Circle FC be perpendicular to the 
Diameter, the Rectangle A CB is equal to the Square of 

6 ' . p 


[G.) F AgB be equal to the Siuare of C; then A:C 
2 CaS i. þ | | : 
(3) if A:C::C:tB, andCq be divided ly A, the n e 
wotient (o) will be ad * eee 


rel. 2. 5.46. 
' J. 6. 


71 * 14 , - * * 7 
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Fige 35. Pon e ht Line (RS) to tſceribe 1 
| U bent tie, . 15 42 manner poſited io 4 
given one (B. B. 


ee. the lygon BQ inta Trign los, Upon 
2 Nen Lots the Angles (a) R, O, e- 


() Per 23. les B, A. The Sides then will meet 
* pon X S make the Angles V, I, hy 
TH s T,C. prey, gene 


For RT the he Ang * 0, ace equal ro the Angles, 
B, A, the Ang muſt alſo be eg ual per Gora 9. 
Fr. 32. J. ING = Wei alſo the Con ruction V is 
equal to T, the whole E V muſt be equal to the whole 
KT. In like manner decent O, I, are equal to A; 4 
reſpectively, the whole Angles QI, Ac C, F be equz 
And becauſe V and '1'4llo are equal ty 955 . 
ſtruction, Z and Q kkewiſe muſt be - + 
32. 1.)ro FT and C. Therefore the e 
are mutually lar. Ic remains, 
p Pe 416: their Sides alſo are Proportional,” R S is to BF 92455. 
22 to FL; and again, 8 N is to PL (6% as SZ to 8 
Therefore ex aug RS.is to S Z, as BF to F be 
Coroll. Hence is derived: the Weth of making Mats o 
Charts, whether Geographical, of Choragraphical , or thoſe 
which Surveyors of Land male; and of framing Tehnogra- 


5 922 


Phical Delineations of Fields, Buildings, Countries. For they . 


are nothing elſe but the ReduZion of great Figures unto likeFi- 


gures which are of a ſmall aſs, which is 
by the Means of 1 Propoſi * s ' a ag) 


P R OP. XIX. Theorem. 


Fig. 36, HE Propertion of lite Tri (X, 3)'s 
37s T duplicate of the Frei 72 
fo 


F I which are ſubtended to the equal An les, 
Per it. 16; That is, it it be made *as AC is to FI, fo is FI to 


third AQ, the Triangle X is to Triangle Z, as = 


Sides (ac. | 
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the firſt is do the third Proportional R & See Def. 
cd it GA bühne IX NA 1 
SBecanſe the Titiatigles X. Z art like, B &, will be 
to LI (e) as A is ro 1 F. But by the Conſtruction, Ce] Per 4. 
8 A ii co E, N IF to AO. Therefore alſo Ba 5 
into LI, (@) n IF o Ad Thereſore in che Trian- C) 5 f 
ges QB A and Z, che Sides about the Angles A, I, 7. 2 a 
which by the Definition of like Triangles are equal, are f 
reciptocal. Therefore QB A and are equal (e). But * Per 1. 
the Triangle X is to QB A, as the Baſe AC to the „6. 
Baſe A C). Therefore X is to Z as AC to AQ, 
E. D. * 19 ; 
Coroll. Hence is their Error to be correted, who think. 
that like Figures are in the ſame Proportion to one another, 
' that tber Sides are. For of of twy, not only like Triangles, 
but alſo Snare n, Pentagons, Hexagons , &c. yea, and Cit- 
les alſo, the Sides or Diaineters be betwixt themſebots as 2 - 
12s , the Figures or Area's themſelves ate as 4 to 1 : If the 
Sides be bewixt themfelves ; to 1, the Figures themſelves 
ar Area's are «4s 9 to 1; towit, in a duplitate Proportion of 2 
thoſe Sides. RE 3 


FRO P. XX. Theorem. 


"IK E Pohhgont (ABCDE, FG HIR) are N. . 
divided, (I.) into like Triangles (P, S, and : 

„T, and R, V) in — 5 And 

proportional to the Wholes + And (3.) the Propor- 

dien of the Polygemt i duplicate to that of the 

| "Sides, (AB, FG) which areberwixt the equal Au- 


@ 9 


gles. B, &, and BAR, G FH). n ohe 

(-1 Part I. Becauſe the Polygons are Mike, chey are mutu- 

ally (pe en. 1. J. G.) cquiangular; and theit Angles 6- 

ap BAE co GFK, and B to G., and BCD © G 
H, and G DE t HIR, and E to K. Becauſe there- "a 
fore AB is to BC (a) as FG to GH, and the Angles (a) By 
-B\and G are equal, rhe Triangles P, S, (S) are like. In (b) Per 6 
| ke manner it will de demonſtrated that R and V are J. 6. 
| Hike. Then becauſe the W holes BCD, HI, ind the 

ſubd ucted ones BO A, GNF, are e che remaining 
unes alſo, A C D, F H I, are equal. It the ſame manner 


13 I might 


$36 


n+ 


f]B * 
bares 


{h] By the 


tolsgoing. 


Fige 31. 
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I night ſhew chat A DC, FI H, are equal. Therefore 
(per Corol. 9. pr. 32. J. I.) the third CAD is equal to 
the third HF I. Where alſo 22 — 2 Qand T 
are like. The firſt Part thereot is manifeſt. 
Part IL Becauſe. and 8 are ke, the tio 
of P to 8 is duplicate to that of f) C A to HF. But 


* 
» 
. 


for the ſame Cauſe alſo the Proportion of Q to T is du- 


plicate to the Proportion of C A to H F. Therefore P 
is to S as Q to F. In che ſame manner I. will ſnew 
that as Q is to T, ſo R is to V. Therefore as one 
Anrecedenr. P is to one Conſequent 8, ſo all rhe Ante- 
cedents P, Q, R, taken together, are to all the Conſe- 
quents 8, T, V, taken together, that is, ſo is Polygon to 
Polygon. Which was the other Part. ö 

Fart III. The proportion of P to S 15 duplicate (þ 

to that ol A B:to FG. But the Proportion ot Polygon 
to Polygon is the ſame with the Proportion of P to S, 
as I have already ſnew d. Therefore alſo the Proportion 
of Polygon to Polygon is duplicate to the Proportion at 
AB to GF. Which was third Part. >. 


Corollaries. 
r ein 3 i 
1. A ordinate or regular Figures, as Squares, e- 
* quilateral Triangles , Pentagons, Cc. are be- 
twixt themſelves in the duplicate Proportion of the Sides. 
oy raves Figures are like, as iß manifeſt from De- 
tn. 1. 6. rr K. ; L ke 5 
2. If in any like Figures whatſoever, the Sides A B, 
FEG, which are placed betwixt equal Angles be known, 
the Proportion af the Figures is alſo known. As for Ex- 
ample, Let AB te of rwo Feet, and F & of fix Feet, 
and as 2 is to 6, ſo let 6 be to ſome other Number; to 
wit, 18. The leſſer Figure is to the greater as 2 is to 
18, or 45 1 is to g. Now a third proportional Number is 
Found, if (per Corol. 3. pr. 1764.16.) the ſecond of the gi- 
ven ones be multiplied by it ſelf; and the Product divi- 


OY 
* 
883 


died by the firſt. 


ic · 38. 


) Per 13. 
* 


3. From the fame Propoſition is drawn the excellent 
Method of increaſing or diminiſtuog! any: rectilineal Fi- 
gure in a given proportion. As it Ewould make a Pen- 
tagon, whoſe Side is AB fivetold. of another. Find a 
Mean proportional RX (i) betwixt the Terms of the 


Pro» 


R „ 77 | i f % p 
Lib. VI, Ev&r1d's' Elements, 131 
proportio | ion given, A B BC; u this Frame 4) a pen- Per 18. 
gon like to the given one; * is ſhall be e 51 ” 
Gi Spry as n e ee 
For by the 20, the Pentagon A B is to BX, which is 
0 it, as AB the' firſt is to B C the third Proporti- 
ona AKA * polls K N ow Sz 
Moreover, ſeeing the Proportion of Circles alſo is du- 
plicate to the proportion of their Diameters, as will be 
ſhew'd, p. 2. I. 12. This Practice belongs likewiſe to 
» les. = 3 20 : 8 


[ Schol. 'Seeing the Proportion of the Squares" E, K, ir Fige 41. | | 
duplicate of the Proportion of their Sides O R, SV; from | 
thence the duplicate Froportion of the Sides OR, SV is wont : 
commonly to be ,expreſs'd by © the Proportion of OR to | 


Igures (A, B) which are like to the ſame (C) FE. 40. 
are alſo like: betivixt themſelves. 
This, is manifeſt, from Defin. 1. J. 5, and from Axiom 
1. J. 1. 8 * 2 | 4 


Ros Wo te 


PROP. XXII. Theorem, | 
F four or more right Lines (FI, L, and OR, Fig. 40, 41, 
V) be proportional ; like Figures, and in like 
Sort deſcribed by them(A, B, and E, K,) muſt alſo 
be proportional, | 14 DR 93%] ? 
And Converſly, þ 


The Demonſtration of the firſt part is manifeſt, . For 

becauſe the Proportions of A to B and E to R are 

duplicate to the Proportions of FI to LQ, and OR 

to S V, which are by Hyporhefis equal; themſelves alto 

muſt be equal. | 

1 The ſecond Part is manifeſt alſo, 1514. 

ſ ©» {[Coroll..If the right Lin: AB be cut in any manner in Fig. 244 
C; the Ref angle contain d under the Parts AC, CB, is a 

Mean proportional betwixt their Squares. Likewiſe the Rect- 

IT EF] 14 angle 


ic a Mean, praportzona 


Fig, 42» 


IC to CE). 


Fige 42+ 


* 


a keene A! ABG::4bc: ACS. 


to O. N. E, D. 
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Eucitb't Henante. 


Lib. V. 
Te onen“ arte the ü 
e 85 


. 

AB, and pes rh T he 5 Cpu For 5 
Gorplls 1. p. 8 e C: Et 

CB. He e . ee; 

CB Syuare. That is, * Te quare : 2:44 A 1 555 


Red analt AB: LB 
; Mo. . #1 TRE 755 $4:4 
40. fs 15 


144: BAT: Af 1: Af LETT le: "hy 5 | 


* * NG e Wa nei 


p RO P. XXII. Thegrem, 


ale Parallelograms ( X,Z Jbave b 
themſelves a Proportion that is compounded 
of the Proportions of their Sides T0 to 2 and 


r 


That is, if you make cB ade . as 10 70 CA. 
is ta Z, as A C is to O. 


Let IL, SB, meet together in G. The Parallelo- 
gram X (4) is to the Parallelogram R, as AC is to 
CB; and Ris (6) toOZas LC is to C F, that is, As 


CB is to O. Therefore ex , ag#0 X is 2, W AC is 


\ 9 1 5 


= \ Curllrie. 


1 
— 
o * 
wi — 1 — * 7 


o : 
N * F 
" " * * 
k A A 
, 9 
% 


Rom hence, and 3 4. 1, 1. it is maniſeſt, 13 

1. That Triangles which have one Angle (at ©) } al, 
have that Proportion betwixt themſelves, which K Yom- 
pounded at : 4 Proportions of che right Lines AT to 
4c wr LC ro 15 Which Lines contain the equal 
Ang | 
2. That ReQaugtes, and usern all 'Paralſelo- 
grams hatſocver, have betwixt themſelves the Propar- 


tion which is compounded of che Proportions ot the 
Haie to the Baſe, and the Heigheh to the Heighah, . 4nd 
in " eps manner we reaſon den ee 


2. Hans | 


Lib. VL Eucury's Elements. 133 


Hence the, 8 of Triangles and Parallelo- Fi. 42. 

pris na be readily learned. Let X and T be the 
rallelograms, and 1 Baſes AC, CB, and CL, C F 

be rheit echthr Tex it be made (c) as che Altitude (1 Per 13. 

EL k wo the Altitude C F, ſo is one ot the Baſes oN © 

to G. The e * is to che Parallelogram Z, 


28 AC to O. 


PR OP. XXIV. Thicoterh, 


N every Paralllogram (as SF) the Parallelo- F. 43: 

grams which are about the Diameter (AB), 
to-wit,” (CE, OL) are both like to the whole Pa- 
rallelogram, and trek tber. 


27. 1. the les C, S, and L., F, are equal. By 
te an E is equal to I, "that i is, by che fame, ai 
A it ſelf; but B is common both to the whole 5, 


the Part C L. Therefore the whole SF, and the Part 


CL, are 2 iangular. Ir remains to be new d that they 
have the Sides oppoſite to the equal Angles proporti- 


an in the Triangles BCE, BS A, CE is parallel 
4 $A, BC (by col. 1. Pre 4 I. C. win be to CE, as 
BS to SA: And CE will be to EB (by che fame 
Coroll.) as S A to AB. But becauſe in the Triangles 
LB, AF B allo, EL is parallel to AE, EB (by the 
me Coroll.) will be to EL. as AB to AF, Therefore 

er a CE is to E L, as S A to AF. Therefore ( by 
9025 1. L6G.) CL.and the whole C F are like. In the 
Tame manner, he ſhew © I to be like to the whole 
CAS 21. J 2 CL and Ol are allo 


The be a 


wint the 


PROP, XXV. Piobtem 
Pr gives Polygon (A) imo another 4 0 


ike to a given one (B), 
Or to make a Polygon equol 10-4 given one, (4) 
ond like o another given one (5). 


Upon 


151 


Per 13. 
4, 6. 


Eber ip Elements. Lib. VE 
Ppon CF the Side the Polygon B a like one to which 
is required, (by 45: I. 1.) make a Rectangle Q equal to 
B. Then pp S:(by the ſame Prop.) make a Rectan- 
gle R equal to A. It is manifeſt that CF and BI do 
make one right Line. Betwixt C F and FI find a me 
proportional F L (a). Upon this (5. 18. J. 6.) make a 
Polygon like to the given one B. this muſt alſo be equal 
to the given one A. 
For ſeeing by the Conſtruction, CF, F L, FI, are 
three Proportionals, the Polygon B is to the Polygon 
like to it which is made upon EL, as CF is to FI (per 


20. 1.6. and Defin. 10. J. 5.) ; phat is, (per 1. J. 6.) as Q 


F. 44+ 


o 


is to R. Therefore alſo by changing, as the Polygon B 
is to Q, ſo is che Polygon F L to R. But by the Con- 
ſtruction the Polygon B is equal to Q. Therefore alſo 
the Polygon upon E L, which. is like to B, is equal to 
R; that is, by che Conſtruction to the given A. That 
therefore is done which was required. St 


TIXE Parallelograms (BD, EN). having p 


common Angle (A) are about the ſame Dias, 


meter. 5 | 8 
Draw the right Lines AE, CE. Tf you deny that A E 
is a common Diameter to the Parallelograms BD 25 
FN; let another right Line AG C which cuts F E in 
'G, be the Diameter of BD, and draw the Parallel & H. 
The Parallelograms FH, BD will be therefore about 
the common Piameter A G C, and conſequently (by 24. 
J. 6.) will be like. Therefore (per defn. 1. I. 6.) as BA 
to A D, fois FA ro AH. Bur alſo, as BA to AD, 
ſois FA to AN, ſeeing BD, FN are like by the Hy- 


potheſis. Therefore FA is to AH, as the ſame F A is 


to AN. Which is abſur eg. 


*T Heſe cauſe Trouble to, and perplex Beginners, 
and are ſcarce, of any Uſe... 1 
L PROP, 


Ib. VI. EveE1D's | Elements: 


4 PR OP. XXX. Problem. 


O cut a given right Line (AB) ſo thats 
whole — ſhall be go one Sep "wy 20 A 0) * 


al the ſame Segment 5 1010 the remainde 


That is, as Geometricians ſpeaks to cur a 8 in ex- 
\ream and net Proportion 
By x1. . 2. ſo cut AB in C, cht ebe Mettangle un- 
Ker AB, CB may be equal to the Square of AC. 1 
tay. che Thing i is done. 

For by the 25th of this Book, wABi 0 AC, fo 
4s AC to CB. 

The Force of this Section of a Line is admirable in the 
Inns and n . Ne 5 


Ly {4 . 1 


> pRO v. XXI. Theorem: A 


3 rom th Se of 6 a Ix Tri 
145 B) like Fi ures herds . 


* 


qual to the 10 orbers (L, R) taken whos 


Fo Prop, 1 An Seb nk 1 eh 
From the right Angle C let the b icular CO be 
ler down. Becauſe ( per Coroll, 2. 5. g. J. 8.) AB, BC, 
BO are three Proportionals, F ſhall be to the Figure R, 
which is like to it, as A B the firſt, to 1 the third 
Proportional, (to wit, by 20. 1. 6. andDefin. 10. J. 3. Again, 
becauſe(by the aforeſaid ———_— BA, AC, 'AO are 
| three Proportionals, the Figure F ſhall (by the toreſaid 
| Prop. and Defin.) be to L, which is Iike to, it, as BA the 
firſt, to AO the third Proportional. "Becauſe therefore 
: is to R as AB is to BO; and the ſame F is to I. 
B to AO; F ſhall alſo be to R and L taken to- 
j 1. er, as AB is to BO, A O taken togerher. But, A 
$ 


equal to the two R and 2 2. E. D. 


an | Coro, 


that hich ic oppor d to the right Angle," ill be e- 


equal to the two B O, A O. Thereſore allo E ſhall be 


1 


Fig · 47. 


7135 


— 


Fige 54. 


. 


Evers: Elements, Lib. M. a 


” 


121018 Coroll. 1 


F a * 
*. 2 
LE © 


0 : , 2 - ” pls. 8 
1 un . e in BP? 5520 
L Rom this Propofition we can caſily find one a 


Figures oever , by the ſame Method, whe 
Probl. 1. Schol... pr. 47; I. 1. one Square is found. - 


to any Number of gi 


Fignre, equal and like ro any Number of N 
re 

ual 

iven r Only in 


che Demonſtration, Jer 31. E 6. be cirad inſtead, off 47. 


3 6 211 2 2 685 6 141 5 
Coroll. (2.) A Circle upon the Hypotenuſe” of a Rech- 
le Friangle, is equal to two Circles deſtrihd upon the Sides. 
for all Circles are like amongſt themſelves , ant are "th one 
another ws the Squares of their Diameters, -by the ſerund of 
the 12th Book. i Sabha 1 141 
Coroll. (3.) From hence we may derive that Quadrature 
* = little Mogns,) which Hippocrates of Chios 
tab . A „ aA. *£ 


fir HE, | 
For let ABC be arefangle Triangle; and B AC 277 


— * 


circle to the Diameter BC : B'N A a Semicircle deſcriba 
the Diameter AB: AMC & ſemicircle deſcrib'd un 
Diameter Ac. Thur therefore the Semieircle B AC is equal 
Fo the Semicircles B VA, and, AMC thgether. . If there- 
fore you take away the tws Spaces B A, AC, common on 


both Sides, there will be left the two Lunets. BNA, AMC, 


| on both Sides with circular Lines equal to the rectili- 
neal Triangle B AC. Anif the Line B A be equal to the 
Line AC, and you let fall a Perpendicular unto. the Hypote- 
nuſe BC, ibe Triangle B AO will be equal to the Lanes B 
NVA, and the Triangle C O A equal to. the Lunet CM 4, 
. | | | BR | f 1k 1 4 1 1 25 
WIS « bardly.of any Uſe, and hath noibing 
F.. remarkable 0 “W. 


2 * 4 
* 7 37 1095 


* 


but PR OP. 


IB. VI. Evertp' Hlenems 137 
a Deer ene i ot eee & fk a 


: ; 
811512 


erg io 09 0 
MOTH * 12. r 2 n $i. , 


| N the ame or equal Circles the Angle whe-' Fig. 48. 
ber at the:Cemtere. (as ABO, FOOD); t 
the Circumfgrence, (as ARC,” FS D) bave that 
Proportion bet der themſelves, which the Arches 
(AKC, FGD) on which they fand have, © Un- 
der tand the ſame Thing of Sectors. 


As for the Angles at the Center and the Sectors, it will 

be demonſtrated altogether in the ſame manner, in which 

Prop. 1. of this Book it was demonſtrated, that Triangles 

ol the ſame Heighth are as. their Baſes. Only where 

_ 38. J. 1. is cited there, let Prop. 29. l. 3. be cited + 
ere. . 

And becauſe the Angles R and S at the Circumſe- 
rence are Halves of the Angles A B C, F OD, at the 
Center, that which hath been demonſtrated of theſe will 
be maniteſt alſo of thoiee, »-- -» "29414 


1. THE Angle (B at the Center, is to four right pr. 
As. as — B on which it ſtands, * MY 
the whole Circumſerence. 

For as BAC is to the right Angle B A F, fo by this 
33-the Arch BC is to the Quadrant BF, Therefore 
the Angle BAC is to four right Angles, as the Arch 
BC is co ſour Quadrants, that is, the whole Circumte- 
rence. | 

2. The Arches IL, BC of unequal Circles, which 
do ſubtend equal Angles, whether at the Center, as I 
AL and BAC, or at the Circumference, are like 
' Arches. 

For the Arch IL is (by Corll, 1.) to its Circumfe- 
rence as the Angle I AL, that is, BAC is to four right 
Angles ; and the Arch BC is to its Circumference (by 
the, ſame Corollary ) as the ſame Angle BAC is to four 


* 


Kuctrip' Elements, Lib. VII 
right ones. Therefore IL is to its Circumference, as 
1 is to its. Therefore (by Denn. + 46.) the Arches 
IL and B Care like. s 
Two Semidiameters (A B, Ac) do Cle away from 
concentrical Circymferences like Arches I L, BC. F 
:s manifeſt from Coroll. 2. 
| 4. The Segments (BK C, 10L.) which: contain eq 
| les (K, O,) are like. 5 
or by Coroll, 3. the Arches BC, I and conquer 
« ly che Arches BRC, 101 are like. _ 
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5 With Us the SEVEN I H. 
8 c 6 25 
5 O the ſix firſt Books Euclid ſubjoins the Ele- 
8 ments of Numbers comprehended in the three 
5 following, the Seventh, Eighth, and Ninth, 


— rt which he alſo adjoins a. Tenth, concerning 
5 incommenſurable Quantities. We paſs immediately from, 


. Plains to Solids; purpoling to treat of pai i ſeparate- 
Ee 5 


3 ly. Seeing it will, I ſuppoſe, be more comtnodious far, 
5 Learners, if che Elements of Geometry be not interrupt; 
43 ed, by treating of any other Matter, but be had all together. 


. Nevertheleſs when we ſhall cite the Propoſitions of This 
DE and the following Book, we ſhall not call theſe Books 


"OE the Seventh, and the Eighth, but the Eleventh, and che, 


5 Twelfth, leſt it we ſhould depart from the every where 
5535 received Order of Euclid, the Citation of Propoſitions 


5 ſhould thereby be rendred more intricate. 
3 This Book in a fort contains two Parts. In the firſt are 
. laid che Foundations, on which the whole Doctrine of 
B Solids; that is, of Bodies depends. In the other the 
12 Affections ot Parallelipipeds are propeunded. 


This Eleventh Book of Elements ſets forth the firſt Princi- 
ples of Solids: ., Nor can indeed the Properties of Bodies be 
known without it; and if we ſet upon almoſt any Part of the 
Mathematicks, without the - Knowledge of Solids , we ſhall 
labour in vain, or be at leaſt at a great Loſs. For the Spheri- 
cal Dockrine of Theodoſius, Spherical Trigonometry alſo, a 
great Put of practical Geometry, Staticks, and Geography, 
depend upon it, and what Things occur of any great Difficalty 

_ 7 . mn 


140 


Fig. 1. 1.11, 


Fig. 2. 


Fig. 3. 


Fig. 4. 


Fig. 5. 
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in the Art of Dialling, in the Conic\Se&jons, Aſtronomy, Di- 


optricks or Opticłs, "tho all berome more eaſy, the Principles 
Solids being once underſtood Sy that thoſe who haue — f 
Elements of Geometry, leaving out and ſetting n fide this and 
the following Book, are to be reckon'd.'to hat de{ivertd the 
ſame very imperfecthy. F A 


$ a +#<I- 


DEFINITLON'S 


I A Solid or Body is that which hath Length, Bread th, 
and Thickneſs, os. Co 
2. The Extreme of a Solid is'a Surface. 
3. The right Line (AB) is to the Plain (CC) right 


BAC) with all the right Lines (CA) in the Plain 
(CC) by which it is touch d. Rs tt. A620 

4. A Plain is right or perpendicular to a Plain, when 
all the right Lines (LQ) which are drawn in one of the 
Plains perpendicular to the common Section (X R) are 
right or perpendicular ro the other Plain (A BCO) 

5. If che right Line (OL) ſtands upon a Plain not at 
right Angles, and from irs higheſt Point (L) there be 


drawn to the Plain the Perpendicular (LP) and (OPY 


be jain'd ; rhe Angle (L OP) is faid to be the Inchnation 
of the Line (OL) to the Plain. | 

6. If che Plain (R E) doth nor ſtand perpendicularly 
upon the Plain (L O rhe Inclination of one to the other 
is the acute Angle (A B C) which is contain d by the 
right Lines (AB and BC) which are drawn in both 
Plains perpendicular to the common Section (O E). 

7. A Plain is ſaid to be alike inclin'd to à Plain, as is 
ſome other Plain to another, when the ſaid Angles of 
their Inchinations are equal. e | 

8. Parallel Plains, are thofe which being continued 
every way, are always diſtant ſrom each other by e- 
qual Intervals. | 

9. Like ſolid Rectilincal Figures are thoſe which are 
contain d under like Plains, in Number equal. 

10. A ſolid right- lind Angle is that which is contain d 
under plain Angles more rhan two (BAC, CAC, O AB) 
which are not in che fame Plain, meeting together in one 
Point. e 8 Der 
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11. Equal 


or IC with al when it makes right Angles (BAC, 


1D; 


7 v8 
Crag» 
TITS 


n 7 * 8 # ra . % e I 
ry WY CO S Wi n LO We 
CREDO akon] 
TX PR =# 
OR CALLING. 


Ys, 
” rw, S | 


4 N 
r 


N 
of . 
1 8 
83 
5 4 OI 
$ b 
r 
r 
* No 7 
3 
3 
hs 
SSL re 
a 
' 
* 
5 
— 
2 
F 
3 
3 os 
- 
. 
— 


n e * ” Sa. Su 7 TS 4 
1 F 9 D 1 my 

ws Th As 1 . Cate 

i. Pi I 9 * 2 Ya: ns 

LP, GERT ASE I n 

KI 2727; > i AN 
5 . f TS, 
4 * þ Ms \ 20, (4 EIS C23 FEY r 
1 . o 


Lib. X. Evcrid's Element: 141 


ſolid A are thoſe, which being con- 
N do agree or per- 


is a mutual Inclination of Lines, 
r Concern- 
maſt reaſon in the ſame maß- 


a ſolid Figure, com 
208 ite — (O FE, ACB) 
are 


13. A Pa op A. A. Solid contain'd . qua- Nr. 8. 
drilaceral Plains, of w oppoſttes are para 
12 2 which the @ppoſices are parallel he 
Solid contin d by them will be a Cube. 


Ga kak 


* A Prifn is 
Plains, ſt wha 


PROPOSETION I. Theorem. 


0 Ne iebt Line cannot be Fr 9 
in 4 Plain (OE and another part (CB) 


out of it, 
It is elbar of it ſelf from the Beſinieion U a Plain un! 
a right Line, Ste Pen. 9. and 4.4. ü. 


PROP. II. Theorem. 
rin Triangle 1 in one Plain. And to right Fig. 10 
; Lines cutting each other, aft in the ſame 

in. 


For if 4 Plain be applied to one of its Sides, 
and to the Point of mecting of the other two, it will 
be evident cha the whole Triangle is iti that Plain 


PRO p. III. Theorem. 


= two Plains (AB, CD) cut each other, (EF) Fr. 12. 


their common Section is 6 right Line. 


prehended by Fig. 6,5, 8; 


142 EvcLip's Elements, Lib. XI. 
It is manifeſt from the Definirion of a Plain. 

But we may demonſtrate it thus. If E F the com- 

mon Section be not a right Line, let there be drawn in 

the Plain C D the right Line EO F, and in the Plain 

AB the right Line _ The two right Lines there- 

—_ EOF, EQ, will incloſe a Space. Which is ab- 


P R O P. IV. Theorem. 


Fig. 12, F 'a right Line (BA) be perpendicular to two 
_ right Lines (CAX, FAS) which cut tach ather, 
it will alſo be perpendicular to the Plain which's 
drawn through them. | 
If you deny it, ler another right Line BQ be perpen- 
dicular to the Plain of the right Lines AC, AF. Join 


AQ, and to this in the Plain FAC draw the Perpendi- 
cular QO. This being produced will neceſſarily * 


| (as is gathered from Schl. Prop. 31. J. 1.) one of t | 

| right Lines CAX, FAS, or both, whereſoever the | 

| Point Q ſhall be. Therefore let it cut CA X in O, | 
and ler BO be join d. Becauſe therefore the Angle ; 

: BA O is by the Hypotheſis a right one; I 

| The Square 1 oy ſhall 

* 27 o BA Squ.) 

= a. equa 1 77 605 
1 | | | AO Squ. ; 

But becauſe BQ is ſuppos'd perpendicular to the 
Plain FAC, and conſequently (by Defin. 3. J. 11.) 
makes a right Angle with AQ; 4 


* 


B A Squ. is equal to | BQ Squ, 
un. , 3 | * bc 
oy And becauſe the Angle A QO is by the Conſtruction 

a right one; | * owe 

AO Squ. is e to | u. 

(e) By the K . "Is abt, 4 $1380 700 
pay herefore Sts 
T B O Squ. is equal to B Squ. + 
N 35.6 12 | 888 
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Therefore BO Square is greater than the Squares of 
BY.and OQ; and (as is clear from Prop, 47. 4.1.) 
conſequently” B QO is not a right Angle. Therefore 
BY is not perpendicular to the Plain (by Defin. 3. I. 11.) 
CAF. Therefore the Propoſition is manife 


Scbolium. 


Rom its being ſuppos'd that BQ is ndicular to 

the Plain PAE is Are 2 that 

it is not perpendicular to that Plain; and conſequently 

from the denial of the Aſſertion of the Theorem, the 

ſame Aſſertion is directly proved. This Demonſtration 
as to the Subſtance of it is John Cierman's. 


ÞR O P. T heorem. | 


F three right Lines ( BA, Cd, FA) be Fr. th ; 
pendicular to the ſame right Line (AR) at 18 
the — Point (A) ; thoſe three will be in one Ny 


| Plain. | | 3 
For, if it may be, let one of them BA be in ano- 

ther Plain (RO) which may cut LQ the Plain of the 
other two CA, FA, in the right Line AO. | Becauſe by 
the Hy potheſis RA ſtands perpendicularly upon the two 1 
CA, FA, it will be perpendicular to the Plain LQ (by the 
foregoing) Therefore RA makes a right Angle wich | To 
A O. (by Def. 3. 4.21.) Bur alſo by the Hypotheſis __--- 
RAB 15a right Angle. Therefore the Angles RAB 
and RAO are equal. Which is abſurd. | 


PR OP. VI. Theorem. 


IGHT Lines (AB, CD) which are per- Fig- 14] 
pendicular to the ſame Plain (CF) are pa- 


rallel. 


* 


| It might be taken for granted as 2 Thing of it ſelf 
| known; but we may . it chus. | 
' | : 


BD 
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B D being join d, make in the Plain F E the Line D 
perpendicular to BD, and equal to BA, and let 
DA, GA, GB, be join d. The right Lines B; b. DG, 
are equal to BD (a) and BA; and the Angles B DG, 
(6) DBA are right ones. Therefore (ber. 4: I. 1.) AD, 
BG, are equal. Therefore the Triangles A B G, G DA 
are equilateral to each other, and conſequently the An- 

les A B G, ADG are equal. But ABG (by Defin. 3. 


11.) is 2 right - Wherefore ADG is alſo a 


right one. But BDG alſo by the Conſtruttion, and 
CDG by Defin. 3. are tight Angles. Therefore GD is 
pendicular to the three ＋ CD, AD 

D. Therefore CD is (c) in one Plain with AD, and 
BD. But AB alſo is in one Plain (per 2.1. 11.) with 
AD, and B D. Therefore AB, CD are in one Plain. There- 
fore ſeeing the Angles ABD, CDB (by Defin. 3. J. 11.)are 
right ones, A B, CD will (per 29. l. 1. and Defin. 36. 
J. 1.) be parallel Lines. . E. D. 


PROP. VII. Theorem. 


A Right Line (EF) cutting right Lines (AB, 
CD) placed in the ſame Plain, is in one and 
the ſame Plain with them. | | 
It might be taken for grafted, But he that will may 
thus demonſtrate it. 
Let another Plain cut the Plain of the right Lines A B, 
CD, in the Points E, F. If new EF is hot in the 
Plain of AB, C D, it is not the common Section. Let 


EGF therefore be ſo. Therefore (per 3. I. 11.) EGF 


is a right Line; the two right Lines therefore E F, & F 
inclole a Space. Which is abſurd. 


Corollary, 


Ence it follows, that if EF cut the Parallels A B, 
CD, it is in the ſame Plain with them. For (by 
Defin. 36. J. 1.) any two Parallels are in the fame Plain. 


PROP. 


* 
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PROP. VIII. Theorem. 


7 af is Parallels (AB, CD) one (AB) be 
perpendicalar tu a Plain (E F); the other alſo 
(C D) will be perpendicular to the ſame Plain. 


It might be taken for granted. It the aging 
be | regu d, ie is as follous. 


2, 4D being dees, in the Plain EF make GD per- 
pendiinter to-BD. It will alſo ( ſee the Demonſtration of 
Prop. 6. I. II.) le perpendicular to AD. Therefore ( per 
44.11.) GD will be perpendicular to the Plain ABD, that is 
(by the foregoing Coroll.) to the Plain CBD A. Wherefere 
(per Def. 3. l. 11.) CDG A a right Angle. But the Angle 
CDB is alſo-a right one ¶ foraſmuch as with ABD which 
(per Defin. 3. 1. 11.) is 4 right Angle, it maketh two right 
ones (per 27.1.1.) ). Tyrerefore ¶ per 4, I. 11.) CD is 
perpendicular to the Plain GDB or EF. Q. E. 55 


p R O p. IX. Theorem. 


TIGHT Line, (AB, EF) which are pa- 
rallel to the ſame right Line (CD) although 
he not in the {ame Plain üb it. e all pa- 


| valid berwixt themſelves. 


Although it might be raken for anted , er we will 
— * it thus. 1 2 
In the Plain ot the Parallels AB, CD, draw GK per- 
| lar co CD. Likewiſe in the Plain of the Paral- 
es E F, CD draw HK perpendicular to CD, There- 
fore (a) CK is perpendicular. co the Plain GKH.Therefore, 
ſeeing AG, EH, be parallel to CK, the fame AG, EH 
C9) will be perpendicular to the Plain GK H. 7 
on A, EH (c) are ral 2 E. D. ail 


- on. "pi 7 a fi * 4 i » . * Y 
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P R O P. X. Theorem. 


Fig. 17. FF two right Lines (AC, BC) be parallel to 


«1 


2 Per 33. 


(b) By the 
ſoregoing. 


(e) Per. 8. 


4. 1. 


two right ones (D E, EF); albeit they be not 
in the ſame Plain , they comprehend equal Angles 
(C and F. 


Let CA, CB, be made equal to FD, F E, and let 
D E, AB, DA, FC, EB be drawn. Seeing AC, FD 
are parallel and. equal, AD alſo and CF will (a) be 


parallel and equal. In like manner I might ſhew BE, CF 


ta be parallel and egual. Therefore A D, BE, are alſo 
parallel (6) and equal. ( per axiom. 1.) Therefore ( per 
33-1.1.) AB, DE, are equal. Sceing therefore the 
Triangles BAC, EDF are equilateral to each other, 
the Angles C and F (c) are equal. Q. E. D. 


PROP. XI. Problem, 


3 O draw a Perpendicular to a given Plain 


(AB) from a Point given without it (C.) 


The Conſtruction. In the Plain A B draw any right 
Line as DF, unto which, from C exe& the Perpen- 
dicular CE. Then in the Plain AB through E draw 
AEM perpendicular to the ſame DF. Then to AM 
from C draw the Perpendicular CG. I fay that CG 
is perpendicular to the Plain. 

Through G let HG be drawn parallel to DF. By 
theConſtraonDE is perpendicular toC E andEM.There- 
fore DE is perpendicular to the Plain EM (d), as alſo is 
HG(e). Therefore(byDefin. 3. J. 11.) CG is perpendicular 
ro HG. But CG by the Conſtruction is allo perpendi- 
cular to EM. Theretore (f) CG is perpendicular to 
the Plain AB. Which was the Thing propos d. 


Scholium. In Fractice this. Let there be aCord or Rule 
faſlned to the given Point 4. And from the ſame, let there be 
deſerib'd by the end of it B in the Plain given the Circle 
BCFL. The Line A K which cones the given Point and 
the Canter of the Circle, will be perpendicular to the given 
_ NP PROP, 


Lib. XI.” Evcurd's' Elements; 


o - 


- 


R OP. XII. Problem. 
Yi! Row 4 given Point (A) in any Plain (EF) Fig. 19. 
to ereft a Line perpendicular to the ſame Plain. 

From any point D without the Plain EE make DB 
(by the faregoing) perpendicular to the Plain EF, And 
BA being join d, draw AC parallel to PB. I fay the thing 
is done. The Demonſtraticn is manifeſt from Prop. 8. 


* 


Scbolium. 


| * practice, from the given Point a perpendicular is 
erected to the given Plain, if a Square OR N be 
applied to the given Point [and be turn d round. 


PROP: XIII. Theorem. 


1 NES drawn from the ſame Point cannot 2 
be both perpendicular to the ſame Plain 
(AB). | 

For if they were, they would by 6. be parallel. Which 
cannot be, * c . 


. * 


* — 


p RO p. XIV. Theorem. 


to two Plains (FG, L.); the Plains will 
parallel. 


Let there be taken in either of the Plains as F G, any 
Point C, from which let CE be drawn parallel to AB, and 
meeting che Plain LQ in E. Then CE (per 8. J. 11.) 
will be perpendicular to both Plains FG, LO. Where- 
fore if AC, BE, be join d, the Angles A, B, (by Def. 
„ 11.) will be right ones. Therefore (per 29. J. 1.) 
AC, BE, are parallel. Therefore ACE B is a Paralle- 
logram ; and * E, which hath been . 
| 4 y. 


F the ſame right Line (AB) be perpendicular "© 25. 


1 


R 0 I 155 El / ent. * Lib. Xl. 


OS... be . 4 to both Plains, is equal 


(per 34. l. 1 An might 
ſnew that ee 
a (Fan 8. b I 7 1985 


L R ON XV. e 


Fig. 2 1 . two righ Lives (54, CH) erna 


(b) Per 4. 
I. 11. 


Fig · 34+ 


* Per 10.11. in the Plains? A B, CD, produc'd, their Plains alfo will 


6) Per 25. (by Defin. oy 11,) right; CAG, 


1. 


by * 


allel to two other right Ling 
alſo an = another (ED, FD); the Dn tha like- 


wi 4 which are draws oe theme will be pa- 
rolle 


Fam | 1 
the Plain "BF, ant r ans e Ti 
Ak. —— br 4. 5 115 7 A, 7 SAY 


B CF, will alſo (a) 
be. right Angles. Therefore G A Which is perpendicu- 


* a che Plan EF, will alſo be perpendicular to 
u BC (5.2 Thelr thu AP 25 BE, EF, 7 


r QED 


PROD. XVI. Theorem. 


"Plain (E H FG) cutting parallel Plains 
(AB, D) makes the Settions in them 
ere, parallel, 


af La AE 


1. 
1 , Wan ſeeing the whole Lines Ra 1, P. 1 be 


n Which is ablurd , and contrary to Defir. 8. 
(by neger | | | 


* 
17 * 3 6 4 #11 7% * 5 - \ 


. (AN) v Lak) $5. | . PROP. 


night 


EEE 2 . een n 
Us EA nt e 
n 8 5 g 22 1 
7 b V7 E * * 
* 0 5 4 2 
* t . 
* e 
Rl 25 
. N 
n 


Lib. NI. EUCLip's Elements. 149 


PROP. XVII Theorem. 


Avallel Plains cut right Lines (BD and GH) . : 
proportionally, _ 


a 2 
| the right Lines BH, GD be drawn in the Plains 7 
N ind likewiſe let BG be drawn meeting the | 5 
S jn F, and let FC, FI he join d. The Plain g 
Frag. © Prian e BGD cutting parallel Plains, makes the 
, DG, parallel (by the 


fe 80 h to CD as BF (e) w FG. abs, rhe [c] Por +. 
Triangle B HG cutting parallel Plains makes rhe $eti- 
35271 g) BH, FI parallel. Therefore 

T is to IG as (J BF to FG; bs, (66.1 have [20 + 
already ſhew'd.) as BC is to CD. 2 K D. 


3525785 foregoing 2 There 4 


PROP. XVHI. Theorem. 


Far Kb. Line (FE) be perpendicular to @ Fu. 2 
Plain 4 B) ; all the Plains which are draws © 
22 it are perpendicular to tbe ſame Plain 
(4) 
Let the Plain G © be drawn Un 
ED che common Section with A By an 
HE be drawn in the Plain GC, + 2 2 to the 
5 common Seftion CD. Now ſecing by the Canſtruftion 
HK is. perpendicular to the ſame common Section to 
which FE is porpeadionlar by the tiyaarinly, KH and 
FE muſt be — (by 29. J. 1.) Theretore HK is 
allo perpeadicular to the Plain AB ( per 8, l. 11. 


Theretare the Plain 60 is een to the Plain 
AB (per Defin. 4 & 11.) 


PROP. XIX. Theorem, 


F two Plaine (M F, GD) cutting each other Fig. 6. 
I br both perpendicular to the fine Plain ay A ; 
ber 


their common Section alſo will be perpendicular to 


that Plain (AB). 
For ſecing by the Hy is the Plain MF is per- 
pendicular ro-rhe Plain AB; it is manifeſt by Definition 
4. that there may be drawn in the Plain MF from the 
Point L a perpendicular to the Plain AB. Again, by 


* 
4 
A 
17 
j 
i 


| the Hy potheſis G D is perpendicular to that Plain A B, 

1 and — there may be alſo drawn in the Plain G D 
1 from the Point L a perpendicular to the Plain A B. But 

4: "from the Point L (a) there can be eretted only one Per- 

1 7 Per 13. pendicular to the fame Plain A B. Therefore the per- 
1 11. 


pendicular to the Plain A B, which is drawn from the 

eint L, muſt be found in both the Plains MF and G 
D, and conſequently LK, the common Section of thoſe 
5 ; two Plains MF ud GD, is perpendicular to the Plain 
AB E D. | 1 


— 


F ²— oo. 7,0 
* * 
- 


— En 


"PROP. XX. Theorem. 
F a ſolid Angle (A) i contain d under three 


- 


plain Angles (BAC, CAD, DAB); any two 
- theſe i greater than the third, | 


If the three Angles be equal, the Aſſertion is manifeſt 

at firſt Sight; and it is as certain, if they be unequal. 

For let BAD be the greateſt; and from BAD cut off 

f BAE equal to BAC, and make the Line AC equal 

TER to AE. And through E let there be drawn a right 

* Line meeting A B and AD in B and D, and let BC, 

DC be join d. Becauſe (by the Conſtruction)the Angles 

| BAE, BAC are equal, as likewiſe the Sides B A, A E, 

FF equa] co the Sides BA, AC, the Baſes alſo BE, BC, 

1 [b] Per 4. will be equal (6). And becauſe BC, CD (<c) are 

| 0) Per 10. greater than BD, the Equals BE, BC, being ta- 

; I. ken away , there remains CD greater than ED. 

1 25. But the Sides E A, AD, are ( by the Conſtruction) e- 

dns qual to the Sides CA, AD. Therefore the Angle (d) 

CAD is greater than the Angle E AD, Seeing there- 

tore the Angle BAC is cqual by the Conſtruction to 

the Angle B A E; thoſe two Angles together B Ac, 
CAD axe greater than the whole BAD. 2. E. D. 


© 4 
»% * v 


F · 27. 
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P R OP. XXI. Theorem 
U Plain Angles conſtituting any ſolid Angle Fig. 28. 
hat ſoe ver are leſs: than four right onel. 
Let A be a ſolid Angie; let che righe Lines B C, CD, 


DE, EF, F B, be ſubtended to the plain Angles which 
make up the ſolid one, fo that thoſe right Lines be all in 


one Plain. Which being done, there is conſtituted 2 5 85 3 55 
Pyramid, whoſe Baſe is che Polygon BC DEF; A is 5 


the Top, and it is contain d under ſo many Triangles G, 
H, 1, K, L, as there are plain Angles which compoſe the 
gle 


ſolid Angle A. And now becauſe the two Angles ABF, 
ABC, are (by the foregoing) greater than the third - -.. 5 
FBC; and the two ACE, AC P, are greater than the = 


G, H, I, K, L, about the Baſe, as taken together, are 5 
greater than all the Angles of the Baſe B, C, D, E, F, Et, 
taken together. But the Angles of the "Baſe together ; ? 
with four right ones, make twice ſo many right 2 

(by Theorem 2. hol. aſter 32. J. 1.) 28 there are Sides, 
or, which is the ſame, as there are Triangles. There- 
fore all the Angles af the Triangles about the Baſe, to- 
gether with tour right ones, make more than twice fo 
many right Angles, as there are Triangles. Bur' the 
ſame Angles about the Baſe, together with the Angles | 
that compoſe the Solid, make up (a) twice ſo many (a) Fer 38. 
right Angles as are the Triangles. It is manifeſt there-“ *+ 
fore that the Angles which compoſe the ſolid Angle A 

are lefs than tour right ones. Q. E. D. l 
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Rom this and the foregoing it is obvious to collect, 
that a ſolid Angle may be compos d - of any three 
plain Angles, which are leſs than four right ones, I fo be 
that any two ot chem be greater than the other, 
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4491 dz vn 10 _ bilo! rn 20% 

Feen chis Propoſition is demonſtrated chat famous 
* *Thevrem, That only chrer regulät and equal plain 


Figures ein cantzin 2 ody; 70 wit, kquilsterzl Trian- 
les, either 4, or 8, or 20. 7 * era Penta- 
ſons; And conſequently chat there ate only five regular 
ies. "A Pyramid which is contain d under 4; 20 O- 
Rzedrum which js comprehended by 8. And an Icoſie- 
drum, which is baunded by 20 equilateral Triangles. A 
Cube which is contain d under 6 Squares; and the Do- 
decaegram under 12 regular and equal Pentagons. Now 
4 Body is called Regular which is comprekended under 
a; ork; equal Plains. e eee f 
1 3 A ſolid Angle eannet be compos d of only 
# ewo equilateral" Triangles ; rhree ac leaſt ate requir'd, 
Of chiree cquilareral Triangles meeting in Poine, 
may be conſticured che ſolid Angle of a Pyramid; 
[| fon, the folid Angle of an Octaed rum; of five, the 
1 folid Angle of un Teofiedrum : Forafmuch as both 3, 4, 
| s Angles of an equilareral Triangle, are lefs than 4 
t ones, 26 is gathered from Corel, 12. op. 32. J. 1. 
| And of a regular Pentagon ( as 
| is gathered from Corof. prop. 11. J. 4. ] are leſs than four 
| right ones, chree pentagons meeting in one Point will con- 
| 


— 


— ů ů » 


=. 
7 I—_ 


8  —_ 2090 „ 


Airuce u ſolid! Angle ; chat of the Dodecaedrum. 
That of three Squares meering in one Point, may be 


| compes'd che (ol1d Angle of a Cube, is maniteſt of it 
Fit. And thus there arife five regular Bod ies. 
1 But chat chere are no more than theſe five is thus 
1 | proved. n | 
= Six Angles: of an equilateral Triangle make juſt four 
.- 1.» , Fight;ones. For one is two Thirds of one right one; 
And therefore fix ſuch wil! make (by Coroll. 12. prop. 32. 
4,1,), twelve Thirds of one right age, chat is, four right 
nes, And cherefore of ſix eq̃uilstetal Triangles a ſolid 
Angie cannor be compos'd ; much leſs of more. 
+. Thar of four Squares 4 ſolid Angle cannot be made, 
much leſs of more, is manifeſt in it ſeif. 
Four Angics of 2 2 pentagon are greater than 4 
or(byCoroll, prop. 1 1 Lg. each of them niakes 


Fight ones. , ; 
. K e one right one. Therefore a {ad Angle 
2 +. * 7 can» 
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e ſich Pentxgotis; much leſß of 


Nor can a ſolid Angle be compos'd of any other regu- 
agon (by Corll, 2. prop, 1.5. J. 4. ) ate equal d War 
right ones. For one makes four Thirds of one, right 
one; and therefore three make twWelye Thirds of ode, 
that is, Wur ettire tight ones. Therefore of chree Hex- 
agons 2 ſolid Angle cannot be made up; much leſs bf 
But ſeeing flirce Arigles of a regular Hexagon. are e- 


qual to four right ones, three Angles of any dther Fi- 
gures whatever greatet chan an Hexagon, as of an Hep» 


kagon, Oftagdn, Ct. will de greater than four right ones. 


| i 1 
gures are all incapable oſ com a ſolid A an 
conſequently that chere can be nd reg Pod beide, 
the five foregoing. _—— ele 
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and ſcarce at any time come into Le. 


Pp R O p. XXIV. Theorem. 1 


HE Plains which contain 4 Parallelepiped Fit: ** 
rere (r.) Parall. s. (2.) The oppoſe 
ones are equal. (3.) The Plains are equal. 
Fite I. The Plain AF cutting the Pins B D, FH, 
which hy Defmn. ry. are parallel, makes (4) the'SeMotis (a) Per 16. 
BA, F E, parallel. Again, Plain A F cutting the 
Plains A 1% G, _ by _ — —_—_ * pa- 
rallel, (b ame) makes a 
rae Oerelort Pa EY is a N N By he 
lke Afgumen the reſt of the Plains of the Faralſelepi- 


ped may be prov's to be Paralic 0 
ay Wt. . it is Bae Ken e firſt Fart, 


that A B, E C, are parallel co EF, FG, the 5 
ABC, EFG, muſt be e Telly * 


Gepe ” Wherefore" Ter . 
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EuGcLild's Elements, Lib. XR 
che alternate Sides alſo are equal, the oppoſite Parallelo- 


gms Þ BD, FH, are like or ſimilar. And the ſame of 
reſt. 


Part III. [This maniet (rom whe bon Pare, ant 
Ger he Page ook: 


* R 0 p. XN W 


whatever be cut by a Plain (NP) that is 


parallel to the o Tr Sides; there will be this 
Proportion, at t 


(OPFE) ſo is the 25 (GP) to the ſolid (NF.) 
This is demonſtrated in the fame manner as p. 1. J. 6. 


Coroll, 


Priſm cur by a plain Parallel to the b--o Plai 
ö A COT eee GER e ©o the oppoſite 


PROP. XXVI, XXVIL 
A R E not . 


2 R O P. XXVII. Thegteni 


Fig. 29. Plain paſſmg: through the Diameters of 
A Plains (AC, EG) ents the Paralle 2 


7 into 129 equal Priſm,” 
p oO FS, B E, are Patalle ms; CG. A 
A 50 quot from the fame BF. gras; eg (> E, 
G) Per 5 ate affo parallel betwirt themſelves , and conſequently 


ee Therefore the right Lines AC, EG, 


9 Per 3. de (c) in one Plain. But how that a Plain drawn thro' 


11. them d e 22 eg 


* 
8 
u 


Te a Parallelopiped (6G FDI) or any Priſm c 


e Baſe ( (DCP0) is to the Baſe 
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is thus ſnewd. Let the Priſm AE GC Df be under- 

ſtood to be ſo conſtituted upon its Plain EAC G, chat 

the Angles D, H, bend towards the Angles B, F. It is 

manifeſt chat it will yet de bet wirt the parallel Plains 

BA DC, FEHG. But then D muſt needs fall upon B, 

and H upon F. For, let D fall without B, if it may 

be, and in N. The Angle BAC (4) is equal tg the An- (d) Per 27. 
gle DCA. But DCA is equal to NAC ( for it is 4. 1. 

one and the ſame Angle). Therefore BAC and NAC t v? 
are qual: Which is abſurd, Therefore D falls upon 
B; and for the ſame Cauſe H 755 F. Therefore. the 

Priſm A EG CD H «coincides with the Priſm AC GEF, 

aud conſequently they are equal (by Axiom. 7.) 


* 


PROP. XXIX, XXX. Theorems. 


HE Paralleldpipeds ( FEAGKIMC ) and N- J. 
 FERBHLOMT) which bave the ſame Baſe 
(EFIM) and the ſame Altitude, and conſequent! 
exit betnveen parallel Plains(E FI) an, AOL 
are equal. TINO ee, TO RY 
For they either exiſt betwixt the lateral parallel Plains 
EAOM and FGLI, or not. Let the firſt be ſuppos d. From 
the 24th of this, and the 8th of the firſt Book, It is 
manifeſt that the Triangles AEB, CMo; likewiſe 
GF H, KIL, are equilateral and equiangular to each o- 
ther. Wherefore, as in the foregoing , I might ſhew 
that the Priſms CMOLIK, AE BHEFG, being laid 
upon each other will coincide, and conſequently are e- 
qual. Wherefore the common ſolid FE BHK CM 
being added, the whole Parallelopipeds FEAGKINE 
and FEBHLOMI zre equal. . E. DP 0 

Then let the —— FX QEMIR not exiſt 
betwixt the ſame lateral parallel Plains with the Paralle- 
lopi FE EAGRCMIL. Here, becauſe by the Hy yo 
theſis, & K, AC, RP, QX, are in one Plain, which is 


5 
2 
= 
1 
7 
_ 
7 
5 7 
"fed 
F 
_ 
5 
n 
» 4 * 
» 
r 
2 
SJ 


EE ILY s ws 1 
n 
FR 5 Fn TRL "1 
25.3 
T 
a= 1 A 
HER 


IS = 
1 


3 
ge; Fc N 


. 
5 EACH Pr hp Ot bo. 
n 


parallel to the Baſe E FIM; let RP, QX, cut GK in 85 
L and , and A C in O and B; and let EB, MQ., 6 Dm 
FH, IL, be join d. It is eaſy now to ſhew that the 3 1 
Plains containing the Solid F E BH LO MI are Parglte- : 2 
lograms, the oppoſite ones of which are equi at, 


Ebct 1. Blonients, Lib. Xt. 
——— (dyDefh. 13. ee 


lopiped. But to this by 4 
ea £3 1 ind FEAGREMI, Wt 
be they ute as ehen de 


twixt themſelves. 1 


 Corolliry. 


f Propoſition is hke to the 34th of the firſt Bock; . 


for it affirms concerning Solids, What that doth 
-wuchirg Plains. Wherefore the Demonſtration of the 
reſt of the Caſes will be like alſo. 


PROP. XXXI. Theorem. 


Arallel 5 al Baſes (AO and EG) 
E — f e 58 equal, 


Firſt, ler the Patallelopipeds have their Sides pery 
dicular to the Baſes. Unto the fide F G —— — 
there be made a Parallelogram G M RK H equal and li 
to the Parallelogram A O; and the Paralle GM 
PR being perietted, ley ahe right Lines PM, RG meet 
KH in & and I. And gow let Parallelopipeds be un- 
derſtood to be conſtiruxed upon GK, GQ, GP, whoſe 
Sides are perpendicular to the Baſes, and 8 is their 
common sende. The Solid EG $ i to the Solid 
GPS, as EG (er. 23. J. 11.) is to GP; chat is, (be- 
cauſe EG, A 0, are equal the Hypotheſis), as A0 
w GP, chat is, by the in, 2 GK to GP; 
thatis, GY i 60 GP (per 35.4 1.); chat is, as che 
Solid GQS is to the ſanie Solid GPS, (por a6. k 11.) 
Becauſe tlierefdte the Solids ER GS and GQS have the 
ſame Proportion to the Solid GP S, the 7 Hos will 
be equal to the Solid G As; that heb G K 

e 2 


S (per 29.4. 11.) that is, s, ( bebduſe the A0, 
2 and like to the Solid & 
O8, as it appears ee — it ſelf, 


Which was the thi propos d. Now, eht ee 
ſoning, he S6lids ing rd to be right or perpendicu- 
lar ones. 1 I 

a x Then 
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Then let the given Pardlleſopipeds-E:G'S;*A OS: have 
their Sides at tlie Haſes E G, A0, oblique. Let there 
new be made upch E G, A O, Paralldopipeds , haſe 
Sides are perpendicular to the Ba ſes in the heighth Sg 
theſe will be equal to the oblique ones hy agth or zoth.. 
-Wherefore ſeeing by the firſt Part right Parallelopipeds 
are equal berwixt themſelves ; the oblique ones will be 
equal ixt chemſelves likewiſe. Q. E. D. 5 


bp R O p. XXXII. Theorem, 


ALL Parallelopipeds' anbatever of equal F. 3% 
Heighth, are betwixt themſelves as their 
Baſes, f 
Let GO and A be the Baſes, Upon CO make the 
Parallelogram OE equal to A. | 1 | 
Upon BC, OE, let Parallelopipeds be underſtood to 
be erected in the Altitude K; theſe thereſore will be 
Parts of one Parallelopiped BE RK. Therefore the Paral- 
-letopiped O E R, is to the Parallelopiped B CR, as the 
Baſe O E, to the Baſe BC (per 25. . 110; that is by 
the Conſtruction, as the Baſe A is to the Baſe BC. Bur 
becauſe the Baſes OE and A, are equal, the Parallelo—-— 
pipeds O E K aud AK are equal ( by the foregoing) | 
Therefore alſo the Parallelopiped A K is to the Parallelo» 
wo BCK, as che Baſe A is to the Baſe B C. . 
Ns 


WF... LS Scholium, 


1 AT which hath here been ſhew'd- of. Parallelopi- 
| peds, will be demonſtrated in the Twelfth Book of 
Pyramids; Prop. 6; Ot all Priſms whatever, iu Carol. 1 
after Prop. 9; Ot Cones and Cylinders, Prop. 11. | 


+ 


9 


pROP. XXXII. Theorem. 
E. 2 


4 triplicate Proportion of their homolagams 
"Sides (AB, BC). L Let 


| 158  Everry's Hennen. Lib. XL 
f Let the. Parallelepipeds A H, CM, be like. There- 
| | fore all their Plains (by Def. 9. J. 11.) are like; _ 
a | Conſequently AB (by. Defin. 1. I. C.) 1K to BC, as K 
| © BO; and as F B is to BG, ſo is EB to B G. More | 
| ver the r che Plains are alſo equal (by the ſame)- 4 
retore Jer the Solids A H, CM, be fo plac d, chat 
| equal Angles CBO, ABE, may de oppoſue, and | 

4 

c 


the S des AB; CR, may lye 10 as to make one ft 
Line; and chen E B. OB will alſo lye fo as to make 
| | one ſtra ght Line. Now let Solids be 1magit'd to be con- 
' ſtituted upon che Plains B Q and E C, in ſuch fort that | 
Ul | the Solids K B, HA, may be one Parallclopiped, and i 
#£ 2 KB, PO, may make one Parallclopiped, and PO, | 
| CM, may make ane Parallelopiped likewiſe., The 2 
Solid HA is to the Solid K B (per 25. J. 11.) as A E to | 


| BR; that is, (per 1. . 5.) as A B to BC; that is, (as y 
| 1 ſhew'd above by the Hyporheſis,) as EB is co BO; , 
| that is, (by the ſame) as EC is co BY; that R, (ver 0 
| 25. {.11.)as the ſame Solid K B is to the Solid P Q. There- 
bs | fore the three Solids HA, K B, Po, continue the ſame 
1 Proportion. But now the Solid K B is to the Salid PO 
43 | {ye fame) as the Baſe BR is to the Baſe PQ; thar 
i 8, (Fer 1. L 6.) as EB is © BO; chat is, 48 Fig 
„ to B, as it was ſhewd above by the Hyporhefis ; chat 
'4 +, (by the ſame) as the Plain F C is to the Plain BS; 
NI. chat is, (per 25. 4. 11.) as the ſame Solid PO again is to 
1 7 Solid CM. Therefore the four Solids, HA, KB, 
i o, CM, are continually proportional. Therefore (by 
4 Def. 10. J. 5.) the Proportion of the firſt H A 0 the 
it | fourth CM is triplicate of the Proportion of the firſt 
| HA to the ſecond KB; that is, triplicate to the Pro- 
portion (per 25. l. 110 of AE to BR; that is, tripli- 
Cate (per 1.4. 6,) to the Proportion of the homologous 
Sides, AB to BC. A E. D. # 
"{ Coroll.' (f.) Henee If there be four right Liner continu- 
" ally Proportional ; as is the firft to the faurth, fo if Furulle- 
\ lepiped Zefcyib'd upon the fit, to a Parallelepiped the, an 
in [ike manner deſcrib'd upon the ſecond. 5 
Ia.) Upon this alſo depends that moft famous Froblem concern- 
ine dowbling the Cube ; of which afterwards. hf. i 8. J. 12. 
3.) Hence alſo is to be corretted the Error of thoſe, who 
ad 75 that the Proportion of lite Solids i the ſame as i that 
of their Sides. For the Cube of M Line which is double ta a- 
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N Let there be any two Quantities in the triplicate” Pro- 
75 Cube is to BC R 


Hen (that , the Baſe AM & to the Baſe FR, ar 


LI, 


EUCL D's Elements, 


And the Cube of A Line, which is treble to another Line, is 
pt only treble to the other Cube, but contains it 27 Thmes. 
$2:4:3% + 1 ; 27 and the ſame 

ng is to te ſaid of all lite Bodies what oever ; af will aps 

1 * 


pear afterwards, 


Hence the triplicate Proportion of any © Quantitie 
Dok ts ths Proportion of 7 — the ſume 2 


the Quantities A 1 


BC; r alſo ze a 


A L. # 
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. ps Scholiam, 


HAT which hath here been ſhew'd of Para 
will be demonſtrated Book 12. Of Pyramids 
1 Of all Priſms whatſoever, Coroll. 2. Prop. 9. Ot 


Coles and Cylinders, Prop. 12, Of Spheres, Prop. 18. 


PROP. XXXIV. Theorem. 


F 


1 F the Parallelepipeds (BM, CK) be equal, 


their Baſes and Alticudes am Tegiprogatly propor- 


eciprecally the Heighth FC i to the Heighth A 
ng * Po be reciprocally proportional : 


Baſes.ond Alt zudes are equal. 


"Pan. L. Fh ler che Sides be perverdichlie tb the 
. If now the Altitudes of che Solids BM, CA be 


the ching is manifeſt. 
If the Akitudcs be unequal, from the greater F g 
off FE equal to BA: and through E draw the Plain 


EL. parallel to FK. The Baſe A M is to che Baſe . 
(per 25. J. 11.) 8 the Solid BM is to the Solid ER 
— is, 1 by the Hy potheſis the Solids B M, CR 
—— av y . by 8 Solid Go 225 
45 15 $9 t is, der 1. 

FI i 775 EE, chat is, by che Cuff ce 
0 

Then jepe Ales be obligu wo the Billy Let N 
ee be erected * che ſame Bales In Se 
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EvcL iD Elements, IIb. XI. 


fame Heighth. The oblique Parallelopideds will be equal 


to theſe. Wherefore ſeeing theſe by the firſt Part have 
their Baſes and Altitudes reciprocal , thoſe alſo will 
be likewiſe. 2. E. D. | . 
Ihen let the Sides be oblique to the Baſes. Let right 


parallelopipeds be erected upon the ſame Baſes in the 


ſame Heighth. The oblique Parellelopipeds will(per. 29. 
and 30, l. I I. ) be equal to theſe; wheretore ſeeing theſe by 


the firſt Part have their Baſes and Altitudes reciprocal 


thoſe alſo ſhall be ſo likewiſe. N. E. D. 

Part II. Let the Altitudes be unequal, and the Sides 
perpendicular to the Baſes ; And from the greater C F 
take E F equal to A B. The Solid BM is to the Solid 

E K, (per 32. I 11) as AM is to F K; that is by the 
Hy pot eſis as C F is to AB; that is, by the Conſtru- 
ction, as CF is to EF; that is, as CG is to () EG; 
t hat is, (g) as the Solid CK is to the ſame Solid EK 
Therefore the Solids BM and C K have the ſame Pro- 
portion to EK. Therefore they are equal. Q. E. D. 


; Corollaries, 2 ©; 
6 f 6 | 
I HAT Affections have been demonſtrated of pa- 
* rallelopipeds, Prop. 29, 30, 31, 32, 33, 34, do 


_ alſo agree to triangular Priſms, which are the Halves of 
. As is manifeſted from Prop. 28. There- 

ORE: | ae 
1. The triangular Priſms, which are of equal Heighth, 


are as their Baſes, A, B. 


2. If they be like, their Proportion is triplicate to the 
Fropbrtion bf the Sides,” oppoſite to equal Angles, © * 

3. H they be equal, they reciprocate their Baſes and 
Altitudes; and if rhey reciprocate their Baſes and Al- 


kitudes they are equal. 
£41 if « #3 «+4F) 57 Ml : 


REESE Scholium, 


; W HAT hath here in Prop, 34. been ſhew'd of Pa- 
* V*Y-- rallelopipeds, will be demonſtrated in the 12th 
Book of Pyramids, Prop. 9 ; Of all Priſms whatſoever, 

— 3+ after Prop, 9; Ot Cones and Cylinders., Prop. 

_ * Ai f * a4 #5 9% %% : Saf 
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110 PRO. XXXV. n 
bt 18 very long, and ſubſer vient to the following 
he Propoſition, which we will demon rate without 
» it. "es . of OY 
* PROP. XXXVI. Theorem. - 
les 


. of Parallelopiped (D H) made of three. pro- Fig. 38. 
— portional Right Lines (A, B, C,) & equal to 
| a Parallelopiped (IN), which à made of the 


4 Mean (B), and 1 equiangular to the former. 
L K LOGS Ter 2 | 
. let the Baſe FD of the Parallelopiped DH have 
N the Side E F equal to A, and the other Side E D equal 
to C: And the Side EG which ſtands upon the Bale e- 
qual to B. Thus the Parallelopiped D H will be made 
5 of the hree right Lines, A, B, C. Then let the Three 
a Sides, LX, IX, X M, ( and conſequently all the — 
pa- of the Parallelopiped IN be equal to the middle Line 
do B: And the ſolid Angle X equal to the ſolid Angle E 
of the Parallelopiped IN will be made of the Mean B, and 
re- be equiangular to the former. I ſay alſo that it is equal. 
. For ſeeing by the Hypotheſis and the Conſtructian as 
th FE is to LX, ſo reciprocally IX is to DE, the Baſes 
" 5 alb g my E wm be equal. Now becauſe the \folic ; * 14. 
* - Anglesat E an are equal; if they be put within 7 5 
* — they will . and ban of the ro f 2 ; 
ind Equality jof the right Lines, E G, X M, the Points M 
Al- and G, will coincide... Wherefore boch the Solids will 
| have one perpenaicular Altitude; to wit, the right Line 
which, is let fall from che Points M, G, (now become »p,,.. 1... 
one) unto the Plain of the Baſe. The Solids theretre 
DH, IN * are equal. Q. E. D. , 
Pa- | ab x 44H 
2th Scholium. 
ver 22s TE rod X N. Oo . 
op. | W E will further obſerve what is of great Uſe, that of 
| ' three Lines drawn into or multiplied one by another 
p. 2 L 3 aſte 
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Evcrrd's Elements, Lib. XI. 
ter what manner ſoever, à Solid of the ſame Magnitude 
is produc'd. „ 

ABC. CAB. BCA. 
Wb aw. + = I. 2. 1 . —— 
la the preſent Scheme the tu eff Lewers defign the 
Baſe ; che third che Altitude. Let us compare the firſt 
with the ſecond. | 1 
The Baſe A B is to the Baſe C A, per 1. J. 6. as the 
Side B is to the Side C; that is, reciprocally as che 
Heighth B is to the Heighth C. Theretore by 9. 34, 
ABC, is equal to CAB, 


In the ſame manner it 2 ſhew'd that the firſt is 
equal to the third, and rhe third to the ſecond. 


P R O p. xxXXVI. Theorem 


Aawilelopepids which are like, and deſcribd 7 

the like manner by proportional right Lines , 

will themſelves alſo be proportional ; and con- 

This is manifeſt of is fel, For the Proportions. of 

Parallelopepids by the 330 of this Book 3 
1 


to thoſe Proportions which by the Hy pocheſis are equal 
which the Lines have betwixt themſelves. 4 


The Converſe is manifeſt of it ſelt alia 
The Propofition is true of all ſorts of like Bodies, 
which will appear from Book the 1 ath to have betwixt 
themſelves a Proportion triplicate o that which che 
Sides have, 


PR OP. XKXVIN, XXXIX. 


* 2 ESE contain notbing yemarkable , and 
are ſcarce of any Uſe. 


PROP. XI. 


T HIS = of ſmall Uſe, and indeed no other 
than the 28th Propoſition in another V * 


N -w 


Lib. XI. EvuCLiD's Elements. 
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Rom what hath hitherto been demonſtrated we have 
tte Dimenſion of triangular Priſms, and of quadran- 
gularor parallelopepids; co wit, if che Altitude be 
multi plied into the Baſe. As it the Altitude be of 10 


Feet, and the Baſe of a 100 ſquare Feet (no the Baſe 


is meaſured by Schol. p. 36, or 41. I. 1.) multiply o by- 
100 there will ariſe 1000 cubick Feet for the Solidiry of 
the given Prim. | a: ; 
The Demonſtration is eaſy. For like as a Rectangle 
ariſech from the Mulciplication of one Side by another, 
ſo a right Parallelopiped is produc'd from the Heighth 
drawn into the Thereiore every Parallelopiped is 
— ee fr m the e — = che Baſe, 
ceing 1. L 11. it is equal ta a right Parallelopi 
confided the ſame Baſe with Ge fame Heigte > 


Then ſeeing the whole Parallelopiped is produc'd rom 
the Heighth into the whole Baſe ; the hall. of the Paral- 
lelopiped (that is, a Triangular Priſm by 28. J. 11.) will 
be produc'd from the Altitude multiplied by half the 


Bale; te Wit, the Triangle IL K. 
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| BOOK XII. | 


With Us the E Te HT H. Ole 


—— 


* £4 _ 


HAT inthe foregoing Books we have en- 
deavourcd to perlorm; namely, To bring 
the Elements of the Mathemaricks into a 
| more» caſy and brief Method; will be to 
| be endeavour'd in this Twelfth Book eſpecially ; the Do- 
| . ctrine whereof is moſt neceſſary, but the Pemonſtrati- 
i ons are ſo prolix, that they commonly make Beginners 
| almoſt to deſpair. We have ſo propos d to our ſelves to 
i ' remedy this Evil, that in the mean while we will not de- 
part trom the Rigor of Geometrical Demonſtration. 
[ | Which Thing whether or no we have attain d, the Reader 
1 will underſtand, if he ſhall compare this of ours with 
1 Euclid s Prolixity. 


— —ↄArwiU] — — 
m—— . » 
I" en 


| | NOW after Euclid had in the former Book declared the 
Fi Elements of Solids, and defined the Meaſures of the moſt 
3: . eaſy Bodies, tho'e, namely, which are terminated with plain 
| * Surfaces ; In this Twelfth Book be conſiders Bodies bounded 
with curve Surfaces ; to wit, Cylinders, Cones, and Spheres , 
compares them betwixt themſelv2s ; and defines their Mea- 
ſures, This Book is indeed moſt profitable, becauſe it contains 
thoſe Principles, on which the chief Maſters of Geometry, 
and eſpecially Archimedes , have built fo many Famous De- 
monſtrations, concerning the Cylinder, Cone, and Sphere. 
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+ | Ub. XII,. Euciiv's Elements; 


"DEFINITIONS , 


. 4 


2 1. A Pyramid is a Solid. (Z L) comprehended under, T. 1. l. 13. 
ST Triangles (ALC, CLF, FLB, BLA)plac'd 
from-one Plain (2) to one Point (777. 
The Plain Z is call'd the Baſe, and may be either a 
| Triangle or Quadrangle, or any other Figure; from 
each of rhe Sides whereof there ariſe Triangles meeting +2 1 
together in the Point L, which is calld the Vertex or 
Top. 4. 
As the Triangle amongſt rectilineal plain Figures, ſo 
the Pyramid amongſt ſolid ones is the firſt and moſt ſim- 
"I Pl 
5 7 If without the Plain of ſome Circle (C I) there rig. a, 3s © 
ſhall be taken the Point (A), and from it be drawn the 
infinite Tight Line (AF) touching the Circle in C; and 
y this Line, the Point (A) remaining fix'd, be turn'd ahout 
g the Circumference of the Circle, until it returns thither 
1 from whence it began to be moved; the Sur face deſcrib'd 
, by the right Line (ACF) is term'd a conical Surface, 
and the Body which 1s contain'd under this Surface, and - 
” the Circle (CL) is call'd a Cone. TY . RE 
$ The Vertex of the Cone is (A). | "7 A 
4 The Circle (C L) is the Baſe of the Cone. . 
The right Line (A E) drawn from the Vertex to the 
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. Center of the Baſe is the Axis of the py , 
* The Side of the Cone is the right Line (A C) drawn : 
1 from the Vertex to the Circumference of the Baſe, N 
Which that it is wholly in the Surface of the Cone EE 

is manifeſt trom the production of che Figure. 1 

A right * Cone is when the Axis (AB) is per pendicu- Fig. 3. 1 

1 lar to the Baſe. enen 9 
t A ſcalene + or oblique Cone, is when the Axis (A B) f Fig. 4+ 85 
7 is not perpendicular to the Baſe. | 1 
4 A xright Cone is alſo made by a right-angled Triangle 5 
3 CBA) turn'd round about one ot the Ret perigicalzr 8 
4. ides (A B). See Fig. 2. nenen 5 
by 3. It an infinite right Line (CO F) be turn'd about Fig. 4, f. 2 
Q two Circles (CL, OC) ps and parallel, untill it re- 5 
8 turns to that Place from whence it began to be mov d, A 


and remains always, whilſt it is mov d, parallel to ir ſelf, 
he Surface deſcrib d by the right Line (C OF) is called 
” R 1 
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aCylindricalSurface ; and the Body which is contain'd un- 
— this Surface, and the two Circles is cell'd a Cylin- 
err 77 | | . 2 | T0 
The Baſes of the Cylinder are the Circles (CL, Oo) 
ee .yi3 2 right Line 4 B) which connects the Centers of the » 
ſes is called che Axis. The right Line (OC) in the 
Surface of the Cylinder, touching both the Baſes, is 
called a Side of rhe Cylinder. of | 
Fig · 4. Ee when the Axis 15 perpendicular to 


Fig. 5- A Scalene or oblique Cylinder, is when the Axis is not 
perpendicular to the Baſe. : 
A right Cylinder is alſo made by'a Rectangle (O C BA) 
turn d round about one Side (BA). See Fig. 4. 25 
Fig. 20, 1 4. Like Cones and Cylinders are thoſe, which have 
their Axes (AR, 2 O) and the Baſes of their Diameter: 
| (B-F, QR) proportional. | 
| 5. A Sphere is a Solid contain d under one Surface, 
| undo which Surface all the right Lines that are drawn 
4 from a certain Point within the Figure, are equal amongſt 
| themſelves. - That Point is call'd the Center. The Pla- 
| meter of rhe Sphere is a right Line drawn through the 
| Center. unto the Surface on Sides, : 
| Fe. 6e. ,ASphere is produced if a Semicircle be turn'd about 
| a Damier (AF) which remains in the mean while un- 
mov | 


6. ogy r into or g Loy fome 

Figure, wherher ter or leſſer than the Fi- 

| re, are then ſaid N the Figure, when they will 
at the laſt differ from it by a Quantity leſs than any gi- 

1 ven one whatſoever, or how ſmall ſoever. 

. Therefore if thoſe Magnitudes which are inſerib'd in- 

| to ſome Figure will at laſt fall ſhort of it by a Deficiency 
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eis than any given one whatſoever , the Magnirudes in- 
; iorib'd are fad 


— 


to end in the Figure; and it thoſe which | 
are circumſcrib d about ſome Figure, will at laſt exceed | 
ic by an exceſß leſs than any given one whatſoever, they | 
ſhall be faid ro End in the Figure, me. 
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THE Proportion of lil. Polygons inferiÞ4 ins; Fs 6. 
Circle, is duplicate to the Proportion of tha 
Diemerers (AF, ICT Abu e 3: To 2157 3 bole: 
Let en ary a Uh gry Becauſe the 
Polygons. are ſuppos d to, be like, the OBA, 
RL) will (per Nez. 1. L 6. be equal; an the Sides 
O B, BA, proportional to Sides RL, LI. There- 
fore in the Triangles O AB, RIL (per 6. I. 6.) the An- 
get O and R are equal. Therefore alſo BFA and 
CI which ſtand upon the ſame Arches BA, II, are | | 
. 21. L 3.) equal. But the Avgles BA, CLL in : ö 8 
Semicigcles are (N 31. J. 3.) right ones. Therefore the = 
other . Lins 9. fr. 33. . 1.) BAF, LIC, are '.=-' 
equal. ſn Any x: a bling FAB, CIL, 
are equiangular to ex, they are J. 6. ) live 8 
tar will be n AF IC. Now — „ 
the Hypotheſis the Polygons are like, their Froporti- y | \ 
on will be duplicate (p. 20. L. 6.) to the Proportion: of 2 
the Sides BA, LT; that is, as I have already'ſhew'd * I 


- 
— 
a 


duplicate to the Proportion of the Diamerers A F, IC, | 
N E. P. pt. | 55-166 6 858 5 


4 Circle r SENSES 
Secing it hath already been ſhew'd, that A B is 
LL as AF is % IC; OB Will alſo be to RL," AF 
to IC: And {9 of che reſt of the Sides. Therefore 
all che Sides together will be to all the Sicles to · 


gether; that is, one circumterence to another, as 
AF is to IC, Hit 


HE Circumferences of like Polygons nſeribe | PP | Z 
CORY * 7. : 


A Lemma, 
lygotis infcrib'd i Circle end in a Circle. Id. »; 
PA. Square, 8s A CBD. Sceing his 3s — 
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Fig. 6, 7. 
* — 2 


6. J. 12.) 


3 2 


EvcLiiD's Elements. Lib. XII. 
(per Schol. p. 6, and 7. J. 4.) of the Square which is cir- 


'cumſcrib'd, it will be greater than half of. the Circle. 


Wherefore if this be taken out of the Circle, there will 
be taken out- of it more than half. Then each Arch be- 


irg biſected in E, K, I. H, inſcribe an Octagon: And 


let FG touch the Circle in E, which FG let BC, 
DA meet in & and F; CF will be a Parallelogram, ot 
which ſeeing the Triangle CEA ( per 41. J. 1.) is half, 
this will be more than half of the Segment CE A. In 
the ſame manner each uf che Triangles AK D, D IB; 
Oc. is more than half each of the Segments. Therefore 
all the Triangles are more than half all che Segments. 
Therefore if you take theſe out of thoſe , that is, out of 
the Remainder of the Circle, more than halt will be 
taken away. In the ſame way of arguing if there be in- 
ſcrib'd in the Circle Polygons of Sides always double in 
Number; I can ſhew that there will always be taken 
out of the Remainder of the Circle more than half. 
Therefore the Remainder muſt at laſt be leſs than any 
wen one whatſoever ; and conſequently the inſcrib d 
olygons will ar laſt fall ſhort of a Circle by a Quantity 
Jets than any given one whatſoever ; that is, (per Defin. 
end in a Circle, F 


| * 


PROP. II. Theorem. 
HE Proportion of Circles is duplicate to the 
Proportion of their Diameter. 
The proportion of Polygons inſcrib'd in a Circle with- 
out End is (per 1. . wy duplicate to the Proportion of 
the Diameters. But Polygons (by the foregoing Lemma) 
inſcrib d in a Circle infinitely, at laſt end in the Circle, 
Therefore the Proportion of Circles is alſa duplicate ro 
dhe Proportion of che Diamet ers. | 
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to the Demon tration of the Fifth, which we ſhall 
demonſtrate much more eaſily without. them. 


Lemmata, or preparatory Propoſitions to Prop. V. 


Lemma I. 


F. two triangular Pyramids be cut with Plains (OS E, 
.&*RXT) parallel to the Baſes (ABC, IV), which 
fame Plains divide the Sides (CF, QI) proportionally 
in — and T) (OS E, RX Z) will be betwixt themſelves 
as the Baſes (AC B, IQ , 
Becauſe rhe parallel Plains OS E, ABC, are cut by 
the Plains BFC, AF B, AFC, the common Sections 
SE, BC, and OS,, AB, and OE, AC, will be 
(ber 16. /. 11.) parallel. Wherefore the Angles OSE, 
ABC, and SOE, BAC, and OES, AC B, two and 
two, are (per 10. . my equal. Wherefore the Secti- 
ons OS E, ABC, are like (per 4. J. 6.) In the ſame, 
manner I might ſhew that the Sections RX Z, I'VQ, 
are like. Therefore (per 19. J. 6.) the Proportion of 
the Section ABC, to the Section OS E is duplicate to 
the Proportion of the Side BC, to the Side S E; and. 
the Proportion of the Section IVQ to RX Z is dupli :e 
cate to the Proportion of VQ to XZ. But the Propor- f 
tions of BC to SE, and of VQ to X Z are the ſame 
(tor BC is to S E (by Coroll. 1. per 4. 4. 6.) as CE to 
EF; that is, by che Hypotheſis, as QL to ZL; that 
i, (by the lame Coroll.) as V to X 2). Therefore 
the Proportion of ABC to OS E is the lame with the 
Proportion of IVQ to RX Z. Q. E. F. * 
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Lemma II. 


P Riſms inſcrib'd infinitely in a Pyramid (Z CAF) Fig. 19. 
| * which hath a triangular Baſe, end in the lame Pyra- 
mid. . 

Let the Side of the Pyramid be divided into a certain 
Number of equal Parts A B, BG, G F, and through B 
- and G there being made the Sections G DN and BEP 
parallel to the Baſe; Z AC; let the triangular: Priſms 
BEPMAO ant GDNRBQ be underſtood oo 

; | cribd 


Fix. 11. 


FN Pyramids of the ſame 
which their Baſes (ADR, ES X) have. 


mid QP AR, A eech inferidd. imp the. Pyramid $7 


ſerib'd in the Pyramid. Theſe chen being N 
wirhout the Pyramid, let there be 1 — to be de- 


ſerib d about che Pyramid the Priſms CIBA, PX GB, 
NHFG. The Exceſſes of the circumſerib d Priſms a- 
bove the inſcribed ones tre the Solids IM. X K, HG, 
which taken together are equal to the Priſm CIBA: 
For HG (per 25. l. 11.) is equal to DB; and conſe- 
quently HG with X K are equal to PX GB, that is, 
the fame) to NMEB A. Therefare the three H G, 

k, 1M, are equal to the whole CIE A. But if AF 


de divided without Ead into more equal Parte, and con- 


ſequently the Number of Priſms be inſinitely increas'd, A 
B will become leſs than any given Line. Therefore as is 
manifeſt from p. 25. l. 24.) the Priſm CI B A will be- 
come leſs than any given one. Therefore the excels of 
che circumſcrib d Prifms, (and much more of the Pyra- 
mid ZCAF which = yr of the Priſms circumſcrib d 
about it) above rhe inſcribed Priſms will be leſs than any 

ven Priſm. Therefore che inſcrib'4 Priſms (by Defins 


12.) end x laſt ina Pyramid, &. E. D. 


R OP. v. Theorem. 


Heighth 
bange that Proportion betwixt rhemſebors 


* 4 


Let the equal Alcitudes of the Pyramids be repreſented 
by the Sie les AP, ET; which on both Sides let be di- 
vided into as many equal Parts as you will, but fo that 
they be 0if the ſame Number; and let there be made 
through t he Points of the Diviſions Sections parallel to 
the Baſes ; let triangular Priſms, of the ſame Number 


and the f ame Heighth be underſtood to be inſcrib'd in 


both Pyr. ds. And now becauſe rhe Priſms, LA, LE, 
are of the ſame Heighth, the Priſm LA will be to the 
Friſm 1E (by Coroll. 1. J. 34. . 11.) as che Baſe LOB 
is to the Buſe INK; that is, (by Lemma 1.) as che Baſe 
QRA is rothe Baſe SK E. In the ſame manner I night 
Dew thai; each of the rim  mfcrit*d into the Pyra- 
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EN ats the Baſe QAR is to the Baſe 8 EX. There 
fore all of them 8 are to all of them together 
as Baſe is to Baſe. Wherefore ſeeing they at laſt end 
(per Leni. 2.) in the Pyramids themſelves, the — 
themſelves alſo will be us their Baſes. N E B. 
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| kx: ry bade that Proportion betovint thens- 


Let their Baſes be reſolv'd into Triangles. A, B, C, E, 
O; and the whole Pyramids into triangular Pyramids. 
The Pyramid A X is to the Pyramid O Z (by the fore- 
Pointe as A 15 to O; and che Pyramid B X is to the 

yramid 0 Z as B is to O (by rhe lame). Therefore 
the Pyramids A X, BX, together (that is, the whole 
Pyramid AB X) are to the Pyramid O Z as A, B, to- 
gether are to O. By the ſame Argumentation the Pyra- 
mid AB X is to the Pyramid F Z (by the fore going) 
as A, B, are to F: And AB RX is to CZ as A, 
is ro C. Therefore AB X is to the three OZ, FZ, 
| 'Z together; chat is, to the whole Pyramid OF 
| R 2. 


R Dn I 


. 


| PROP. vn. Theorem 
| wy Prout 's the f Part "of e riffs 
1 5 F. which both the ſam Baſe and Haig. 


| Firſt, ler the criangular Pyramid BGAC have the Fig. 14 
EE fame Baſe and Heighth with the Priſm BACFEQ: 
Let BF, AQ, AF, be drawn. The Triangles BF C, 
| BFO are (per 34 J. 1.) equal. Therefore: the 'Pyra- 
mid BFCA, is equal to the Pyramid BOFA, For the 
| ſame Reaſon OE AF is equal to the Pyramid OB AF; 
| hat is, to the Pyramid BOF A, for they are the fame 
Vyranidy. Therefore B FCA, ant OEAF, are — 
g ; equal. 


| Fig. 15. 


Fig. 16. 


Fig. 1 7. 


2 * - — 
FIRE FC G * . dy 
E * REES DS - 1 Wo, A & I 
FITS» + <a * 21 r e * 
TR e 1898 „ ˙ VER CY 1 8 
rr A p We =o W 
n SH SY. n . k + SPP. nar 1 cw 
* 8 a. io Frog, Th. F TER 7X 23 } 1 Nr * 
I TO 
c IF, 3 n „ 
r — ER, 5 — * 1 4 
TK 3 8 ACE SS 5 


; 
[ 


Ever 1D's Elements. Lib. XII. 
equal. Therefore all three B FC A, OE AF, OBAF, 
or BO FA, are equal. Therefore the three together 
are triple of one BF CA. But thoſe three conſtitute 
the Priſm BAC FE O. That Priſm therefore is treble 
to the Pyramid BF CA; chat is, (per 5. I. 11.) to B 
GAC. Q. E. b. 

Then let any Pyramid whatſoever have the ſame Baſe 
and Heighth with the Priſm A E F H: the Lines BC, 


BO, BE, and NI, NG, NH, being drawn, reſolve. 
the Priſms into triangular Priſms , and the Pyramid into 


triangular Pyramids. Which being done the Demonſtra- 
tion is manifeſt from the firſt Part. For each Part of the 
Priſms will be treble of each Part of the Pyramids. And 
conſequently the whole Priſm will be treble to che whole 
Pyramid. Q. E. D. RE 


PR O P. VIII. Theorem. 


T HE Proportion of like Pyramids (OACB, 
K HIN) & triplicate to that which the ho- 


mologons Sides (AB, HN,) have to each o- 
tber. Be bh 


Firſt , let them be triangular : The Parallelograms 


AM and HQ being perfected, ſet upon them the pa- 


rallelopipeds AG, HL, in the Heighth of the Pyra- 
mids ; which, ſecing the Pyramids are like, will alfo 
(as appears from Dehn. 9. J. 11.) be like. Then let E E, 
RP, be drawn; and through E F, CB, as likewiſe 
through RP, IN, the Parallelopipeds will be cut ¶ per 


28. / 11.) into two equal Priſms; each of which will 


be treble to the Pyramids OACB, and K HIN ( by 
the fore going.) Therefore both together, that is, the 
whole Farallelopipeds A G, HL will be Sixfold of the 
Pyramids. _ Therctore the Pyramids are proportional to 
the Parallelopipeds. But (per 33. I. 11.) the Proporti- 
on of theſe cach to other 1s triplicate ro the Proportion 
of the Sides AB, HN. Therefore ſo likewiſe is the 
Proportion of the Pyramids. 
But if the like Pyramids ſhall be polygonal, let them 
be refoly'd into the triangular ones AR, BR, CR, and 


"OK, EK, FR. You may ſrom 20. and 5. /. S. and De- 


2 fin, 


mi A, © awd SY a ied ed # i. wot oo ew 


Lib. XII. Evuciip's Elemente. 
fin, 9. I. 11. poly ſhew chat AR is like to OK, and 


BR to EK, CR to FR. Therefore by the former 
Part, the Proportion of the Pyramids A R, OK, is tri- 
plicate to the Proport on of IM to P Z: And the Pro- 
portion of the Pyramids BR and E K is triplicate to 


the Proportlon of MX to SZ, that is, again by che 


Hypotheſis of IM to. PE; and the Proportion of the 
Pyramids CR, F K is triplicate do the Proportion of x 
Q-ro ST; that is, again of IM to PZ. Seeing there- 
fore the Proportion of each to each is triplicate to the 
Proportion of I'M to PZ, the Proportion alſo of all to 
all (chat is, che Proportion of the whole Pyramid A E 
CR-to the whole OE FK) will be triplicate to the 
Proportion of LN to F Z. Q E. D. | 


PRO P. IX. Theorem. 


E. Pyramids bave their Baſes and Altitude: 
reciprocally proportionable; and thoſe which 
bave them ſo, are Equal. 


Part I. Firſt let the Pyramids be triangular BAC O, 
K HNL: The Parallelograms BE, HR, being perteQed, 
upon theſe” ſer the parallelopipeds, BF, HP. Theſe 
will be (as was ſhew'd in the foregoing) Six fold of Py- 
ramids which are by the Hypotheſis equal, and conſe- 
quently will be equal betwixt themſelves. But now the 


Altitudes of theſe Parallelopipeds HK, BA, are the 


ſame with thoſe of the Pyramids; and the Baſes BE, 
HR, are double to (per 34. J. 11.) the pyramidal Baſes 
BCO, HNL, and confequently proportional to themp 
Seeing therefore by Reaſon of the Equality of the pa- 
rallelopipeds, as BE is to HR, fo (by the ſame) is re- 
ciprocally HK, to BA; it will alſo be that as the Bale 
BCO is to the Baſe H NL, fo reciprocally is the Alti- 
tude H K to the Altitude B A. &, E. D. 

But if the Pyramids have polygonal Baſes, let them be 
reduced into triangular ones, retaining the ſame Alti- 
tudes; and theſe will be equal to thoſe by che th. Bus 
the Pyramids chus reduced, have, as we have now de- 
monſtrated, their Baſes and Altitudes reciprocally pro- 


por tionable. Therefore the * polygonal i 
| allo 
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Fig. 18, 19. 


Eucr1d's Elements, Lib. XII. 


alſo have their Baſes and Altitudes reciprocally propor 
tional. Q. E. D. | A 

Part II. Becauſe it is now ſuppos'd, that BC O is 
to H LN, as HK is to BA; BE will alſo be to HR, 
as HK is to B A. Therefore the Parallelopipeds BF, 


HP, are ( per 34. J. 11.) alſo equal. Therefore their 
ſixth parts alſo, to wit, the Pyramids B ACO, HKNL 
are equal. 2. E. D. MA. 42 


Fl 


'* Corollaries. * 


" HAT has been demonſtrared of Pyramids 

in pr. 6, 8, 9. does alſo agree to all Priſms 

whatſoever; ſeeing theſe are (per 7. I. 12. ) treble to Py- 

ramids which have the ſame Bales and Altitudes. There- 
tore, OY wo”: 

1. In Priſms of the ſame Heighth their Proportion is 
the ſame as that of their Baſes. - For this was ſhew'd of 
Pyramids, pr. 6 | — 

2. The Proportion of like Priſms is triplicate to the 
Proportion of their homologous Sides. For this was 
ſhew'd concerning Pyramids, pr. 8. 

3. Equal Priſms have their Baſes and Altitudes reci- 
procally proportionable; and thoſe which have them ſo 
are equal. For this is ſhew'd of Pyramids, pr. 9. | 

It is ſtrange that theſe Things were paſs d over by Eu- 
clid, fecing they are the chief Things which can be de - 
livered concerning rectilineal Solids. | 


Scholium. | 


RO M what has been hitherto demonſtrared is drawn 
the Method of meafuring any Priſms or Pyramids 
whatſoever. 

The Solidity of a Priſm is produc'd from the Altitude 
multiplied into the Baſe ; and that of a Pyramid from 
the third Part of the Altitude multiplied by the Baſe. 

As if the Altitude of a Priſm be of 5 Feet, but the 
Bile contains 25 ſquare Feet; multiply 25 by 5, and 
_ ariſe 125 cubick Feet for the Solidity of the 
Priſm. mM 
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For let there be a polygonal Priſm as A H. And let 
the Triangle BAC be underſtood to be equal to its 


Baſe A E, and upon B AC the Priſm BE to be ſet at 


equal Heighth with AH. The Priſms BE, A H, will 
be (by Coroll. 1. foregoing) equal. But the Priſm B 
( by Shol, p. 40.1. 11.) is produc'd from its Alritu 
drawn into the Baſe BAC; that is, into AE, by 
Conſtruction. Therefore rhe Priſm AH alſo is made of 
its Baſe AE multiplied by its Heighth, which is ſup- 
pos d to be equal to the Heighth of the Priſm BE. 
From hence and from 7. the Demonſtration of the ſe- 
cond Part is alſo manifeſt. Ow 


A Lemma to Prop. To. 


Yramids and Priſms which are inſcrib'd in Cones and 
Cylinders infinitely, do at laſt end in the Cones and 
Cylinders, . . __ 
This is demonſtrated as the Lemma of Prop. 2. with the 
help of Prop. 6. and of Coroll. 2. after Prop. 9. if as there 
Plains infcrib'd in'a Circle, ſo here Priſms and Pyramids 
which ſtand upon thoſe Plains as their Baſes, be conti- 


_ nually taken away from the Cones and Cylinders, 


p R O P. X. Theorem. 


E Cone us @ third Part 4 4 Cylinder having 
the ſame Baſe and Heigbtb. 


Let a regular Polygon of as many Sides as you pleaſe 
be underſtood to be inſcrib d in tbe Baſe CL, and upon 
it as the Baſe, for a Cone let a Pyramid , and for a Cy- 
linder a Priſm be inſcrib d. The Pyramid (per 7, J. 12.) 
will be a third Parr of the Priſm. And if again in the 
Circle a Polygon of twice as many Sides be inſcrib d, 
and upon it be inſcrib'd for a Cone a Pyramid, but for 
the Cylinder a Priſm ; the Pyramid will again be a third 
Part of the Priſm. And thus it will always be. Where- 
fore ſeeing Pyramids end in a Cone, and Priſms in a Cy- 
linder, the Cone alſo will be a third Part of the Cylin- 
der. Q. E. D. 
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Fig. 15, 14. 
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PROP. XI. Theorem. 


Fig. 50, n. None. of equal Height (BAF, XR) are 
as their Baſes (C L, SE). The ſame Thing 
belongs to Cylinders of equal Heighth alſo. 


Pyramids inſcrib'd into Cones of equal Heighth, are as 1 
their (per 6, I. 12.) Baſes. But Pyramids do at * 

end in Cones. Therefore Cones alſo are as their Bales, (B 
And 2 Cylinders are threefold of Cones, which — 
have the ſame Baſe and Altitude with them, they alſo the 
will be as their Baſes. Q. E. D. k 


1 

. : 7 

Coroll. | . pert 
N the ſame manner it may be demonſtrated that alſo 
Priſms and Cylinders of equal Height are betwixt 


themſelves as their Baſes; yea, that all cylindrical Bo- | 
dies of the ſame Altitude; that is, which are produc'd ( 
Thi 

C 

lind 

SF 


from wharſoever Plains multiplied by the ſame Altitude, 
are betwixt themſelves as their Baſes, You may reaſon 
in the ſame manner of Pyramids and Cones of equal Al- 
titude, and of all conical Bodies wharſoever. 


PROP. XI. Theorem. e 


Fig: 20,21: THE Proportion of like Cones (BAF and | Lt 
22 R) ws triplicate to the Proportion of the © (b 
Diamerers (BF and RN) which are inthe Ba- S 
fer The ſame Thing uc to be ſaid of like Cylin- 

ers. 


In the Baſes of the like Cones let regular Polygons be 
inſcribed, which Polygons conſequently will be like. The 
Pyramids which are infcribed upon rheſe Polygons will 
allo be like; as may be eaſily ſhewd. There- 
fore their Proportion is triplicate (per. 8. J. 12.) 
to the Proportion of the Sides BL, QE; that is, to the 
Proportion of the Niameters BF, CR. Wheretore fe- 

ing 


Lib. XII. EvcLr1d's Elements. 


ing the Pyramids end in Cones, the Proportion alſo of the 
Cones is triplicate to the Proportion of the Diameters 
BF, QR. 2. E. D. 1 

The Theorem is manifeſt of Cylinders, ſeeing they 
are treble to Cones. : 


PROP. XIII. Theofem. 


Fa * (BT) be cut with a Plain (RL) 
parallel to the Baſes (BA, CT) ; one Part 
(BL) ſball be to the other Part (RI), as one Seg- 


ment of the Axis (AO) to the other Segment of 


the Axu (O F.) 


This Propoſition is demonſtrated as the firſt of J. 6. 
The Theorem is in the ſame manner true of the Su- 


perficies. 


PROP. XIV. Theorem. 


Ander, (AR and CI) of equal Baſes (MD, 
GH) are as their Altitudes (LZ, SF.) 
The ſame Thing happens to Cones. 


. 


Cur off from the higher Cylinder AR the Cy- 
linder AO, whoſe Heighth LE is the ſame with 
SF. Therefore (per 11./. 12.) the Cylinders AO, 
CI, are equal. Seeing therefore the Cylinder A O, is 
to the Cylinder AR, 4 by the foregoing ) as LE is to 
LZ; CI àſo ſnall be to AR as LE is to LZ; that is, 
( becauſe LE and SF are equal, by Conſtruftion ) as 
SF to LZ. QA E. D. | 


Corollary. 


T HE Theorem is alſo true of Priſms, and likewiſe 
of Pyramids, and the Demonſtration altogether 
alike. But of Priſms the thing is demonſtrated from Cool. 
1.p.9./.12, and 25. J. 11. and its Coral. Of Pyramids 
from this, and from p. 7. J. 12. 
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Fig. 22. 
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Fig. 24, 25+ 
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PROP. XV. Theorem 


LE Cylinders (AR, DF) have their Baſes 
and Altitudes reciprocally proportional ; and 
if they hawethem ſo they are equal. The ſame 
Thing u true of Cones. 


This is demonſtrated as Prop. 34- . BY Ae * 
and 25. J. 11. there cited, there muſt be eited here 71 
11, and 13. 12. 90 18 


* * 44 
we 


Scholium. 


W Hereas Euclid hath ſaid nothing of compound 
Proportion in Bodies, we ſhall briefly demon- 
ſtrate it in this Place, 7 
1. A Cylinder hath to a Cylinder, and a Priſm to a 
Priim, a Proportion com ed of the Proportions of 
the Baſes and Altitudes. . ö 

Let FD and AR be Cylinders of different Altitudes (for 
in thoſe of equa! Altitude the Thing is manifeſt.) From th 
higher cut off AO of equal Height with FD. And let the 
Proportion be thus; as the baſe UT is to the Baſe. M, fo 
FN to X; and as the Altitude ND or BO is to the 
Altitude BR, ſo is X to Z. We muſt therefore ſhew, 
that the Cylinder FD is to the Cylinder AR, as FN is 
to Z. The Cylinder FD is to the Cylinder A © (per 
11. . 12 as the Baſe VT is to the Baſe MQ; that is, 
(by Conſtruction , as FN is to X; but the Cylinder 
AQ is to the Cylinder AR (per 13. J. 12.) as BO to 
BR; that is, fe aaron, as X to Z. There- 
fore by Proportion of Equality the Cylinder FD is to 
the Cylinder AR, as FN to Z. 
Thepropoſition may be demonſtrated in the ſame man- 
ner of Friims, but from Coroll. 1. pr. 9. and Coroll. pr. 1 4. 
2. A Cone allo hath to a Cone, and a Pyramid to a 
Pyramid, a Proportion which is compounded of the 
Proportions of Baſe to Baſe, and Altitude to Altitude. 


For (by Prop. 10. and 7, J. 12.) they are third Parts of 
Cylinders and Prifms. 3 Wn. 
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-PROP. XVI, XVII. 


TT Heſe Propoſitions , the moſt prolix of all uber, 


ba ve no other Uſe than to ſerve to the demon- 
ſtrating, Prop. 18. which we ſhall demonſtrate 
in anotber more eaſy May. 


Lemma to Prop. 18. 


Ylinders inſcrib'd in an Hemiſphere end in the Hemi- 

ſphere. Let PZ J be the greateſt Semicircle of 
the Hemiſphere ; and let the Rad ins A Z be perpendi- 
cular to the Diameter PI. Cut A into a certain 
Number of equal Parts, AM, MN, NZ; and thege 
being drawn through the Points of the Diviſions M, N, 
the perpendicular Lines BO, gc. Let there be in- 
ſcrib'd in the ſemicircle the Rectangles O BRK, EDHS; 


Fig. 26, 


which aftewards being continued without the Semicircle, 


let there be underſtood to be deſcrib'd about the Semi- 
circle tlie yrwn-4, oh FTYP, LVBO, GX DE. They 
will all of them be of the ſame Height, and the Ex- 
ceſſes of the circumſcribed ones above thoſe which are 
inſcribu will be the Plains FR, LS, X E, VH, TR, 
which taken together make the Rectangle TI P. For 
becauſe X E is equal to DS, choſe LS, VH, X E, to- 
gether will be cqual to the Rectangle LB, that is, OR. 
Wherefore if you add on boch Sides the Plains FR, 
TR, all thoſe E K, LS, X E, VH, TR, taken tage- 
ther will b& equal to the Rectangle FT Y P.. If, now 
the gæmicirele with the Rectangles be under ſtood to be 
turiid about the Radius A Z, which is in the mean while 
unmvy'd, the inſcribed Rectangles E H, OR, will pro- 


circumſcrib d Rectangles will produce Cylinders circum- 
ſcrib'd about the Hemiſppere, ſtanding one upon auother; 
and as the Exceſſes of the circumſcribed Rectangles a- 
bove the inſeribed ones was the Rectangle F I 1a hke- 
wiſe the Exceſſes of the circumſcribed Cylinders above 
the inſcribed ones, will be the Hylinder which is produ- 
ced from the Rectangle FI. But now the Altitude 0 

| M 4 oy Fills 


duce '©ylinders inſcrib'd in the Hemiſphere ; and the 


* 


180 


Fg. 27. 


* 


EUCLI1P's Elements. 


Lib, XIL 


this Cylinder will be made leſs than any given Height h; 


and conſequently (as is manifeſt from 13. . 12.) it felt 
will grow to be leſs than any given Cylinder, if, the 
Radius being divided into more equal Parts without end, 
the Number of Rectangles, and from yhence of Cylin- 
ders be infinitely increas'd. Therefore the Exceſs ot the 


cixcumſcrib'd Cylinders, and much more of the Hemi- 


ſphere ir ſelt, which is only a Part of the circumſcrib'd 
Cylinders, above the inſcribed ones, will at laſt become 
leſs than any gen one. Therefore (by Den. 6. J. 12.) 
Cylinders infinitely inſcribed in an Hemiſphere, do at 
length end in the Hemiſphere it elf. Q. E. D. 


Corollary. 


1 N the ſame manner it will be demonſtrated, that 


linders iufcrib d in a Cone, Conoid, Spheroid, 
do at laſt end in the ſame. 1 


PROP. XVIII. Theorem. 


T HE Proportion of Spheres is triplicate to the 


Proportion of their Diameters (B K, RZ). 

The Radius's AB, IR, being divided into as many 
equal Parts as you will, but of an equal Number, and 
there being drawn through rhe Points of rhe Diviſions 


—— Ce. Let Rectang les of an equal Num- 


be underſtood to be infcribed in the greateſt Semi- 
circles of the Sphetes, which Rectangles Wing turned 
about the unmov'd Radius's A B, Y R will be conceiv d 
to inſcribe in both the Hemiſpheres a like Number bt Cy- 
linders ſtanding one upon another. Now becauſe K C 
is (per Coroll. p. 1 3. l. 6.) to CF, as CF is to CB; the 
Proportion of KC ro CB (by Defin. 10. J. 3.) will be 
duplicate to that of KC to GF, that is, to the propor- 
rion of FC to CB. In like manner the Proportion of 
TE to ER will be duplicate to che Proportion of X E 
to ER, Bur by the Conſtruction K C is to CB as 
ZE is to ER. Therefore F C alſo is to BC as XE 
pp ER: But BC by the Conſtruction is to CO as 


2 / 
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RE to ES. , Therefore by Equality FC is to CO, as 
XE is to ES. Therefore (by Defin. 4. J. 12.) the Cy- 
linders FL, X Q, are like, and Nr Pro- 


portiont is triplicate to (per 12. J. 12.) the Proportion 


of their Diamerers, FI, XV, or of the Semi-diamerters 


FC, XE, which are the Baſes. Bur the Proportion at 
FC to X E is the fame with the Proportion which is be- 
twixt the Diamerers of the Spheres KK, RZ; (for as 1 
have already ſhewd FC is to X E as CO is to ES; 
that is, as BK is to RZ which by the Conſtruction are 
equi- multiples of thoſe C O, ES.) Therefore the Pro- 
portion of the Cylinders FL, X Q is triplicate to the 
Proportion of the Diameters BK, RZ. In the fame 


manner we might demonſtrate that each Cylinder inſeri- 


bed in one Hemiſphere, bears to each Cylinder inſcribed 
in the other Hemiſphere a Proportion triplicate to the 
Proportion of the Diameters BK, R. Therefore alſo 
the Proportion of all together ta all together is triplicate 
to the Proportion of the Diameters BK, RZ. Where- 
ſore ſeeing the aggregates of the Cylinders do at length 
end in their Hemiſpheres, the Proportion of the Hemi- 
ſpheres alſo, and conſequently of the Spheres will be 
triplicate to the Proportion of their Diameters. 2. E. D. 


Corollary. 


1 the Proportion of the Diameters being 
known, the Proportion of the Spheres becomes 
known likewiſe. As it the Diameter of the leſſer be one 


Foot, that ot the greater Ten Feet; let the Proportion 


of one to ten be continued through four Terms, 1, 10, 
100, 1009. as 1 the firſt is to 1000, the 4th Term, fo 
is the leſſer Sphere to the greatet, 


The Dimenſion of Cones , Cylinders, and of the 


Sphere, will be exhibited in the following Book out of 
Archemides © © "ENS 


Scbolium. 


$ like plain Figures are increas d or diminiſhed in 
A any given Proportion by one mean Proportional, ſo 
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% * 


let there be found two mean” Proportionals X, Z, ac- 


4.6... A Sphere whoſe Ra | 
to the given one which is made upon the Side X, will 


Apollo of Delos is called the Deliacal problem; becauſe at 
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EUuCr rp Elements. Lib. XII. 
like Bodies are increas d or diminiſh'd by two mean Proz 
ionals. . ” - g ? 4 

Let a Sphere or Cube, or any other Bo ly whatſbever 

be given, whoſe Radius or Side is A. Likewiſe let any 

Proportion wharſoever of A to B be given, as the don- 

ble or 2 to 1. A Body is to be diſcover d both double 
to the given one, and like to it. | 

Betwixt the Terms of the given Proportion A and B, 


cording ro what was 1 in the Scholium of Prop. 13. 
ius is X, or other Body like 


be double to the given one. | 
For hke Bodies whoſe Radius's or Sides are A and X, 
have betwixt themſelves a Proportion which is triplicate 
Pp the Proportion of, A to X, (by Coroll. prop. 9, and 
Y Prop. 12, and 18. J. 12.) that is, the ſame (per Defin. . 
10. J. 5.) which A hath ro B, * © 
And this is that moſt celebrated Problem which from 


A. 


the time of afmoſt grievous Peſtilence, which waſted 4- 
thens, being conſulred, he gave anſwer, thar tlie Peſti- 
lence would ceaſe , if his Altar, which was of a cubical 
Form, were doubled. Thus Valerius Maximus |. 8, 
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Io the READER, 


X LBEIT there have appear d v a 
mot excellent and 40 — . 
8 Mathematical Sciences; yet tbe abief Glory 
of all hath always by - a certain common Canſent 
een given to Archimedes of Syracuſe. The 
indeed more there are who commend than who read 
bim; more aubo admire than underſtand bim. The 
Cauſes of which Neglect ſeem to be theſe, the Bulk 
and Scarceneſs of Copies , ſome Obſcurity of the 
Tranſlation,which is directly made out of theGreek 
Language, together with the r and Diffi- 
culty of bis Demonſtrations, I judged therefore 
that it would be for the Profit of Ftudions Learners, 
if after my Illuſtration of the Elements, I ſhould 
oin theſe Theorems which have been ſelected 
by me out of Archimedes, and demonſtrated ina 
much eaſier and briefer Way. Furthermore, I have 


ſelected thoſe , which bring along with them both 


more of Admiration and of Benefit ; and have in my 
Demonſtration took ſuch a Method that, I hope, be 
who underſtands the Elements will , without any 
great Labour comprehend theſe moſt excellent Inven- 
tions of the Prince of Geometricians, I have alſo 
added at the End thirteen Propoſitions, and thereby 
enlarged the Doctrine of Archimedes concerning 
the Sphere and Cylinder: where among#t other 
Things, I demon firate, vhat the ſeſquialteral Pro- 
portion is continued in the Three Bodies, a Sphere, 
Cylinder, and equilateral Cone ; both the latter be- 


2 ing 


4 


To the Reader. 


ing circumſerib'd about the Sphere. Moreover I 
have added divers Things bert and there, 
Which the 12th Propoſition, and 11. 055 


Cal 


ries of Prop. 14. are the chief ; and ſod Scho- 
liums. Male uſe, of , theſe Diſcveriet do boſoe- 
ver tbon be H, that art a Candidate of Geome- 
try; and bow much thou baff improv d inEuclid, 
nale Proof -of in Archimedes. Aud when 


fo pred thy: ſelf to be f and" rats df up- 


in-the- Contemplation © of the mot noble 
Truths, raiſe up t And, while it is thus alrea 
ed up from tbeſe lowir- Things pet higher, ' 

Hrect it to that Truth which © Original, Eternal, 
Immenſe , and 1 no other than God ; hy the 
ineffable Vi ifron of whom, I truſt aue Jul 9 1 
S HMiypy- Nenn. c 
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non N Ft anne 
Or an Explication of certain Terms. 


ET there be a Circle B ECG, whoſe” Center 
s A, its Diameter BC, which let the right 
Line EG cut at right Angles, but not through 
the Center, in D. Let there be drawn 
from the Center the Radius s A E, AG. This being 
ſu 5d. K Ae 
| WorE, (i.) That a Sector of a Sphere is chat which 
is produced from the Sector of the Circle A ECG, or 
AE BG, turn d round about the Diameter BC. iN 

2. That à Segment or Portion of a Sphere is that Parr 
of it which is produc d from the Segment of the Cirele 
ECG or EBG turn'd round about the ſume Diameter 
BC. 

3. The Vertex or, Top of the Spherical Portion E B 
G is the Extremity of che unniov'd Diameter; the 
Baſis, the Circledeſcrib'd by EG; the Axis, that Parr 
of the Diameter BD, which is intercepred betwixt t 
Top B, and D the Center of the Baſe. 

4. When I name the Superficies of a Spherical Porti- 
on, or of a'Body iuſcribed in it, of of a Cone, I al- 
ways underſtand it without the Baſe; and whgn I 
ſay che Superficies: of a Cylinder, I mean likewite w. 
out the Baſes; unleſs the Word [whole] be adjoin'd to 
[ Superficies}; for then the Baſes alſo are to be taken 
m. \ * 5 , , b : ' F . 
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ARCHIMEDES *'s Theorems. 


Again, when I treat of Cylinders or Cones, I ſpeak 
of no other than right ones. | 


LO 
* 


Axiom. 


1, THE Circuit of a Polygon inſerib'd in a Circle is 
leſs than rhe * of the Circle. 
2. The Circuit of a Polygon deſcrib'd about a Circle 
is greater than the Circumference of the Circle. | 
3. And if a Polygon inſcrib d in a Circle, be turn'd a- 
bout the Diameter (A E) together with the Circle, the 
Superficies of the Body produgd. by the Polygon, will 
be leſs than the Superficies of che Sphere. And if a 


Polygon circumſcrib'd about the Circle, be rurn'd about 


the Diameter, together with the Circle, the Superficies 
of the Body produc'd by the Polygon will be greater 
than the Superficies of che Sphere. | 

4+ In like manner the Circuit of a Polygon inſcrib'd 
in a Segment of a Circle (DAF) is leis than the Cir- 
cumference of the Segment. And if a Polygon inſcrib d 
in the Segment , be rogether with the Segment (AO 


turned round; the Superficies of the Body produc 
by the Polygon will be leſs than the Superficies of the 


Spherical Portion (D AF.) 

5. The Superficies of a Priſm inſcrib'd in a Cylinder 
is leſs than the Superſicies of the Cylinder; but the Su- 
perficics of the Priſm which is circumſcrib'd is greater. 

6. And the Superficies of a Pyramid inſcrib'd in a 
Cone, is leſs than che Superficies ' of the Cone; but the 
Superficies of a circumſcrib d Pyramid, is greater. 


PROPOSITIONS Vn. 
A R E not neceſſary. 


PRO P. III. Theorem. 


T HE Circuits ef Polygons eircumſerib d about 
and inſcrib d in a Circle do at laſt end in the 
Circumference of the Circle, In lik mannet 

the 


bout 
the 
nner 

tbe 


ARCHIMEDES's Theorems. 
the Polygons themſelves do at laſt end in the 
Circle, 


If, to wit, the, Arches being biſected without end; 
more and more Sides be circumſerib d about and inſcrib d 
in the Circle. | 
part I. Let there be underſtood to be infcrib'd in and 
deſcrib'd about a Circle regular Polygons; whether it 
be done ſo as is fet down, py. 12. I. 4. or as in the pre- 
ſent Figure, the Thing will be the ſame. It is manifeſt 
(per Coroll, 1. pr. 4.1. 6.) that FI is to CE (chat is, the 
whole Circuit circumſcrib'd, unto the whole Circuit in- 
ſcribd) as IA is to CA, But IC the Excels of the 
right Line TA above CA, becomes at length leſs ub 
any given Line, if more and more Sides be underſt 
to be infinjrely circumſerib d and inſcrib d; therefore al- 
ſo the Exceſs of the Circuit circumſcrib d above that 
which is inſcrib d, will at length become leſs than any 
given Line. Therefore much mote the Excels of the 
Circuit circumfcrib'd above the Circumference of 
the Circle will be leſs than any given one. In 
like manner ,; becauſe I have already ſhew'd the Detect 
of the Circuit inſcrib'd, whereby it falls ſhort of that 
which is circumſcrib'd , to be leſi than any given 
Line: Thereſore much more will the Detect of the 
Circuit inſcribed , whereby it falls ſhort of the Circum- 
terence of that Circle, become leſs than any given Line. 
The Circuits therefore, as well as that which is inſcrib'd, 
as that which is circumſcrib'd, do at length ( Defin. 6. 
. 12,) end in the Circumference. Which was the firſt 
Part, To demonſtrate theſe Things further is not worth 

e while, ſeeing they are manifeſt enough. 

part II. Becauſe it hath already been ſhew d thit the 
xcels FI above the Side EC becomes at lengrh leſs 
han any given (for FI is to EC, as IA to CA); 
herefore alſo the Exceſs of the Square of FI above 
ne Square of EC will become at length leſs than any 
ven. But as the Square of FI is to the Square of EC 

0 (per 20. 1.6.) is the Polygon circumſcrib'd, to that 
which is inſerib d. Therefore the Exceſs of the —. — | 
ircumſcrib d above that which is infcrib'd, will alſo be- 
ome at length leſs than any given one. Therefore much 

ore will the Exceſs of the Polygon circumſerib d above 

c Circle, become at laſt leſs leſs than any given one ; 

N an 
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and conſequemiy, the Defe& alle of the Polygon in BW Poly 
ſcrib'd , whereby it falls ſnort of the Circle, will ar are! 
length become leſs than any given Deiect. Therefore po- circt 
lygons-as well inſcrib d as circumſcrib d do at laſt ( De- cle, 

fur. 6. J. 12.) end in the Circle. Which was the ſecond ang! 


Part. 


x 


. | ; _ their 
P R O P. IV. Theorem. titud 


about a Circle, is equal to 4 Triangle whoſe n Pu 


Boſe is. the Circuit of the Polygon, and it's Folye 
Heighth the Radius of the Circle. , — 


And a regular Polygon inſcrib'd in @ Circle is . cuit © 
qual to a Triangle, which bath for its Baſe zh eto 


Wy X he R 
Circuit of the Polygon, and for its Heighth th. . 
Perpendicular (A 0) 22 


let down into one Side from Wince t 
the Center. 5 


part I. The Radius AB drawn to the Point of Con- Fogg 
tact is (per 18 J. 3. ndicular to the Tangent IF. | 
Wherefore if the right Lines AF, AI, AN, &c. being 
drawn, the Polygon be refoly'd into Triangles ; the Ra- 
dius A B will be the common Altitude of all ; and con- 
ſequently it is manifeſt that the Triangles are equal, 
Therefore a Triangle which hath its Baſe equal to the 
Sum of the Sides FI, IN, NT, Cc. and A B for its 
Altitude, will (as is manifeſt from 1. I. 6.) be ous to 
them all, that is, to the whole Polygon circumſcrib d. 

part II. This may be concluded by the ſame reaſon- 
ing as the other. | | 


PROP. v. Theorem. 


A Circle is equal to a Triangle, which hath folic Cf 
its Baſe tbe Circumftrence, and for its HeighthWircle, 
the Semidiameter of the Circle. 


Regular Polygons circumſcribd about a Circle, andience, is 
Triangles which have for cheig Baſes che Circuit of rhe 


ARCHIMEDES*s Theorems, 


Polygon, and for their Altitude the Radius of che Circle; 
are always (by the foregoing Prop.) equal But Polygons 
circumſcrib'd iafinirely about the Circle end in the Cir 
cle, (by the 3d of this Book); and in like manner Tri- 
angles (as I will new by and by) which have for their 
Baſe the Circuit of the circumſcribed Polygon, and for 
their Altitude the Radius AB, ar laſt end in a Triangle 
which hath the Circumfrence for its Baſe, and for its Al- 
titude the Radius A B. Therefore (by the firſt) a Circle 
and 4 Triangle which hath the Circumference for irs 
Baſe, and the Radius for irs Altirude are equal, 

But that Triangles contain d under the Circuit of the 
Polygon, and the Radius of the Circle, end at laſt in à 
Triangle, which is contain d under the Circumference 
and the Radius, I chus ſhew. Triangles under the Cir- 
ö cuit of the circuniſcribed Polygon and che Radius A B; 
here to the Triangle which is under the Circumference and 

5 the Radius AB 1. L 6.) as Baſe to Baſe, that is, 
he as the Circuit of the Polygon to the Circumference; 
om ſnce this Triangle and che other have a common Altitude, 
But the Circuit of the Polygon (by the 2 ends in the 

r 


ja 58 LEES 


a Circumference. Therefore the ot riangles end in 
I this. 
. 7 


Corollaries. 


; Kom this and 41. L. 1. it is manifeſt that a Reftats 

le under the Radius and half the Circumference 
: to the Circle ; that one under the Radius and the 
hole Circumference is double; that one under the 
hole Circumterence aud whole Diameter is quadruple 


umference (C D E) is to the Diameter; but to a Square 
| :ribed), as the fourth Part of che Circ ence 
to the Diameter. 

For the Rectangle under C DE, and the Radius C A 


h folffie © & chat is, ( by the toregoing Corollary) the whole 
ighth ircle, is to the Rectangle GH CE, to wit, the Rectan- 


le under F G and C F (chat is, to che inſcribed Square 

CDE) 28 (ber 1. LG.) CDE, half che Circumte- 

nce, is to ¶ G or C E the Diamether; which was this 

rſt Thing, And conſequently tho Circle is to 9 
N 2 


2. A Circle is to an inſcribed Square, as half the Cir- fg. 5. I. 4. 


Fig. 30. 
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ble the Rectangle G F C E, (chat is, to FH the cir- 
cumſcribed Square) as CDE is to the double of the 
Diameter C E, or as the quad rant CD is to the Diame- 
ter CE. 
(3. Of Figures wbich are of equal Circumferences the 
Circle is the moſt capacious. Let the Circumference of any 
Pelygon whatſcever (as for Inſtance of a Square) EGHI 
be equal to the Circumference of the Circle. I ſay, that the 
Area of the Cirele is greater than that of the Polygon. For 
the Area of the Circle is equal to a Triangle, whoſe Baſe is 
the Circumference , and its Altitude the Semidiameter FA: 
Ard the Arca of the Polygon is equal to a Triangle whoſe Baſe 
is the Compaſs of the Polygon, which by the Hypotheſis it e- 
qual to the Circumference of the Circle , and which hath for 
its Altitude the Perpendicular FO, let down from the Center 
of the Circle unto the Side of the Polygon ; which ſince it is 
always leſs than the Radius of the Circle, it is manifeſt that 
the Area of the Polygon is leſs than the Area of the Circle. 
Q. E. D. And in like manner, amongft all ſolid Figures 
contain d under equal Surfaces, the Sphere may be demonſtra- 
ted to be the maſt capaciows. | 


PR O P. VI. Theorem. 


HE Circumference of a Circle contains the 
1 Diameter leſs than thrice and oneiſeventh 
(or 8) ; and more than thrice and if. 


For the Demonſtration of this Theorem, Archimedes 
aſſumes regular Polygons, one circumſcribed about a Cir- 
cle, the other inſcrib'd, and both of them df 96 Sides. 
And then he ſhews that the 96 inſcribed about a Circle, 
do contain the Diameter leſs than thrice and one ſeventh, 
and conſequently that the Circumference which is 
leſs than them, doth alſo contain the Diameter 
leſs than thrice and one ſeventh. But the 96 Sides 
inſeribed in the Circumference, ( and conſequently the 
Circumference alſo which is greater chan them) doth 
contain the Diameter more than three times 3. But this 
Demonſtration is too long to be brought in in this Place. 
Nay, if we be minded to extend our Geometrical Res- 
ſoning to Polygons of more Sides ſtill, we may contract 
the Lamits even now ſer more and more without _ 

2 | 3 


ARCHIMEDES?s Theorems. * 
and ſo come nearer and nearer for ever to the true Pro- 


0 portion. This hath been perform d by Lach b Ceulen, 

A Grimberger , Metius , Snell, and others. The chief 

, Proportions hitherto found I ſhall here ſubjoin. 15 

2 (_ However, ſince @ Tangent of 30 Degrees multiplied by 

te 12, gives the Circuit of a circumſcribed Hexagon; and 4 ® 
7 Sine of 30 Degrees multiplied by 12 gives the Circuit of an 5 
* Hexagon, which is inſcribed : Foraſmuch alſo a in like mun- 

* nen the Tangent of half a Degree multiply d by 720, yields 

s the Circuit of a circumſcribed. Polygon of 360 Sides ;, and the 

4. Sine of half a Degree, the Circuit of an inſcribed Pohgon of 

aſe 360 Sides ; and ſo on for ever : It will not be difficult to un- 

4 derſtand, by what Means many ſuch Numbers may be found, 

for out of the now given Tables of Sines and Tangents. ] 

4 The firſt Proportion, which is that of Archimedes, 

* is thus : | W 

2 e The Diameter 7 

obo The Circumf. is 22; which is greater than the true. 

5 : The Diameter 71 

vac The Cireumf. is 223 ; leſs than the true one. 


The Proportions of 22 to 7, and 223 to 71, if they 
be reduced to a common Conſequent, ( which is done 
after the ſame manner, in which Fractions are reduced 
to the ſame Denomination) will be thus, 1562 to 497, 


þ and 1561 to 497. | 
bye Therefore the Diameter being ſuppos d 497 Parts, the 


nth Circumference greater than the true one will be 1562; 
and the Circumterence lefy than the true 1561. 

1 Both of them therefore differ from the true, by a 
Cir- Quantity leſs than , Part of the Diameter. Bur if the 
des. Proportions of 7 to 22, and 71 tv 223 be reduced to a 
cle, common Conſequent, there will ariſe rhe Proportions of 
ath, 1561 to 4906, and of 1962 to 4906. Koo 7 
\ is Therefore theCircumterenee being ſuppos'dro be 4905 
erer parts, the Diameter leſs than the true will be 1561, the 
ides Diameter greater than the true 1562. | : 
the Both therefore differ from the true Piameter by Quan- 
loth tity leſs than 6 Part of the Circumference. 
this The Proportion delived by Metis is much more ac- 
Jace. curate than this of Archimedes, According to this, | 
Rea- | 
tract | The Diameter is 113, 
nit; Ihe Circumference 355. 

zud | N 3 85 Amongſt 
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_- Amongſt all Proportions conſiſting of ſmall Numbers 
none comes nearer to the true one; fur from this, the 
Diameter being ſuppoꝭ d of 10, 000, 000 Parts , the Cir- 
cumference comes to be of 31, 41 6, pp, which differs 
from the true one only in the firſt Figure , and this by 
an exceſs but a little greater than two ten- millioneth Parts 
of the Diameter. | : 

But more exact than both is that double Proportion of 
Lydolphus a Ceulen; the former of which contiſts of 21 
Figures, and the latter of 36. 8 


The Diameter 
1 oo, ooo, ooo, ooo, ooo, ooo, ooo. 
The Circumf. greater than the true 
$14.1 $9265,358979,324847- 
The Circumt. leſs than the true 


314,159265,35897 9.373846. 


The Difference of both the Circumferences is one Par- 
ticle of the Diameter denominated from a Number 
which conſiſts of a Unity and 20 Ciphers; and conſe- 
uently as well this as that differs from the trut Circum- 
rence by a Quantity lefs than is the ſaid ſmall Part of 
the Diameter ;, $0 wit, one hundredth of a millionerh of 
a millioneth of a millioneth Part. | 
x The Diameter 

1 00000,0000082,000000,000000,000000,000000, 

The Circumi. greater than the true 
3141 59,265358,979323,846264,338327,950289, 
The Circumt, lets than the true 


$14159,265358,979323,846264,3 ;36327,950288. 


The Difference of both the Circumferences betwixt 
which is the true one, is that ſmall Part of the Diameter 
denominated from a Number which conſiſts of Unity and 
35 Cyphers; which ſmall Part bears a leſs Proportion to 
the whole Diameter, than one little Grain of Sand doth 


* 


to thewhole Globe of the Earth. For the whole Globe of 


the Earth doth not᷑ conſiſt of ſo many little Grains of 
Sand, as are the little Parts of the ſaid Sort which are 
contain d in the Diameter. | | f 
It is needleſs to $9 any further. Nevertheleſs you 
may proceed infinitely, if you be minded to continue 


Geomerrical Reaſoning, an expedite Method of 14 7 is 
E eee * | The 


* 


gell yered by Snellims, 


| 
- 
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l de Circumference being ſuppos'd of 
200000,d00006,000000,000000,000000,000000,000000 Darts. 
-.-.. © The Diameter will be as near as may be, 0 
03183 09,886183 ,790671,537767,926745,928724 Fart. 


' Scholium, 


HE moſt excellent Advantages of the Proportion now 
delivered are theſe which tollow. 


The Invention of the Diameter from the Circum- 
, ence. 


ET the greater Term of one of the Proportions which 
have been now delivered in the firſt Place, the leſſer 
in the Second, the Circumference in the Third; by theſe 
three Numbers let there be ſought by the golden Rule a 
Fourth Proportional. That is the Diameter ſought. 

As if the Circumference of the greateſt Circle of the 
Earth be ſuppos d to contain 25000 Engliſh Miles of 3280 
Feet each, and the Diameter be ſought; the Terms will 
ſtand thus, I | 

355 mmm LI Sema 2 SODO ene 7B | 
Multiply now the ſecond by the third, and divide the 
product by the firſt ; and there will ariſe 7854 Mikes 
tor che Diameter ot the Globe of the Earth. 


The finding out of the Circumference from the 
| Diameter. 


ET the leſſer Term of one of the Proportions above 
delivered be fer in the firſt Place; the greater in the 
ſecond ; rhe known Diameter in the third: and by theſe 
three Numbers let there be ſought a fourth Proportional. 
That will give the fought Circumference. 
As it the Diameter of the Globe of the Earth be ſup- 
pos d to contain 7854 Engliſh Miles; and the Circuit is 
loughr ; the Terms will ſtand thus. 


55 785422500. 
Then 9 the ſecond by the third, and divide che 
Product by firſt; there will ariſe 2 8000 Miles 


tor che Cirtumference of the Globe of the Earth. 
85 þ N 4 How 


= —— 
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How little this Circumference exceeds the true one 
was faid above; to wit, by an exceſs bur a little greater 
than are two ten- millioneth Particles of the Earth's Dia- 
meter; that is, by 9 or 10 Feet. But if we uſe the L 
dolphin Proportion, even the former, the Terms whereot 
conſiſt of 21 Figures; there will be found a Circumfe- 
rence inſenſibly differing from rhe true, not only when 
the given Diameter is of 7854 Miles, ſuch as is the Dia- 
meter of the Earth; but alſo although the Diameter be 
ſuppos'd of an 100 Millions of thoſe Miles. For this be- 
ing ſuppos'd, there will ariſe a Circumference differing 
from the true one by. a 5 about one hundred-milli- 
onerh Part of a Foot. But if to find out the Circumfe- 
rence of the Globe of the Earth we make uſe of the 
Proportion of Archimedes, the Interval of the two Cir- 
cumferences the one greater, the arher leſs than the true 
one, will exceed 20 Miles. Archimedes his Proportion 
therefore is not to be uſed but in ſmall Meaſures ;" may, 
it will always be expedient to uſe that of Metius, which 
both conſiſts of ſmall! Terms, and is above a 1000 times 
more exatt, 4 . e 0 


The meaſuring of a Circle. 


TH E Scmidiameter multiplied by half the Circumfe- 
rence produceth the Area of the Circle; as is ma- 
nifeſt from Corol. 1. Prop. 5. of this Book. 

As if the Semid iameter of the Earth, which contains 
3925 Miles, be multiplied by half its Circumference, 
to wit, by 12500, hore will ariſe 49,07 5000 Miles 
op tor the Area of rhe greateſt Circle ot the Earth, 
The Difference of the circular Area thus found from che 
fave is had, if the Difference of half his found Circum- 


erence from the true half-Circumference be, multipled 
by the given Semidiamerer ; or the difference of this Se- 
midiameter from the true, be multiplied by the given 
Semicircumſerence. Je . W 


The Menſuration of Cylinders and Cones. 


Put this here, becauſe it depends upon the Menſurz 
tion of a Circle. A Cylinder theretore,and any +4 
5 n P vw 41 
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harſoever is produced from the Altitude multiplied by 


the Baſe :; A Cone and Pyramid from the third Part'of 


the Altitude multiplied by the Baſe ; for they are third 
Parts of Cylinders and Priſms, having the ſame Baſe and 
Altitude with them, by 10, and 7, I. i222 * 
Let the Baſe of a Cylinder or Cone be of $o ſquare 
Feet, and the Height of 100 Feet. "Multiply 100 by 
$0, and there ariſe 5000 cubick Feet for the Solidity of 
the Cylinder. Multiply the third Part of the Altitude 
100, which is 333 by 30, there ariſe 16665 cubick Feet 
for the Solidity of the Cone, | Ado 


PR OP. VII. Theorem. 


T HE Circumferences of Circles have the ſame Fit. 6. l. 15. 
Proportion bet wixt themſelves, which their 
Diameters have. by OY 


For the Circuits of like Polygons, which may be in- 
ſcribed in a Circle without end, are always betwint 
themſelves as rhe Diameters AF and IC (by Caroll. pr. 
1. I. 12.) But theſe Circuits (by the third pr. of this 
Book) end at length in the Circumference. Therefore 
their Circumferences alſo are berwixt themſelves as their 


PROP. VIII. Theorem. 
"7 HE. Superffcies of a Priſm,as well that which 


1 circumſcribd about, as that which « in- 
ſerib'd in a Cylinder, & equal to a Rectangle whoſe 


Heighth in the Side of the Cylinder, but its Baſe 
equal to the Circuit of the Baſe of the Priſm, 


Part I, The Superfigiey of the circumſcribed. Priſm £7.54; 
touches the Cylinder according to the Lines EA, NF, © 
Cc. which are the Sides of the Cylinder; but theſe (be- 
cauſe by the Hypotheſis the Cylinder is a right one) are 
right to the Plain of the Baſe, and N er right 
allo (by Defin. 3. J. ern the Lines C 
Rut they are a5 | 


, GM, Oe. 
rwixt themſclyes, Therefore 


ohe 


equal 


12 
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one Side of the Cylinder is the common Heighth of all 
the Rectangles CO, ON, MH, cr. Therefore rhe Su- 


rficies of the circumſcribed Priſm is equal (as is ma- 


nifeſt from 1. J. 6.) to a Rectangle contain d under the 
Circuit of the of the Priſm, and the Side of the 
Priſm or Cylinder. | | 

Part II. The Reaſon of this is the ſame. . For the 
Side of the Cylinder is again the common Altitude of 
the Rectangles BDIK, KIQP, G. which conſtitute 
the Superficies of the inſcribed Priſm. 


PR OP. IX. Theorem. 


HE ies of à regular Pyramid cirtum- 

| ib 4 15 — equal to a Trian- 

le, which bath for its Baſe the Circumference 
FHLD) of the gyramidal Baſe, but its Height 
the Side of the Com (B G.) I | 
And the Superficies of a regular Pyramid in- 
ſeribed in a right Cone, # equal to a Triangle, 


which bath for its Baſe the Cireumference of the 


amidal Baſe, but for its Height the perpendicu- 
125 Fs O) let down from the Top unto a Side of the 
Baſe. | 8 


Part I. Let there be drawn unto the Contacts, G 
K, M, che right Lines BG, BK, B M. Theſe will all 
be Sides of a right Cone, and conſequently equal. And, 
becauſe 92 the Hypotheſis) the Axis B A is perpendi- 
cular to the Plain ot the Baſe FK D, the Plain alſo G 


BA (per 18. 4 11.) will be perpendicular to the Plain 


FK D. But HG (per 18. 350 is perpendicular to 
AG the common Section of the Plains FR D and GBA. 
Therefore HG (as is gathered from Defin. 4. J. 11.) is 
alſo perpendicular to the Plain G BA. And conſequent- 
ly is alto perpendicular to BG, Therefore the Side 

B of the Cone, is the Heighth of the Triangle FBH. 
In the ſame manner the Side of rhe Cone will be the 
Heighth of the reſt HBL, LBD, r. Therefore the 
riangle comprehended under the Circumference FH 
Th LD 
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LD. and the Side of the Cone is equal to che Su 
of a Pyramid circumicribed, withoutthe Baſe, Which 
was the firſt Parc. 

II. The Demonſtration of this Part is almoſt the ſame 
with that of che former. | 


PROP. X. Theorem. 


THE Superficies of a regular Priſm circum- 
ſcrib'd about @ right Cylinder,end: (Defin. 6. 
|. 12.) in the Superficies of the Cylinder; and the 
Super ficies of a Pyramid circumſcrib'd about 4 
right Cone, ends in the Superficies of the Cone. 


Patt I. The Superficies of regular Priſms deſcribed Fig. 3. 
about and inſcribed jn a Cylinder withour end, will have 
at laſt a difference betwixt themſelves lefs than any 
which can be given. Much more therefore will the Su- 
pericics of à circumſcribed Priſm differ from the Super- 
ficies of the Cylinder, which is in the middle between 
the inſcribed and . circumſcribed Superficies, by a Diffe- 
rence leis than any given one whartoever ; that is, . 
6. L 12.) will end in the cylindrical Superficies, w 
it continually exceeds ir lefs and leſs. | 

Part II. This may be ſhewed inthe fame manner from Fig. 4- 
- the 9 and 3 of this. 

In the Figures there are only exhibired rhe halves of 
the Cylinder and Cone, leſt a Multitude of Lines ſhould 
breed Confuſion. But the Cylinder and Cone are to be 
concciv'd in the Mind entire, and as having thus circum- 
ſcribed Prifms and Pyramids encompaſſing them. For 
thus it more clearly appears that plain Surfaces circum- 
{cribed are greater, according to the 3d Axiom, 


4 Lemma to the following Propoſition. 


ET AB, CD, EF, be onal ; and let KB F. 7: 
L be half A B, and EG, d EF; KB, CD,EG, 
will alſo be proportional; 
The right Line KB is to ABas EF us to EG. 
Therefore the Rectangle K B, EG (er 16.46.) — 
5 | | q 
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qual to the Rectangle AB, E F. But this (by 17. L 6.) 


zz equal to the Square of C D. Therefore alſo the Rect- 


angle KB, E G, is equal to the Square of C D. There- 
fore (by 17.4.6.) KB, CD, EG are proportional. 


PROP. XI. Theorem, 


A Circle, whoſe Radius (G H) « a mean propor- 
tional betwixt the Side of a right Cylinder 
(BC) and the Diameter of the Baſe (BD) is 
equal to the cylindrical Superficies. 


Let the regular and conſequently like Polygons, NM, 
AS, be underſtood to be circumſcribed about the Circles 
ABN, GPH; and upon the Polygon NM let a Priſm 
be conceived to be erected, with which the Cylinder is 
circumſcribed. Becauſe BD, GH, BC are by the Hy- 
potheſis proportional, A D alſo (or AN) GH, and t 
double of BC will by the Lemma be proportional. Now 
the Triangle contain d under A N and the Circuit of 
the Polygon MN is equal to the Polygon circumſcribed 
NM (by the fourth of this Bock): And the Rectangle 
under BC, or E F, and the ſame Circuit N A (that is, 
as is manifeſt from 41. J. 1. the Triangle under the Cir- 
cuit N M, and the double of BC) is equal (oy che 8th 
of this Book) to the Superficies of a Priſm circum- 
ſcrib d about the Cylinder. But a Triangle under the 
Circuit NM and AN is to the Triangle under the Cir- 
cuit NM, and the double of BC (by 1. L 6.) as AN 
is to the double of BC. Therefore the Polygon NM 
alſo is to the Superficies of a Priſm circumſcribed about 
2 Cylinder, as AN is to the double of BC. But be- 
cauſe I have already ſhew'd A N, GH, and the double 
ef BC to be proportional, the Proportion of AN to 
the double of BC is ( by Defin. 10. J. 3.) duplicate to 
2 Proportion of AN to GH. Therefore the Polygon 

M hath to the Superficies of the Priſm a Proportion 
duplicate to the tion of AN to G H. But the 
Polygon NM hath alſo to the Polygon like to it & RAS 
a proportion duplicate to the Proportion of AN to G H, 
as is eaſily gathered out of 1. J. 12. Therefore the Poly- 
gon NM path the fame Proportion to the Superſicies 7 

| e 
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the Priſm, which it hath ro thePolygon & RAS; which 
conſequently is equal to the Superficies of the Priſm. In 
the ſame manner, I might ſhew that the priſmaticSuperfi- 
cies, which are circumſcriptible infinicely about che Cys 
linder, are always equal to the Polygons which may 

circumſcribed infinitely about the Circle GP H. Where- 
fore ſeeing both the priſmatic Superficies (by the 1oth of 
this) end in the Surface of the Cylinder, and the Poly- 


. ons in the Circle G PA (by the 3d of this) the Super- 
p cies of the Cylinder alſo will be equal to the Circle 
GPH. 2. E. D. | 


From this admirable Theorem, a Circle is preſenred 
which is equal to a cylindrical Superficies. 


Corollaries. 


T HE Superficies of a right Cylinder is equal Fi. 5, 6. 
10 a Rectangle contain d under the Side (BC) 
and the Circumference of the Baſe, 


The double of B C (as hath been ſhew'd _—_ to 
GH, as GH is to BA, or AN; that is, (by the 7th 
of 3 as the Circumference P is to the Circumference 
BN. Therefore the Triangle under the firſt, to wit, > off 
the double of BC; and the fourth, to wit, the Circum- 
ference BN, is equal to a Triangle under the ſecond 
GH, and the third, to wit, the Circumference P, (as 
appears from 16. J. 6.) But the Triangle under G H 
and the Circumference P, is (by the th of this) equal 
to the Circle GPH, that is, (by the 11th of this) to 
the cylindrical Superficies. Therefore alſo the Triangle 
under the double of BC and the Circumference B N, 
(chat is, as appears from 41. J. 1. the Rectangle which is 
under B C and the Circumference BN) will be equal 
to the cylindrical Superficies. Q. E. D. | 
From this Corollary it is maniteſt, that the Properties of 
" Rectangles are common to them with right cylindrical 
rn Superficies. Therefore let this be Corollary 2. 


vv ww OoOw 
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w 2. The cylindrical Superficies (B M, QN) which are Fig. 20, 21 
'S of the ſame Height, are betwixt themſelves as the Dia- * **: 

* meters of their Baſes) BF, QR). | 

ft For the Rectangles under che Circumferences (CL, 

= SE) and the equal right Lines FM, RN, to which 


(by 
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Corel, 1.) the cylindrical Superſicies are equal, are 
win chenſelves (by x. L. 6.) as the Baſes, to wit, the 
Circumferences CL, S E; chat is, as the Diameters 
r l 21 
3. The cylindrical Supeyficies (C I, AR) which have 
| Baſes are berwixe chemſelves, as their Altitudes 


For the 4 contain'd under the ] Circum- 


GH, MG, and the Sides TI, BR, to which 


ferences 

(by Corol. 1.) the cylindrical Surfaces are equal, are be- 

twixt themſelves (by 1. J. 6.) as TI, BR. 
4. Like cyligdrical Surfaces (RM, R IL,) have be- 

twixt themſelves a Proportion duplicate to that, which 

(BF, QR, ) the Diameters of the Baſes have. 


© Seeing the Cylinders are ſuppos d to be like, MF will 
be to IQ (by Defin. 4. Lz.) as BF is to QR; that is, 


(by the 7th of this) as the Circumference CL to the 
Circumference SE. Wherefore the Reftangles alſo 
which axe contain d under the Circumferences CL, SE, 
and the Sides MF, I, will be like; and conſequently 
they will have betwixt themſelves ( by 20. J. 6.) a Pro- 
portion duplicare to that which MF hath to IQ, that 
is, BF wm ABR. Therefore che cylindrical Surfaces alſo 
have the ſamc. | 

s. Cylindrical Surfaces (EM, 1 have betwixt 
themſelves a Proportion compounded of the Proportions 
of the Sides (FM, IQ, ) and the Diamerers of the Ba- 
8 QR,) as is manifeſt from 23. 4. 6. and the 7th 


the Diameter (A B) is ro the Diameter FN,) ſo reci» 


yrocally (by 14. 4 6.) the Altitude (FH) will be tao 


che Altitude (K Bj) and c nverſly. 

7+ Laſtly, trom the fame 1ſt Corol. is had the Meaſure 
of a cylindrical Snperſicies; to wit, if the Circumſe- 
rence of the Baſe be multiplict by the Altitude. A it 
the Alt tude be of 20 beet, che Circumterence of the 


| baſe of 6; multiply 20 by 5, there ariſe 120 ſquare 


Feet for the cy lindrical Superſicics 


PROP. 


6. If cylindrical Surfaces (A R, FD) be cqual; as 


DO 


90 


rag 0 


Nr 
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PROP. XII. Theorem. 


HE Superficies of a right Cylinder is to the 
1 Baſe (ABN) as the Side of the Cylinder 
(CB) is te (BO) the fourth Part of the Diame- 
ter of the Baſe. | | 


Let GH be a mean «Proportional betwixt BC the 
Heighth, and BD the Diameter of the Baſe, and confe- 
yer? ( by Lemma before Prop. 11. of this) a mean 

portional berwixt AN and the double of BC. The 
ircle GPH of the Radius GH is (by the 11th of 
is) _ to the curve cylindrical Superficies CD, 
But the Circle GP H hath to the Baſe of the Cylinder 
A BN a Proportion duplicate (by 2. /.12.) 60 Ge Pro- 
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Fig. 6, Fo 
of this. 


— — of GH to AN; that is, the ſame which che 
0 


uble of BC hath to the Radius BA (by the Hypo- 
theſis, and Def. 10. J. 5.) that is, the ſame which BC 
hath to B O, the fourth Part of the Diameter. There- 
fore the cylindrical Superficies alſo is ro the Baſe ABN 
28 — is co BO, the fourth Part of the Diameter. 
N. E. D. 


Corollary. 


Tie Superſieies of à Cylinder which hath its Side 
1 equal to the Diameter of its Baſe, is fourfold of the 
Baſe. Bur if the Side be a fourth Part of the Diameter 
of the Baſe, the Superficics of the Cylinder will be equal 
2 Baſe, Both theſe are manifeſt from the Propo- 
ton. 


PROP. XIII. Theorem. 


A Circle whoſe Radius (OL) is a mean Propor- 

tional betwixt the Side (BC) of a right 
Cone, and the Radium of the Baſe (AC) is equal 
to the conical Superficies, 


2 


Let 


18 


3 


et 


Fx 9, 8. 


the ſame Proportion to the Superficies o 


ARCHIMEDE Sts Theorems: 


Let regular Polygons EF, IN, be underſtood to be 


dircumſcrib d about the Circles AC G, OPL, and a Py- 
ramid circumſcribd about the Cone to be erefted upon 
the Polygon E F. "a 1 
Becauſe, by the Hypotheſis, AC, or AG, is to OL, 
as OL is to BC, the Proportion of AG to BC will 
(Defin. 10. 4. 5.) be duplicate to the Proportion of AG 
to OL. But as AG is to BC, ſo is the Triangle under 
AG and the Circuit E F to the Triangle under BC and 
the ſame Circuit EF, Therefore the Proportion of the 
Triangle under A G and the Circuit EF, to the Triau- 
le under BC, and the ſame Circuit, is alſo duplicate to 
Proportion of AG to OL. But the Triangle under 
AG and the Circuit EF is equal to the Polygon EF 
(by the 4th of xe And the Triangle under BC and 
the ſame Circu t EF (by the ↄth of this) is equal to 


the Superficies of the circumſcribed. Pyramid. There- 


fore the Proportion of the Polygon EF to the Superfi- 
cies of the Pyramid is alſo 9 9h to the Proportion 
of AG to OL. Bur the Proportion of the Polygon 
E F to the Polygon IN, which is by the Conſtruction 
like to it, is (per 1. J. 12.) alſo duplicate to the Propor- 
tion of AG to OL. Therefore the Tagen. E F hath 
che Pyramid 
and to the Polygon IN, which conſequently are equal. 
In the ſame manner I might ſhew that the Superficies of 
Pyramids, which may be circumfcribed about a Cone in- 
finitely more and more, are always equal to Polygons 
which may be circumſcribed infinitely about the Circle 
OPL, Wherefore ſeeing both the Surfaces of Pyra- 
mids (by the 1oth of this) do at laſt end in the Surlace 
of the Cone, and Poly gons ( by the 3d of this) in the 
Circle OP L, the Superficies of the Cone and the Cir- 
cle OPL ſhall likewiſe be equal. . E. D. 2 
From this excellent Theorem a Circle is found which 

is equal to a Conical Surface, 


Corollaries. 


I. oy HE Superficies of a right Cone is equal to a Tri- 
* angle comprehended under the Side of the Cone 
(BC) and the Circumterence ot the Baſe (CG). 


1 | Let 


* 
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Let OL the Radius be a mean proportional betwixt 
AC and BC. Then becauſe(by the 7rh of gig Cone 
ference C & is to the Circumference P as the Radius 
AG is to the Radius O L; that is, by the Hypotheſis, 
as OL is to BC; the Triangle under the firſt ; to wit, 
cue Circumference CG and under the fourth BC (as 
appears from 16. J. 6.) will be equal to the Triangle un- 
der the ſecond; to wit, the Circumference P, and the 
third OL; that is, (by the 5th of this) to the Circle 
O PL; that is, to the Conical Superficies (by the 13th 
f eee, 

From this Corollary it appears that conical Surfaces 
w the ſa me Properties with Triangles.” And ſo it fol- 
ows, AA 


Fi as the Baſes of cheir Diameters (B F, QR.) 
And, 8 


betwixt themſelves as their Sides (C F, A Z.) And, 


2. That the conical Superfities (BAF, QX R) ha- Fe: 20, 22, 


ving their Sides (BA, QX) equal, are betwixt them- 


3. Thoſe which have equal Baſes GET; A B, are Fir: 23, 24- 


12. 


4. Thoſe conical Superficies (BAF, QZ R) which Fig. 20, 21 


are like, have betwixt themſelves 4 Proportion duplicate 


3 which is berwixt the Diameters of the Baſes. 
5. All conical Superflcies wharſoever have betwixt 
themſelves, à Proportion which is compounded. of the 
Proportions of the Sides (B A, Q) and of the Dia- 
meters (BF, R) which are in the Baſes. And. 

6. Thoſe which are equal have their Sides and the D. 
ameters of the Baſes reciprocally proportional; aud 
thoſe which have t hem ſo, are equal. | 

All which is demonſtrated from Coroll. 1. as above we 
deduced the Corollaries concerning the cylindrical Surface 
out of the firſt Corollary there. 


_ 


I'2, 


The ſame 
Figure. 


/ 


7. Laſtly, we may meaſure a right conical Sur face, if we Fig-25- Ua 


multiply the Side F C by half the Circumference of the 
Baſe, As if the Side be of 3 Feet, the Circumference 
of the Baſe of 20; multiply 5 by xo , and there will a- 
riſe 30 ſquare Feet for the conical Superficies. The De- 
monſtration is miniſeſt from the ſame firſt Corollary. / 
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7 K &1 7 XIV. Theorem: 


Pn 9 80 uftr ficies of « rgb t Gone is 10 the Baſe, 
8 Side (Be) is to (AC) the Radius of 
the Baſe. 

Between the. Side B C aud AC the che Radius. of the 
Baſe, let OL be a_mean Pro Therefore the 
Proportion of BC to AC is ee ( Defin. 10. J. 

3.) the proportion of OL A C. Now(by che 13th of 
this ) 2 Circle of the Radius OL is equal to the coni- 
cal Superficies CBD. But the Proportion of this to 
Ac rhe Baſe of the Cone od 9 2. 12.) duplicate 
TEL”, =# $4 vendy is 
che ſame with the Proportion 86 BC to AC. There. 
fore the Proportion of the Conical Superficies C B D is 
n ACG, as BC is to AG. wil D. 


. Corollaries. 


HE r Super feu of a 1. Cone produc 4 

by an © equilateral Triangle turn'd about 

a rele? (KA) is 2 to the Baſe 
' 3-3 "TW 

For the Side K B | w BD, and r 

——— hal AB, which r 


Baſe. 
2. The Swperficies of @ Cone produc'd by « right- 


 angledequicrural Triangle (EBD) is to the Boſe; 


as in a Square the Diameter is to theSide, 


For the a 6 YAO B A being. drawn, the right 
Angle B (ns. JA af biſected, and conſequently 

ABD is t ADB is alſo an | right 
Angle (by Curall. 1 1. r. 3. J. 1.) Thereſore DA, BA, 
are (by 6. J. 1.) equal; and conſequently B D is the 
Diameter of the Square A K, whereof AD is the Side. 
Now the ſame AD is the Semidiameter of the Baſe FE. 

ſceing che Perpendicular A B (by 26. J. 1. ) biſects ED. 
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From which, and this 14th the Corollary is mini- 
feſt, | 


3. The Superficies of the right Cylinder, (GR) Fe. 
sto the Superficies of the right Cone (GBN, ) as 

the Side of the Cylinder & to half the Side of the 

C e. | 


For the Superficies of the Cone GB N is to the Baſe 
M1, as the Side BN is to QN the Semidiamerer : of 
the Baſe (by the 14th of this ;) that is, as half the Side 
BN is to the fourth Part of the Diameter GN. But the 
Baſe MI (by the 12th of this) is to the Superficies of 
the Cylinder G R, as the fourth Part of the Diameter is 
to NK, the Side of the Cylinder. By Equality of Pro- 
portion therefore the conical Superficies G BN is to the 
ylindrical S uperficies G K, as half the Side of the Cone 
b to N R, the Side of the Cylinder. Q. Z. D. | 


— wy WW x = 


A Lemma to what follows. 


N N NPV let there be drawn QD paral- Ng. 16. 
el to NV. | | | 
I fay that the Rectangle under PN and NV is equal 
o the Rectangle under PQ, Qb, together with the 
Rectangle under NQ and the two NV, QD put toge- 
her. | 
Draw NA perpendicular to the Side NP, and equa]- 
o NV; and the Rectangle N O being compleated, let 
he Diameter PA be drawn. Then from Q ler there 
de drawn QE parallel to N A, Which may cut PA in 
B. Through B let CF be drawn parallel to NP. Be- 
auſe AN is 7 to NV, it is manifeſt that Q B alſo 
equal to Q, (from Coroll. 1. p. 4. J. 6.) Therefore 

the Rectangle ON is the Rectangle P NV, and FQ 1$ 
t AD. Ir remains that we prove that the Rectangles 
o, EC, BN, are equal to the Rectangle under N, 
© ad the two NA, BG] chat is, to the Rectangle under 
, and the two Lines NV, QD. But that is mani- 
© est; for che Rectangle under NQ and Na, QB, is 
- qual (per 1+ I. 2.) ro theſe three Rectangles; that under 
„Na and CA (chat is, the Space EC,) and that under 
N and NC * Er OA B N,) and 25 
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NQ:and QB chat is again the Space B N, and conſe- 
quently the Space O B which (per 43. J. 1.) is equal to 
BN. The Propoſition therefore is manifeſt. 


| # . 


PP RO. xv. Theorem. 


Fig. 17, 12. I F a right Cone be cut by the Plain SR pa- (by : 
1 rallel to NZO ; 'T ſay, that the Circle GHM : 
Whoſe Radius GH is a mean betwixt Part of the WW © 
Side N., and 2D, NV . (the Radius's of the 
Circle OSR, NZO) taken together; is equa! 
to the conical Surface intercepted butwixt the para!- 
kl Circles A R, NZO. © 


Let OF be the mean betwixt PN and NV. Like. 
wiſe let GK be the mean betwixt P anf QD; and Wh ren 
ler there be deſcribed the Circles GFL, GK T. Thi: WM Side 
(by the 13th of this) will be equal to che conic Superi- WW H 
cies. QP R, and the other to the Superficies NW 4 Pa 
OP. The Rectangle PN (by the Lemma) is equal to the 
©: Reftangle POP, together with the Rectangle unde I, 
 NQ and NV QD, taken together. But becauſe (by W meter 
me Conſtruction) G F is a mean proportional betwixt WW Ro 
PN, NV; the Rectangle PNV is equal to the Square BC 
of GE (5 17. I. 6.) And becauſe GR is (by the 2 
Conſtruction) a mean berwixt PQ, QD, the Rectangle DF, 
toy 17.4, 5 rap is equal to the Square of GK: And Dr 
auſe-GH by the Hy potheſis is a mean betwixt QN, WW (by : 
and QD, NV, taken together, the Rectangle (by 17. W Lines 
. — under QN, and QD, NV, tiken rogerher, is e. Argu 
ual to the Square of GH. Therefore the Square of W Triar 
F is alſo equal to che Square of GH, and to that o LCN 
GR. Therefore fecing Circles are berwixe themſelves ¶ fore 
(by-2. J. Ia.) as the Squares of their Radius's, the Circle W and a 
LF will alſo be equal to the two Circles GKT, GAM wN 
taken together. But (by the 1th of this) the Circle W is D 
GL is equal to the conical Superficies NP O, There: Ther 
tore the conical Superficies NPO is alſo equal to the is to 
co Circles G KT, and G HM. But QPR one Parrot W BK, 
the Superficies N PO is (by the ſame) equal to the Cir-W Lines 
cle GRT. Therefore the remaining Part, which is com- K L, 
prehended betw-ixt the parallel Circles ZZ, $S, is equi | 
che Circle G HM. & E. D. . & Lew 


Se 
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| ALemma to what follows, . 
R BH, CG) which in the Circle intercept Fir. 13. 
equal Arches (B C, HG) are parallel. 
For let CH be drawn. Becauſe the Arches B C, H G 
are by the Hypotheſis equal, the alternate Angles alſo 
(by 29. L193) BHAc, CH, will be equal. Therefore 
3 BH, and CG are parallel, Q. E. D. 


PROP. XVI. Theorem. 


ET 'there be inſcribed in a Circle a regular Eg. 13. 
Figure of an even Number of Sides, and let 
it be equilateral ; let E B be drawn from the Ex- 
tremity of the Diameter unto B, the end of the 
Side next to the Diameter: and let the right Lines 
BH, CG, DF, join the Angles which are equaliy 
diſtant from A. | a | 
I [ay that the Rectangle contain d under the Dia- 
meter AE, and the ſubtenſe EB, i equal to the 
Rectangle of one Side of the inſcribed Figure AB, or 
BC, &c. and of. all the joining Lines BH, CG, 
DF, taken together. © 


Draw CH, DG: Becauſe, BH, CG, DF intercept 
(by 26. 1. 3.) equal Arches, BC, HG; CD, G; theſe 
Lines (by rhe Lemma) will be parallel. By the ſame 
Argument BA, CH, DG, E E, are parallel. All the 
Triangles therefore (by 27, and 15. J. 1.) BAR, K HI, 
LCM, MGN, NDO, O FE, are equiangular. There- 
fore (by 4. 1. 6.) as BR, is to K A, ſo is HK to KL; 
and as HK is to K L, fois CM to ML; and às CM 
to ML, fois GM to MN; and as GM is to MN, fo 
is DO to ON; and as DO is to ON, ſo is FO to OE, 
Therefore (by 12. J. 5.) as one of the Antecedents, BK, 
is to one of the Conſequents K A; ſo all the Antecedents 
BK, KH, CM, MG, DO, OF, (that is, all the joining 
Lines BH, CG, DF) are to all the Conſequents A 
KL, LM, MN, NO, OE (chat is, to the Diamet 

O 3 Ab) 


 ARCHYMEDES's Theorems. 


AE.) Bur (by 8./.6. ) 2s BK is to AR, ſois EB 
to BA. 'Therefore as all theſe —— BH, CG, DF 
are to AE, ſo is EB “o BA. T re (by 16. . 6.) 
the Rectangle under B A on one Part, and all the joining 
Lines BH, CG, D E, on the other, is equal to the Rech 
angle which is under AE and EB. Q E. D. | 


PROP. XVI. Theorem. 


ET there be inſcribed in DAF a Segment of 
L a Circle, whoſe Boſe D F « tbe, wed 10 
the Diameter A O E, a Figure equilateral, and 
of an even Number of Sides ; and let there be 

aun, ac in the foregoing the Line E B. | 

1 ſay, that the Rectangle comprebended under 
EB, and AO oh of the Diameter, 1 equal ty 
the Rettangle which c under one Side of . the in- 
ſcribed Figure , and all the joining Lines BH, 
CG, 8c. taken together with DO half the Baſe, 


The Demonſtration is the ſame with chat of the fore- 
; going. | | "gs | IN 


9% $I. 


. 
* 


Lemma 1. to what follows. 


ET there be inſcribed in the greateſt Circle of x 
1 7 a regular Figure, which hath its Sides mea- 
fured by the Number Four; and ſtands about the Axis 
AE; which Axis remaining unmov'd, let the Circle be 
yurn'd round together with the 1 pk —_ 
I fay, chat there will be inſcrib d in the Sphere a Bo- 
dy contained under conical Superficies, p 
It is manifeſt ( Reg. 2.4. 12. ) that BA, HA, 
Hkewiſe DE, F E, deſcribe entire Superficies of right 


Cones. Then becauſe the Lines CB, GH, and GF, 
CD, being produced do concur on both Sides in the 
fame Point of the Diameter AE which is in like man- 
per to be drawn out, and cuts che Joining Lines per- 
pendicularly; It is alſo. maniteſt that the laid 17 


ARCHTMEDES's There. wo 
B c, GH, Gr. do deſcribe parts of right conical Sus» | 


F faces which are intercepred betwixt the parallel Circles, 
. which the Tops of the Angles B, C, D, defign in the 
1g {pherical Superfictes. | 
> REL 

| Lemma 2. 


ö i 109 
F ET DAF be the greateſt Section of a Segment of 
2 Sphere whoſe Axis is AO. Let there be inſcribed 
of in this 4 Figure having all the Sides equal , the Baſe ex- 
cept, and Jer it be ruen'd round about rhe Axis A0. 
a Iny, thar # Body contain d under conical Superficies 
"d i will be inſerid d in rhe ſpherical Segment. 


be © This is proved as the torcgoing Lemm. 

l : PROP. XVIII. Theorem. | 
T are Thing dee ait mor Hit 
ſe. | in the firſt Lemma; «nd let the. right Line | 


. drawn from the Extremity of the Diame- 
ter unto the end of the Side next to the Diameter. 

1 ſay, that a Circle the Square of whoſe Radius 
(I) us equal tothe Rectangle A E B contain d un- 
der the Diameter AE, and the ſubtenſe E I, 1e. 
qual to all the conical Surfaces inſcrib'd in the 
F 2 Spber E. | 4 


es: Thar is, 2 Circle whoſe Radius (I) is 2 mean Propor- 


ra tional betwixr AE and ER 
be Becauſe the right Lines BH, CG, DF, are to 


the right Lines BK, CM, DO, taken twice; ( by 1, 
50. J. 2.) the Rectangle under one Side of the Figure in- 

{crib'd in the greater Circle (to wit, under A B, or BC, 
A, or CD, or D E,) and under all the joining Lines toge- 
li ther BH, CG, DF, is equal to the ReQtangie under AB 
F,. and BR, together with that which is under B C and 
he the Compound of BK and CM, together with thar 
na which is under CD and the Compound of C M and 
DO, together with that which is under DE and DO; 
tor Io each of the Lines BK, CM and DO, are taken 
a „ 04 twice. 
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twice. But (by the 16th of this) the Rectangle undes = - 
AB and all the joining Lines BH, CG, DF, taken to- ter 
ether is equal to the Rectangle A E B; that is, (by D. 

the Hypotheſis) to the Square of I. Therefore the 

Square of I is equal to the Rectangles under AB and 

BK, and under BC and the Compound of BK and por 

CM, under CD and the Compound of CM and DO, thy 

and under DE and DO. Now let P be a mean pro- ſer 

a portional berwixt AB and BK; and Qa mean berwixt 

BC and the Compound of BK and CM; and R * 

mean berwixt CD and the Compound of CM, DO; th 


S a mean betwixt DE and PO. The Squares there- 
fore of P. Q, R, S, (by 17. L. 6.) are equal to the above- 
ſaid Rectangles. W here fore ſeeing I have already ſhew'd 
the Square of I to be equal to the ſame Rectangles, it 
muſt alſo be equal to the Squares of P, Q, R, S, toge- 
ther. Seeing therefore (by 2. /. 12.) Circles are be; 
twixt themſehyes aß the Squares of their Radius's; the 
Circle deſcribed of the Radius I will alſo be equal to 
all the Circles together whoſe Radius's are. P, Q, R, &, 
(as is manifeſt from 22. J. 6.) But the Circles of th 
Radius's P and 8 are (by the th of this) equal 
the conical Superficies-which the Sides A B, E D, have 


* produc d, foraſmuch as P is a mean Proportional be- di 
twixt AB the Side of the Cone, and BK the Radius Tf 
of the Baſe; and S is a mean proportional betwixt E D m 
and DO; and the Circle of the Radius Q is (by the at 
15th of this)equal to that Segment of a canicalSuperficies le 
which is intercepted betwixt the two parallel Circles of the L 
Diameters CG, BH, becauſe Q js a mean betwixt BC re 
and the Compound of BK, CM: And for the ſame þ. 
Cauſe che Circle of the Radius R is equal to a Segment it 
of a conical Surface, which is intercepted betwixt thę 2 
parallel Circles of the Diameters CG, DF. Therefore ti 
the Circle deſcribed from the Radius I is equal to the [4 
conical Surfaces inſcribed in the Sphere taken all toge- 0 
F ' 
5 f 

f 
PROP. XIX. Theorem. 


I 
Fig: 14 E the ſame Things be ſuppos'd which were ! 
| in the 24 Lemma, and let the right 71 f 
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E B be drawn from the Extremity of the Diame- 
ter (AE) to tbe end of AB the Side next to the 
Diameter. PF 25. &.: 


I ſay, that a Circle whoſe Radius 1 4 mean pro- 


portional betwixt (EB) and AO) "the Axis 
the Segment, is en. to all the conical Superficies in- 


ſcribed in the ſpherical Segment BAF. 


| The Demonſtration is altogether the fame with that of 
the foregoing z only for Prop. 16. let Prop. 17. be cited. 


P R OP. XX. Theorem. 
Conical Super ficies inſcribd in 4 Spbere do at 
length end in the Super ficies of the Sphere. © 

Let there be given a Superficies as ſmall as yon will, 
s X. It is manifeſt that within the foherical Superks 
cies ACEG, there may be given ſome otherConcentrical 
thereto, which falls ſhort of this by aQuantky leſs thanx. 
Let ACE G, DP LM, be the greareſt Circles of both, 
as cut wich a Plain through the Center. Let there be 
drawn the Diameter ADE, and in D let N Q touch it. 
If the Arch A E be biſected in C, and again the Re- 
mainder be biſected, and ſo on, there will be leſt 
at laſt the Arch AB (as is manifeſt of it ſelf:) 
leſs than 74 $5 AN. If to. this Arch the right 
Line A B be ſubtended, it is manifeſt that it will not 
reach to the Circumference PDML, and that it will be a 
Side of an equilateral Figure, of an even Number of Sides 
inſcribed in the Circle CAGE, no Side whereot reach- 
eth unto the Circumference P D ML.. Wherefore if all be 
rurn'd round about the Diameter A E, it is manifeſt that 
there will be inſcribed in the exterior Spherical Surface 
conical Surfaces, whick include the ſpherical Surface, 
which is concentrical ta the other, and conſequently (by 
Axiom 3. of this) are greater. Becauſe therefore 
ſpherical Surface DP LM falls ſhort of the ſpherical Sur- 
ice ACEG. by a Quantity leſs than the given one X; 
much more will the conical Surfaces fall ſhort of rhe 
laid ſpherical Surface AC Ed by a Quantity leſs than 
che given one X.,and(byDefin. 6. J. 12. )conſequently will 
end in che Superficies AC EG. O, E. O0. 
I | . oe P RO P, 


Fig. 11. 
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PROP. XXI. Theorem. 


= 


Fig: * C. Super ficies inſcribed in @ ſpherical Seg- 


ment -DAF end in the ſpherical Superficies of 


the Segment it ſelf. 


This may demonſtrated by the fame R j 
the foregoing was. * . n 


P RO P. XXII. Theorem. 


Ir u demon ſtrated Prop. 18. that 4 Circle 


whoſe Radius is 4 mean Proportional betavixt 
the Diameter AE and thi right Line EB, which 
is drawn from the Extremity of the Diameter unto 
the endof the Side AB next to the Diameter, is 
equal to all the conic Super ficies inſcrib d in theSphere, 
I ſay,that this Cirele (ſee Def. 6. I. 12.) ends at 
length in a Circle, whoſe Radius is AE the Dia- 
meter of the Sphere, LB = 4achs 


For if more and more Sides be infrnirely inſcribed in 


the greateſt Circle (which then being turn d round abont 
A E produce conical Superficies); it is manifeſt that 


the Side A B becomes at len efs than any given 
right Line, and conſequently that the Subtenſe E H ap- 
proaches to the Diameter A E within a Diſtance leſs alſo 
than any given one; from whence it comes to paſs that 
the Difference of thoſe A E, DE, becomes likewiſe lefs 
than any given one. Therefore much more ſhall the mean 

rtional berwixr AE, BE, which is always greater 
than BE, differ from AE at length by a Defect lefs 
than any given one. Therefore the Circle alſo whoſe 
Semidiameter is a mean betwixt AE and BE, will at 
length differ from a Circle whoſe Semidiamerer is A E, 
by a Deſect leſs than any given one wharſoever ; that is, 


will end (Def. 6. . 12.) in it. Q. E. P. 
This which is clear _— of ic ſeli, there is no need 
ly. 2 


#9 demonſtrare moxe opero 


1 


PROP. 


BEE Gt 4 1 TASTES IR YL YE NT CORRS. 7. FX 
J ne CO OONENTIES Wor eS 3 
> I CIT n 
r MES 1 
e MEE i enen 
7 bs * 0 1299 n * 

(onde ES 15 io SOS ENT 

a * * 74 LV w Nr FF ö 
1 * 7 , 4 5 . R 
* oe 4 — * 12 Wt 2 = py 

: Ne: * F 1 

0 * 4 . 

C o — - 


ARCHIMEDES's Theorems. 


PR OP. XXIII. Theorem. 
i 2 


TT wt Jemonſtrated Prop. 19. that a Circle Fig. wr. 


whoſe Radium is a mean proportional betwixt - 


EB and the Axis of the Segment AO, is equal tb 
all the conical Super ficies inſcrib'd in the ſpherical 
Portion DAF : 1 1 

I ſay, that this Circle, ends in 4 Circle whoſe 
Radius is the right Line AD drawn from the Ver- 


tex of the Segment unto the Circu of the 
Circle PN which is the Baſe of the Segment, 
| For blcenſs it now appeurs from the 6 De- 
monſtration that E B doth at length end in A E; it will 


alſo be manifeſt that the mean Proportional betwyixt E B 


and AO doth at length end in the mean Proportional 
berwixt AE and AO, that is, ( by Coroll. 2. p. 8. J. 6. 


in AD it ſelf, It is therefore maniteſt chat che Circle 
alſo whoſe Radius is a mean Proportional betwixt E B 
and if” doth end in the Circle of the Radius AD. 
E 


A Lemma to the following Propoſition. 
r tlie Diameter of one Circle be double to the Diame- 
other. , > * a 
This is manifeſt from Prop. 2. J. 12, and Defin. 10. J. 5. 


PROP. XXIV. Theorem, 


the greateſt Circie of the ſame Sp 
This moſt noble Theorem of Archimedes we ſhall from 


a 4 

* FT * '4 4% © . p . 1 p 

} # 
1 


Let 


rer of another, the one Circle will be fourfold to the 


4 


1 Sepſis of ev felt 


much ſhogrer and clearer 
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Ler an ordinate Figure, the Sides whereof are mea- 
ſured by che Number four, be underſtood to be inſcrib d 
in the greateſt Circle of a Sphere about the Diameter 
AE. Let this Figure be turn'd round abour AE, and 
ſo produce conical Surfaces inſerib d in the ſpherical Sur- 
face, and let EB be drawn. It hath been demonſtra- 
red above ( 18. of this) that all conical Surfaces inſcri- 
bed in a Sphere are equal to the Circle, the Square of 
the Radius whereof is equal to the Rectangle A E B, that 
is, whoſe Radius is a mean Proportional betwixt A E and 
EB. And this will always happen, although the Inſcri- 
jon be infinicely continued. Wherefore ſeeing the in- 
erib d conical Surfaces (by 20. of this) will at length 
end in the ſpherical Surface, and the Circle whoſe Ra- 

dius is a mean betwixt A E and EB will at length 

8 22. of this) in the Circle whoſe Radius is A E; 
* Surface it ſelf alſo (by 2. of this) will be equal 
to the Cirele of the Radius A E, that is, ( by the forego- 
ing Lemma) to four Times the greateſt Circle A C EG. 
He chat ſhall read Archimedes will find that the Way 
here uſed in demonſtrating this moſt noble Theorem 15 
that of Archimedes. 


«7 
#3 4 


£35 3.7 , 


Corollary. 


om this ad mirable Theorem, whereby | Archimgde's 

| hath purchas d to himſelf an immortal Name amongſt 
the Geometricians, a Circle rgudl to à ſpherical Surface 
is obtain d; that to wit, whoſe Semid iameter is the Dia- 
meter of a Sphere, or whoſe Diameter is double to the 


Scbolium. 49 


W are now well provided for the meaſuring of 2 
ſpherical Surface, the chief amongſt all Cutve 
ones. Andi it is perform d theſe two Ways. 
1. Let the greateſt Circle of the Sphere be meaſured 
(according to bol. Prop. 6. of this) and let it be multi- 
lied by 4. As, if the greateſt Circle of the Orb of the 
Earth be found to contain 49,075,000 Square 3 
accor d- 
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according to this 195,325,000 ſquare Miles are contain d 
in che whole ſpherical Surface. | 

2. The Diameter of a Sphere multiplied by the Cir- 
cumference of the greateſt Circle gives you the ſpherical 
Saperficies. According to which, if the Earth's Diame- 
ter conſiſt of 7,853; Miles, and conſequently the Circum- 
ference of the greateſt Circle — of 25,000, the 
whole ſpherical Surface will be in the fame Miles 
195,325,000; for 7,853 x 25,000=196,325,000, | 


The Demonſtration appears from Coroll. 1. Prop. 5. of 


y 


this ; for a Rectangle under the Diameter of" a. Sphere, 
and the Circumference of the greateſt Circle, is accord- 
ing to that Coroſlary fourfold of the greateſt Circle, 


PR OP." XXV. Theorem. 
HE Surface of ann ſpherical Portion whatever 


(ar DAF) 1s 2 to 4 Circle, whoſe Radi- 
AD 


ws is the right Line ) drawn from the Ver- 
tex of the Portion to the Circumference of the Cir- 
cle D. FN which'# the Baſis of the Segment. 


Let a Figure equilateral and of an even Number of 
Sides, che Baſe being ſet afide, be imagin'd to be in- 


ſcrib'd in the Section of the greateſt Portion about the 


Axis AO; this Figure being turnd round about AO 
will inſcribe conical Surfaces in the Portion. Let the 
right Line E B be drawn alſo as above (in 18 and 19 of 
this.) All the conical Surfaces now inſeribed are equal 
(by the 19th of this) to the Circle whoſe Radius is 4 mean 
proportional betwixt E B and the Axis of the Segment 
AO. And this will always happen if the Inſcription be 
infinitely continued. Wherefore ſeeing both the conical 
Surfaces inſerib d in the Segment end ar length (by 21 
of this) in the ſpherical Surface of the Segment, a 
the Circle whoſe Rad ius is a mean berwixr EB and AO 
ends (by 23.) in the Circle of the Radius A D; the 
ſpherical Surtace of rhe Portion alſo D A F (by 2.) will 
be equal to the Circle of the Radius AD. 2. E. D. 
This is another of the more noble Inventions of Archi- 
medes, which as the former we have demonſtrated in a 
much ſhorter and clearer Way than he did. >= ak 


F. BY. 


* 
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P R OP. XXVL Theorem. 

H E Superficies of a right Cylinder circum- 
ſeri d about the S wa theCylinder HPS) 
is equal to the Surface 5 the Sphere. 

And if a Cylinder and Sphere be cut by Plains 
perpendicular to the Axis (BG) ; each Segment of 
the Cylindrical Surface will be equal to each Seg- 
ment A the Sphere. 


Part I. Becauſe the Side HP of the Cylinder is (by 
the Hypotheſis) equal ro PS the Diameter of the Baſe 
the Cy indrical Surface H $ will be (by Coroll. p. 12. of 
this) Fourſola of the Baſe ; that is, of rhe greateſt Cir- 
= of the Sphere inſcrib'd in the Cylinder; of which 

_ © 24 of this) the ſpherical Surface it ſelf is al- 

d, this will be equal to the Cylindrical Surface, 


* D. 

3 II. Let the right Lines B O, GO, be drawn, 
Becauſe the Angle BOG (b 1 0 2 is right, 28 being 
the Angle in the — 0 Ils perpendicular 


from it upon BG; BO (by Cavl. a. 5. 8. 46.) will bea 


mean propo betwixt GB and BC, is, be» 
twixt LT and HI. Therefore the Circle of the Radius 
BO ( by 11, of this) will be equal to the Cylindzical 
Surface H T. Bur the ſame Circle is alſo (by the fore- 


Put equal to che Segment of the ſpherical Surface 


Theretore the C 1 _ HT and the 
ſpherical OBK are 


Then becauſe it is ſhew'd io the ſame manner that the 


rel E. is to the ſpherical QB R. 
the 1 OD Gon, 2 equal to the 

ca * is intercepted 
berwixt two parallel Circles, 


And from e eee ee 
ments. 


Coroll. Fi the Superfic linder circumſerib'd 
Por Fro dot | 


"PROP, 
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p R OP. XXVII. Theorem. 


| T HE Segments of 4 ſpherical Surface divided N. . 
by parallel Circles have that Proportion among Þ 

them ſelves, hieb the Segmems (N, CD, DA; I 

AE, EF, FG) of that Diameter (BG) which js A 

perpendicular fol parallel Circles have among ft _ 


themſelves. 1 | J 
Ic follows from rhe foregoing. For by that the Segments 2 YH 


of che ſpherical Surface OBK, QOKR, MQRN, er. 
are equal to the Cylindrical HT, IX, LN, c. Bur 
theſe (by 13. /. nd have the ſame Proportion betwixe 
themſelves which the Segments of the Axis BC, CD, 
Þ A, cc. have. Therefore thoſe alſo have the ſame Pro- 
portion. Q E. D. 


Scholium. 


Fbhen hence the Proportion of Zones and Climates 
L betwixt themſelves becomes known. For they are 
to one another as rhe Segments of the Axis, which are 
_ known from the Table of Sines. | 
From the ſame alſo we learn co meaſure the Segments 
af a ſpherical Surface. For becauſe boch the whole Sur- 
face of the Sphere is known from Sch. Prop, 24 a 
the Proportion of the Segments, the ſame as that 
the Parts of the Axis, is alſo given; it is manifeſt that 
each of the Segments become known. 

Now both the ſoregoing, and all the reſt of the Theo- 
rems which follow, are altogether ſingular and admira- 
ble, and well worthy that thoſe who are ſtudious of Geo» 
metry ſhould give all Diligence to underſtand them. 


A Lemma to the following. 


F aPlain (QN) touch a Sphere in (O) a right Line +; - 
ee = Center to the 2 — — * 
to in. e 


&& AKEHTMEDES 's Theorems. 
| Let QN che tonching Plain and the Sphere be cut wil 
1 through the Contact with two Plains, which in the Sphere Ir 
= may produce the Circles OG, OD, but in the Plain QN Pa | 
< the right Lines CO, IO, which ſhall touch the Circles, — 
"WO. Therefore by 18. J. 3. A0 is perpendicular to — 
both I O and CO, and conſequently by 4. I. 11. perpen- * 
dicular to the Plain Q MN. . E. D; _ 5 
2 | mar 
'PROP. XXVII. Theorem. | 7 


_—_— Very Sphere is equal to a Cone (ZO) who 3 — 1 
11. E Altitude (RO) is equal to the Radius of * — | 
Sphere ; and the Baſe (Z equal to the Super ficiei enco 


| of the Sphere. i oo 

| Let ſome polyedral Body be underſtood to be circum- — 
feribed about the Sphere, and let the ſolid Angles thereof has ; 

be cut off by new Plains touching the Sphete. Which be- Bt 

ing done there will ariſe another Polyedral Body contain ſhew 

ing the Sphere, but leſs than the former, and conſiſting of of 'of 

more Angles, and having a Surface compounded of more the k 

I tangent Plains in Number bur leſs in Magnitude, If the . 
4 folid Angles of this polyedrum be again cut off by new 5 
| rangent plains and the Angles of the third Polyedrum fac 
| . thence ariſing likewiſe, and ſo on for ever; it will come in ah 


| ro pals at length that both the Polyedrum will excegd the XN 
1 Sphere by a ſolid leſs than any given one whatſoever ; Hei 
ö and the Surface thereof compounded of tangent Plains 4 


# (which, as I ſaid, are endlefly leſs in Magnitude, and Tt 
4 more in Number than they were before) will exceed the Fs + 
[| ſpherical Surface alſo by a Plain lefs than any given one 111 


whatever. Both which Things, although they might be but 5 
demonſtrated, yet becauſe they are of themſelves mani- two p 
feſt enough, I ſhall for Breviry's ſake take for granteds deſide 


Theſe Things being thus ſtared, we proceed. | Theo, 
The Polyedrum now defign'd is compounded of Pyra- Ev 
mids, the common Top whereof is the Center of the j — 
Sphere, and the Bales are tangent Plains, which conſti- _ 


tute the Surface of the Polyedrum. And becauſe the 

right Lines drawn from the Center A unto the Contacts 

ot each of rhe Plains, are (by the foregoing Lemma) per- 

pendicular to each of the Plains therefore the height 

oi all the Pyramids, whercot the Polyedrum _—_— 
1 W 


ARrCHIMEDES's Theorems. 
will be equal; to wit, AB the Radius of the Sphere. 
If therefore che Plain X be ſuppoſed equal to the Sur- 
face of the Polyedrum it ſelf, and upon it there be ere- 
Red a Pyramid at the Heighth MN, which is alſo equal 
to the Radius of the Sphere; It is manifeſt (by 6.4. 12.) 
that all the aboveſaid Pyramids, that is, the whole Po- 
lyedrum are equal to the Pyramid x N. After the ſame 
manner all the reſt of the Polyedrums containing the 
Sphere, which from the perpetual Abſciſſion of the ſo- 
lid Angles will ariſe one after another infinitely, are al- 
ways equal to the Pyramids (repreſented by X N) the : 
Altitudes whereof MN are the Radius of rhe Sphere; by 
but the Baſes (X) x wa to the Surfaces of Polyedrums - bY 
encompaſſing the Sphere. Wheretore, ſeeing ar length O Ip 
both Polyedrums (as I ſaid above) do end in 2 
Sphere, and the Pyramids, (X N) as I will ſhew by and 
by, do end in the Cone Z O; the Sphere alſo (by 1. of 
this) will be equal to the Cone. 2. E. D. 

But that the Pyramids X N end in a Cone, I thus 
ſhew. The Surfaces of Polyedrums end in the Surface 
of the Sphere, as it was taken for granted above. But 
the Baſes X of the Pyramids X N are always ſuppos d 

ual to the Surfaces of the Polyedrums; and Z the Baſe 
of rhe Cone, T O is by the Hy potheſis equal to the Sur- 
ſace of the Sphere; . che Baſes X alſo will end 
in the Baſe Z; and Nee ſeeing the Pyramids 
XN be to the Cone, which by the Hy potheſis is of equal 
Height (BY Corol. Prop. 11.1. 12.) as the Baſe X is to the 

e. Z, the Pyramids alſo will end in the Cone. * a 

The Demonſtration of this Propoſition and the follow- 1 
ing is altogether diverſe from that which Archimedes 18 
made uſe of, which indeed is very ſubtile and ingenious, | 
but Prolix and difficult; to which there are. premis'd | 
two Poſitions that are maniteſt, and eleven Propoſitions, | 
beſides others not a few, on which they depend. Bur the 8 
| Theorem it ſelf, as propounded by Archimedes, is thus; . 
Every Sphere is fourtold of a Cone, which hath a Baſe 1 
equal to the greateſt Circle of the Sphere, aud its Alti- 
tude equal ro the. Radius. 2 aten e 
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Rom this noble Theorem is deduc d the Menſuration _— 
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ARCHIEMEDES's Theorems. 


Part of the Diameter, or the third Part of the Semidia- 
meter be — 17 by the Surface of the Sphere, alrea- 
dy known by 'Sthol. Prop. 24. there will arife the Solidity 
of the Sphere. | 

Suppoſe theSuperficiesof the Earth be found to contain 
196,325, o00 ſquare Miles, and let the third Parc of the 
Semidiameter confiſt of 1309 ſuch Miles. Multiply the 
two Numbers together, the Product 256,989, 425, ooo 
will be che N of the cubic Miles of the Earth's 
Solidiry. © | 5 

For ſeeing a Sphere (by this Prop.) is equal to a Cone 
whoſe Altitude is the Radius of the Sphere, and its Baſe 
the Surface of the ſame Sphere, and the Solidity of rhe 
Cone ( by Schl. Prop. 6. of this) is produc'd from the 
third Part of the Altitude (that is, of the Radius of the 
Sphere) multiplied by the Baſe (that is, the Surface of 
the Sphere,) the Sphere's Solidity alſo is obtain'd from 
the za Part of the Radius mulriplicd into the Superficies. 


' "PROP: XXIX. | Theorem. 


Very. Sefot of a Sphere i equal to a Cone 

whoſe Altitude is the Radius of the Sphere, 
and the Baſe the ſpber ical Superficies of the $:tor. 

Firſt, let the Sector AECG he leſs than an Hemi- 
ſphere: | Let a gbr Un d polyedral Body be underſtood 
to be crreumſcrib'd about the Sector. Now if all the re- 
— mn carried on aſter the ſame manner 
as was done in the foregoing , the Thing ſought will be 
concluded in the fame manner, This Thing alone will 
non: ro be ſhew d, which indeed the whole Rea- 
ſoning depends; to wit, that the Superfices of the Po- 
lyedrum, which is compounded of Plains on every Side, 
touching the Surface of the Sphere E CG, is greater 
than the Surface ECG. Which is done thus. Let ano- 
ther equal and xe Surface be conceiv'd to be ſer to the 
Surface E CG encompalſs'd with toucliing Plains in the 
very lame manner as the other is. There will now (by 
Axiom 3. of this) the whole Surface compounded ot 
Plains, be greater than the whole ſpherical Surface. 
Therefore half the Surface compounded of Plains will 
alſo be greater than half the "ſpherical Surface = G, 
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Then let the Sector AEB G be greater than an He- 
miſphere. Both Sectors taken together are (by the fore- 
going) equal to a Cone whoſe Heighth is the Radius of 
the Sphere, and its Baſis the whole Superſicies; that is, 

C by rr. J. 12.) to two Cones which have the fame 
Heighth, but have their Baſes equal to the Segments of 
the ſpherical Superficies ECG, EBG. But one of the 0 
Sectors AE CG, that which is leſs [than an Hemiſphere, 
is by Part 1. equal to à Cone, whoſe Altitude is the Ra- 
dius, and its Baſe the Surface ECG. Therefore the o- 
ther Sector A E BG is equal co the other Cone whoſe 


Heighth is the Radius, and irs Baſe the remaining ſphe- I 
rical Surface E BG. . E. D. A 

J Corollary. | | 
Ching (by 25. of this) the Superficies ECG is equal * f 
do the Circle of the Radius CG, and the Superficies 3 
EB G equal to the Circle of the Radius B G; the Se- . 


ctors A ECG, and AEB G, will be equal ro Cones 
whoſe Altitude is the Radius of the Sphere, and their 
Baſes Circles of the Radius's C G, and BG. + 


Arn d e | 

1233 theſe Things is deduc'd the meaſuring both of Fig. 23. 
Sectors and Segments of Spheres z of Sectors (as 

appears from Sthol. Prop. 6. of this) if the third Part of 

the Radius be multiplied by the ſpherical Surface of che 

Sectors, which is already known from Scho. Prop. 27. 

by the Circle of the Radius CG or BG; and of Seg- 

ments, if the Cone E AG be meafured, and be taken 


away from the Sector, if it be leſs than an Hemiſphere ; | f 
but added thereto if it be greater. Fo 
cles, whether parallel or not parallel, is meaſured ; if rhe $8 
Segments QB R and MBN already known , be fub- Þ 
ſtracted one out of the other. . f 
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PR OP. XXX. Theorem. 


A N Hemiſphere (EO BD) « double to the rig. 24 
Cone (E BD) which hath the ſame Baſe and 
Altitude with it ſelf. . = | 
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The Cone whoſe Baſis is the hemiſpherical * 
E OB D, and its Altitude the Radius A B, is to the Cone 


2 11. J. 12.) as Baſe is to Baſe, chat is, as the 


hemiſpherical Surface E OBD is to the greateſt Circle 
PT, Therefore] ſeeing the hemiſpherical Superficies 
EO BD is double to the greateſt Circle (by 24. of this) 
the Cone alfo which hath the Superficies E OBD for its 
Baſe, and the Radius A B for its Altitude, is double to 
the Cone EB D. But (by 28. of this) the Hemiſphere 
is equai to a Cone which hath the Radius for its Altitude, 
and the hemiſpherical Superficies for irs Baſe, Therefore 
the Hemiſphere is alſo double to the Cone E B D. RED. 


PROP. XXXI. Theorem. 


E a Sphere be divided into two Segments 
ILBG, ISKG, by the Plain LT which 
doth not paſs through the Center A ; and let the 
Diameter BOK be perpendicular to the cutting Plain. 
As the Altitude O B of the Segment ILBG, 
& to the Radius of the Sphere AB: So let OK, 
the Altitude of the other Segment, be made to the 
other Line KN, | 
In like manner, As OK, the Altitude of the Sex 
ment IS KG, & to the Radius AK or AB, ſo le 
the Altitude OB of the other Se be made to 
77 other Line BD. Which Things being ſuppos d, 
T ſay, | | | 
f . The Cones ING and IDG whoſe Altitudes 
are ON, OD, and I9GT' their common Baſe, are 
equal to the ſpherical Segments, 
2. "There u the ſame Proportion of the Segments 
as there x of the right Lines DO, NO. 
3. The Segment ISKG is to the greateſt Cone 
IKG inſcribed in it, a# NO is to RO; and the 


Segment ILBG is to the greateſt Cone IBG in- 


ſcrib d in it, as DO is to BO, 
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Part I. Let the Sphere and Cones be cut by a Plain 
through the Diameter BK. There will be produced in 
the Sphere the greateſt Circle BL KG, and in the Cones 
the Triangles BIG IKG, And becauſe BOK the Dt- 
ameter is (by the Hypotheſis) perpendicular to the Cir- 


cle QT, IOB (by Def. 3. /. 11.) will be a right Angle, 
The le in ere is 10 a right = —_— 
l. 3,) Becauſe therefore in the Triangle B IR, there is 
drawn from the _ Angle, IO perpendicular to che 
Baſe BK; BI will be to 1O, as(by 8. J. 6.) B K to KI. 
Therefore the duplicate Proportion of BI to LO is equal 
to the duplicate Proportion of BK to KI; that is, 
(becauſe BK, KI, K O (by Corol. 2. Pr. 8. J. 6.) are three 
Proportionals) equal to the Proportion of BK to KO. 
Then becauſe OB is (by the Hy potheſis) to BD, as 
OK is to the Radius AB; by Inverſion it will be always 
thus, DB is to BO, as AB to OK; and by Permuta- 
rion thus, DB is to BA, as BO to OK; and by Com- 
pounding thus, DA is to BA, as BK is to OK. Be- 
cauſe therefore I have already ſhew'd the Proportion of 
BK to OK to be duplicate to the Proportion of BI co 
IO, and conſequently (by 2. J. 12.) cqual to the Propor- 
tion berwixt the Circles deſcrib'd by the Radius's BT, 
IO; DA will alſo be to BA, as the Circle of the Ra- 
dius BI, to the Circle of the Radius I O. Therefore 
the Cone under the Altitude D A, and for che Baſe, the 
Circle of the Radius 10; that is, the Circle QT, is e- 
qual to the Cone under the Altitude B A, (by 15. J. 12.) 


which hath for its Baſe the Circle of the Radius BI; 


that is, (by Col. 29. of this) the ſpherical Sector 
AIBG. Wherefore if the ſame Cone IA G be added 
as well to the Sector AI BG, as to the Cone under DA, 
and the Circle QT, the Wholes will be equal; to wit, 
the ſpherical Segment IL BG will be equal to two 
Cones, whereof one is that which is under the Baſe QT 
and the Altitude D A, and the other I AG is under the 
ſame Baſe QT, and the Altitude O A, Bur theſe two 
Cones (by 14. J. 12.) make up the Cone I DG, There 
tore the Segment IL BG will be equal to the Cone 
1DG. A E. b. 

By the ſame Reaſoning the Segment ISKG will be 
equal to the Cone ING, with this only Change, that 
the Cone I AG which before was added, be now taken 
away. | 

P 3 Part 
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Part II. This is manifeſt out of the firſt. - For the 
Cones IDG and ING are betwixt themſelves(by p.14. 
J. 12.) as are DO and NO. Therefore the Segments 
alſo ILBG, IS RKG, equal to thoſe Cones, are be- 
twixt themſelves, as the right Lines, DO, NO, 

Part III. This likewiſe is manifeſt from the firſt. For 
the Cone IDG is to the Cone I BG, (by the ſame) as 
DO is to BO. Thereforerhe Segment alſo I LB G which 
is equal to the Cone I DG, is to the Cone I BG, as 


Sc bolium. 


Fm the firſt Part of this Propoſition there ariſes ano- 

ther Way of Meaſuring ſpherical Segments, and that 
@ very eaſy one; if, to wit, the Cones IDG, ING, be 
meaſured ; which will be done if the third Parts of the 
right Lines DO, NO, be drawn into the Circle QT. 


PROP. XXXII. Theorem. 


A Right Cylinder (G K) is both in Solidity and 
the whole Superficies to the Sphere about which 
it is circumferib'd, as 3 to 2. 1 

Let B be the common Axis of the Sphere and Cys» 
inder, E BD the greateſt Cone inſcrib d in the Hes 
miſphere E OE D. Becauſe the Cylinder ER (half of 
GR) (by 10. % 12,) treble to the Cone E BD, While 
the Hemiſphere is double to the ſame Cone, (by 30. af 
this) it is manifeſt that the Cylinder E K is to che He- 
tuilphere as 3 to 2. Therefore alſo the whole 1 — 
GR is to the whole Sphere QE BD as 3 to 2. Which 
was the firſt Part. 

Then pecauſe the Side of the Cylinder K N is equal 
to GN the Diameter. of the Baſe, its Superficies wich- 
out the Baſes will be fourfold (by Corol. Pr. 12. of this) of 
the Baſe MI, and cenſequently taken together with the 


Baſes, that is, che whole Superficies oi the Cylinder, 
will be ſixtold of the Baſe MI, which is equal to the 
ateſt Circle of the Sphere. But the Superficies-of the 
phere is fourfold of that greateſt Circle. Therefore the 
whole Superficies of the Cylinder G K is to the Superfi - 
cies of the Sphere, as g to 4, or as 3 to 2. Which — 
©. s There- 


the other Parr, 


Oo 
. 
C 
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ARCHIMEDEs's Theorems, 
Therefore a Cylinder is both in Solidity and the whole 


Superficies to the Sphere, about which it is circumſcrib d, 


as 3 to 2. Q E. D. | 


Scholium. 


FE is an Argument what a great Value Archimedes 
puts upon this Theorem, that he would ha 
a Sphere inſcribd in a Cylinder ſet upon h 
Tomb. And perhaps amongſt ſo many other Famous 


Diſcoveries, this chiefly and above all others pleas d him 


for this reaſon , to wit, becauſe there was one and the 
ſame rational Proportion both of Bodies, and of the Sur- 
faces which contain them. We have demonſtrated a 
like Identity of Affections berwixt Rings, and the Surfa- 
ces of Rings, in the 4th Book of our Cy lind ricks and Annu- 
laries, Prop. 13, 14, 15. And another Famous Example 
of the ſame harh alſo offer d ir ſelf to me in the Sphere 
it ſelf, For I have found, that like as a Sphere is to a 
right Cylinder which encompaſſech it (which will neceſ- 
ſarily be equilateral) as 2 is to 3, and this boch in re- 
ſpe of Solidity and Surface, to likewiſe rhe Sphere 
hath to an equilateral Cone encompaſſing ir, that Propor- 
tion which 4 hath to 9; and chis both in regard of So- 
lidiry and Superficies, From which this allo follows, 
That che ſeſquialteral Proportion found by Archimedes in 
the Sphere and Cylinder, is continued in three Solids, 
Sphere, Cylinder, and equilateral Cone. The Demon- 
ſtration of both which Things, wich ſome other Theo- 
rems of my own, in which the wonderful Nature of the 
Sphere will more appear, I ſhall tubjoin in rhe thirteen 
following Propoſitions. | 


PROP. XXXIIL Theorem. 


HE Super ficies Z 4 Sphere is double to the 
Super fies of a ſquareCylinder inſcrib'd inthe 
ſame Sphere, 


Let AKL be theSquare inſcrib'd in the greateſtCircle 
of a Sphere, from which turnd round, there is deſcribed a 
ſquare Cylinder; and let AL be drawn as a Diameter 
common to the Cylinder and Sphere. Becauſe the Square 
AL is (by 47. J. 1.) „ the equal Squares A 

4 K 


Fig. 26. 
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ARCHIMEDES's Theorem. 


K L, it will be double to one AK. Therefore alſo the 
Circle of the Diameter A L, is (ty 2. l. 12.) double to 
the Circle, whoſe Diameter is AK; to wit, to the Cir. 
cle CN. But the Superficies of the Sphere is (by 24. of 
this) fourfold to the Circle whoſe Diameter is AL; for 
that is the greateſt Circle of the Sphere, ſeeing AL is 
the Diameter of the Sphere. Therefore the Superficies 
of the Sphere is Eighttold of the Circle CN. But be- 

uſe LK, K A (by the Hypotheſis ) are equal, the cy- 
indrical Superficies A CL is (by Corol. Fr. 12,-of this) 
quadruple of the Circle CN. Therefore fince che Su- 
perficies of the Sphere is Eighrfold of the ſame Circle, 
it will be double to the cylindrical Superficies. Q. E. D. 


PROP. XXXIV. Theorem. 


TH E Superficies of a Sphere hath that Propor- 
tion to the 2wbole Super ficies of a ſquare Cylin- 
der inſcribd in it, which 4 hath to 3. 

Let the ſame Things be ſuppos'd which were in the 
foregoing Demonſtration. Becauſe by the Hy potheſis 
LK the Side of the Cylinder, and A K the Diameter of 
the Baſe thereof are equal, the cylindrical Superficies 
CL will be quadruple (by Corol. Pr. 12. of this) to the 
Baſe CN, and conſequently the whole Superficies of the 
Cylinder is to both Baſes CN and SL, as6 is to 2. 
Bur the Superficies of the Sphere is to both Baſes toge- 
ther C L, S L, as 8 is to 2, ſeeing in the foregoing it was 
ſhew'd that it is to one Baſe as 8 to 1. Therefore the 
Superficies of the Sphere is to the cylindrical Superficies 
CL as 8isrg6, or qtoz3. L. E. P. 1 


Corollary. 


HE whole Superficies of a right Cylinder deſcrib d 

about aSphere, js ro the wholeSuperficies of an cqui- 
lateral Cylinder inſcrib d, as 2 is ro 1. For the circum- 
ſcrib d is to the ſpheric Superficies as 12 is to 8 (by 32. 
of this.) But the Spheric is to the inſcrib'd as 8 is ro 6 
by this preſent Propoſition. Therefore the circumſcrib'd 
is ro the inſerip d as 32 15106, or 2 tO. 


PROP, 
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PROP, XXXV. Theorem. 


Portion of any ſpherical Superficies whate- 
A wer (as ILBG) hath the ſame Proportion to 
the Superficies of the greateſt inſcribed Cone, which 
(BG) the Side of the Cone bath to (GO) the Radius 
of the Baſe. 

Becauſe (by 25. of this) the r Op ” of the Portion 
ILBG is equal to the Circle of the Radius BG; the 
Proportion thereof to QT, that is, to the Baſe of ir 
ſelf and of the Cone, will be duplicate to the Proportion 
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Fig. 26, er 
25. 


(by 2.1.12.) of BG to GO, that is, (by 14. of this) 
of t 


he Proportion of the conical Superficies IB G to the 
ſame Baſe QT. Therefore it is manifeſt (by Def. 10. lg.) 
chat the Superficies ILBG is to the conical Superficies 
I BG, as the ſame conical Superficies I BG, is to the 
Baſe QT. Wherefore ſeeing the conical Superficies IB G, 
is to the Baſe QT, as BG (by 14. of this) is to GO, 


the Su cies of the Portion will alſo be to the conical 
Su cies IB G inſcrib d in it, as EG is to G O. QED, 


P R OP. XXXVI. Theorem. 


THE Superficies of the Hemiſphere (EOBD) 
hath that Proportion to (EBD) the Super ſicies 

of the greateſt right inſcribed Cone, which in 
a Square the Diameter hath to a Side; and that 
Proportion to the Swperficies of a like Cone circum- 
ſcribed,as the Side in a Square hath to the Diameter. 
I. The Demonſtration of the firſt Part is manifeſt from 
the foregoing, For E OBD the Superficies of any Por- 
tion whatever, and conſequently of the Hemiſphere, is 
to the conical Superficies inſcrib'd, as BD is to DA. 


But BADK is a Square whole Diameter is BD and the 
Side DA. 


Part II. Let EB C be half of the Square circum- 
ſerib d about the Circle (whole Center is A); which EBC 
being turn d about the Axis A B, let there from thence 
be produc d a Cone circumſcribed about the Hemiſphere. 


Now becauſe the Square EC is (by 47. J. 1.) double to 


phe Square EB or Gl, the Circle of the Diameter — 


Fig. 24+ 
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alſo is (by 2. l. 12.) double to the Circle whoſe Diameter to thy 
is GI, that is, to the Circle HG DI. But (by 24. of from 
this) rhe Superficies of the Hemiſphere included in the the 8 
Cone EBC is double to the fame Circle. Therefore the the 
Circle of the Diameter E C is equal to the hemiſpherical who, 
Surface. Wherefore ſeeing the conical Superficies EBC EBC 
is (by 14. of this) to the Circle of the Diameter EC, to fore 1 
wit, to its own Baſe, as the Side BE is to E A the Ra- the 1; 
dius of the Baſe; it will be alſo to the hemiſpherical Su- do che 

perficies infcribed in it, as B E is to E A; that is, as che 

Diameter in a Square is to a Side. N E. D. 

'PR OP. XXXVII Theorem. 5 
The ſimer i- A Sphere bath the ſame Proportion to @ ſquare co- to thy 
gare, with d : Er. , Th 
$ig.n3-l.S. nical Rhombas circumſcribed about it both in porct 
reſpect of Solidity and Surface ; Which in a ſquare « of 
the Side hath to the Diameter. | xp 
Let the ſquare E B C F be circumſcrib'd about HG DI, and c 
rhe greateſt Circle of a Sphere, from which Square as ficies 
turn d round about the Axis B F, let a conical Rhombus perfic 


encompaſſing the Sphere be produc'd. 
As E B a Side of the Square (ſee Fig. 6. I. 4.) is to the 


Diameter EC, even ſo let S be nude to R; (ſee Fig. 
13. . 5.) and let this Proportion be continued through TH 


four Terms, 8, R, Q, O, the Proportion then of S to O 4 
will be triplicate to the Proportion of S to R; that is, as 10 
of EB to EC, and the Proportion of O to R will be 7 
duplicate to the Proportion of O to Q, or of R to S; quilat 


that is, of EC to EB; and conſequently (by 20. J. 6.) to the 
O is to R 28 EC is to E B; trom whence chrout 
(by Schol. Pr. 6. and 7. I. 4.) O is double to R. Theſe rente 
Things being thus ſettled, let the Sphere E BCF be un- K D 
derſtood to be circumſcribed about the conical Rhombus. fot 
Thus the Sphere HG DI will be to the Sphere E BC F K A is 

y 18. /. 12.) in the triplicate Proportion of the Diame- will be 
ter GI or EB to the Diameter EC; chat is, 8 equal 


already ſhew d) it will be as S ro O. But the Sp E B becau! 
FC is to the conical Rhombus inſcribed in it (by 30. of rol. g. 
this) as 2 is to 1; that is, (as I have ſhew'd above) as O le K 

is to R. Therefore by Equality of Proportion, the Sphere e Sq 


HGDI is to the ſame Rhombus which is deſcribed abou var, 
i. 4s S is to R; that is, as in a Square the Side EB is pl 
IN ma a to 


e of 


ARCHIMEDES's Theorems. 45 


to the Diameter E C. Which was the firſt Part. Then 
from the ſecond Part of the foregoing, it appears that 
the Superficies ot the Hemiſphere is to the Superficies of 
the Cone E B C, and conſequently rhe Superficies of the 
whole Sphere is to the Superſicies of che whole Rhombus 
EB CF, as in a Square the Side is to the Diameter. There- 
fore the Sphere as well in Solidity as in Superficies is to 
the ſquare Rhombus EB CF, as in a Square the Side is 
to the Diameter. Q. E. D. | 


PROP. XXXVIII. Theorem. 


THE Super ficies of the Portion ( BGKD) which Fig. 274 
contains an equilateral Cone (BKD) & double 
to the Superficies of the ſame Cone, 
This is manifeſt from 35. For the Superficies af the 
Portion BG RD is to the inſcrib'd conic Superficies (by 
s of this) as BK is to BA. Bur becauſe the Cone 
$k D is ſuppos'd to be equilateral, K B is equal to BD, 
and conſequently double ro B A. Therefore the Super- 
ficies B GK D is alſo double to the inſcribed conical Su- 
perficies, N. E. D. 7 5 


P R O P. XXXIX. Theorem. 


THE Super ficies of a Sphere is to the whole Su- Fir. 27. 
 perficies of an equilateral Cone inſcribed in it, 
4 1635 0 9. 

Let Z be the Center of the Sphere, and BR D the e- 
quilateral Cone inſcribed, and K Z AQ the Axis commog 
to the Sphere and Cone. If the Sphere and Cone be cut 
through this, there will be produced in the Sphere the 

reateſt Circle, and in the Cone, the equilateral Triangle 

K D, one Side whereof will be the Diameter of the Ba- 
ſis of the Cone QT. And becauſe the Axis of the Cone 
K A is perpendicular to the Baſe QT;B AK (Def. 3. I. 1 1.) 
will be a right Angle. Therefore the Square of BA is 
equal to the Rectangle K A O. (Corol. 1. P. 17. J. 6.) Now 
becauſe the Side of the equilateral Triangle cuts off Co- 
rol. 8. Fr. 1 3. l. g. a 4th Part of the Axis A O, the Rectan- 

le K A O, that is, the Square of B A, will be treble to 

e Square of AO (by 1. J. 6.) Wherefore ſeeing the 

uare of the Radius E O is (coral. 3. Pr, 1. J. 2.) quãdru- 
pic of the Square of A O, the Square of the Radius 2 0 

| wil 
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D is tot 
14. of this) the Superficies of the equilateral Cone B KD 
is to the Circle QT, to wit, its own Baſe, as 2 is 


Whereſore it the whole Su 
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will be to che Square of the Radius BA 28 4 is to 3. 
Therefore the Circle OB K D is alſo (by 2. J. 12.) to the 


Circle QT as 4 is to 3. Therefore four Circles OBR D, 


chat is, yay of this) the whole ſpherical Superficies 
e Circle QT as 16 is to 3. But (Corol. 1. Fr. 


to 1, and conſequently the whole Superficies of the 
Cone BKD; that is, including its Baſe, is to the 
Baſe, to wit, the Circle QT, as 3 is to 1, or g to z. 
Therefore ſeeing I have ſhew'd that the Superficies of a 
Sphere 1s to the ſame Circle, as 16 is to 3, the Superfi- 
cies alſo of the Sphere DG will be to the whole Super- 
ficies of the equilateral Cone as 16 is to 9. & E. D. 


Or otherwiſe thus, 

12 by Corol. 8. Pr. 15. J. 4. the Side BD of the e- 

uilateral Triangle cuts off a 4th Part of the Axis 
AO, the ſpherical Superficies BO D will be a 4th Part by 
27 of this, and conſequently the Superficies B GDR 
three 4th Parts of the — of the whole Sphere. 
ficies be ſuppos'd to be 16, 
the Superficies BGR D will be 12. But (by the forego- 
ing) the Superficies B GK is double to the conical Su- 
perficies B K D, and conſequently is to it as 12 to 6, 


Therefore the whole Superficies of the Sphere is to the 


conical BK D 28 16 is to 6. Then becauſe the Superfi- 
cies of the BK D (as being equilazers)) is (by Corel. 
1. Pr. 14. of this) double to the Bale QT, it is maniteſt 
that the conical Superficies B K D (to wit, without the 
Baſe) is to the whole Superficies of the Cone as 2 is to 3; 


that is, as 6 to 9. Therefore by Equality of Proportion 


the wholc Superficies of the Sphere is to the whole Su- 


perficies of the equilateral Cone inſcrib d as 16 to 9... D, 


PR OP. XL. Theorem. 
TRE Superficies of a Sphere bears the Proportion 
to the whole Superficies of. an equilateral Cone 
circwmſcrib'd about it, that 4 doth to 9. 
Let there be circumſcribd about the greareſt Circle of 
a Sphere B PM theequilateral Triangle DO F, by which 
as turn'd round about the Axis OA B, let there be pro- 


duc d an equilateral Cone, circumſcrib'd about the Sphere. 
And let there alſo be circumſcrib d about the equ wy 


11 
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Triangle DOF the Circle NDLOF which, as is manifeſt, is 
concentrical ro the former; and ler the Axis OAB be 
produc'd to N. Becauſe BN is a 4th Part of the Axis 
ON as is manifeſt (from Corol. $. Pr. 1 5. J. 4.) ON is 


47 


double to KB. Wherefore the Proportion betwixt Circles 


being duplicate( by a. I. 12.) of the Proportion of the Diame- 
ters, the Circle BPM will be to the Circle NDLOF as 1 to 
4 But it hath already been ſnew d in the firſt foregoingDe- 
monſtration, that the Circle NDLOF is to the Circle QT 
the Baſe of the equilateral Cone inſcrib'd in rhe Sphere 
FL, as 4 is to 3. Theretore by Equality of Proportion 
the Circle BPM 1s to the Circle QT as 1 is ro 3, Burt 
the whole Surface of the Cone DOF is (by Cor. 1. Pr. 
14. of this) treble ro QT. Therefore the whole Superft- 
cies of the Cone is ninetold of the Circle BPM. Where- 
fore ſeeing the Superſicies of the Sphere TP is quadru- 
plc (by 24 of this) of the ſame Circle BPM, the whole 
uperficies of rhe equilateral Cone DOF is to the Super- 

ficies of the Sphere to which it is circumſcrib'd, as 9 is 
to 4. . E. D. 

{ Coroll. x, From this Demonſtration it is manifeſt that the 
Axis BO of an equilateral Cone circumſcrib d about a Sphere, 
is one and an half of theDiameter of the Sphere EK, or as 3 to 2. 

2. That ,QT the Baſe of the Cone DOF is alſa one and an 
half of both Baſes of theCylinder circumſcrib'd about the ſame 
Sphere. Kor QT is to BPM as 3 to 1. Therefore AT is to 
BPM twice as 3 i t 2. 

3. That the Superficies of the Cone DO F is one and an half 
of the Superficies of the equilateral Cylinder cireumſerib d a- 
bout the ſame Sphere. For that + is double to QT,while this is [+] Per Co- 
quadruple'to BPM . Therefore the conical Superficies will el. 1. 5. 14+ 
be to the Cylindrical as twice 3 to four times 1 ; that is, as r 
6 to 4, or as 3 to 2. " 


26, of this. 
PROP. XLI. Theorem. 
HE whole Superficies of an (equilateral Cone Fic: 28. 

circumſcrib'd about a Sphere, u quadruple to 

the whole Super ficies of a Cone inſcribed in the ſame 
Sphere, 

4 the foregoing the whole Superficies of the equila- 

teral Cone DGF circumſcrib'd, is to the Superficies of 

the Sphere as 9 to 4 z and the Superficies of the Sphere 

is to the whole Superficies of the inſcribed Cone SK T as 

16 to 9 (by 39 of this.) Therefore by * of 

| 2 ; qua- 
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ity of Proportion the whole Superficies of the cir- of t 
cumſcribed equilateral Cone is to the whole Superficies of tl 
of the equilateral infcribed,as 16 is to 4, or as 4 to 1. N. E. D. by « 

"PROP. XIII. Theorem. —— 

Fig. 26 A Sphere hath that Proportion to B RC an equilate- SKT 
ral Cone in(cribed in it, which 32 hath to 9. nica 

Let the Sphere and Cone be cut by a Plain paſſing twin 

through the Common Axis KO, producing in the Sphere be li 

the greateſt Circle OFKI, and in the Cone the equilateral is tri 

Triangle BRC. Then a Plain being drawn thro' the Cen- ST; 


ter A perpendicular to OK, let the Hemiſphere FGKT be the 
cut off, in which let the greateſt Cone FRI be underſtood | 

to be inſcribed. Now becauſe (by Cor. 5. p. 1 5. J. 4.) the 

Side BC of the equilateral Triangle cuts off a 4th Part of A 
the Axis OR, PK will be to AK as 3 to 2, that is, as 9 to 6, 

But the Baſe QT is to the Circle OFKI, that is, to the 


Baſe ND, as 3 to 4, that &, as 6 to 8, as appears from DO 
what was demonſtrated pr. 39. Wherefore ſeeing the Pro- 1 
portion of the Cone BKC to the Cone FKI is (by Sch. 2. SKT 
pr. 1 5. J. 12.) compounded of the Proportion of the Al- Sk r 
titude PK o the Altitude AK (that is, of the Proportion later 
of g to 6) and of the Proportion of the Baſe Q to the Ther 
Baſe ND chat is, or the Proportion of 6 to 8) the Cone BRC DOE 
will be to the Cone FRI as 9 ro 8, Wheretore ſeeing(by thar 
30 of this) the Sphere CG is „er of rhe Cone the $ 
FRI, the equilateral Cone BRC will be to the Sphere CG an ec 
as 910.32. . E. D. | fore: 
P R OP. XLIII. Theorem. * 

Fig. 28. A N equilateral Cone circumſcrib'd about aSphere, Sphe 
is eightfold of an equilateral Cone inſcrib'd in mon! 

the ſame S phere. | ſing, 
Let Sk T and DOF be the. equilateral Cones inſcribd Solid 
and citcumſcrib'd, and let OKB be the common Axis. taces 
Then let as well both the Cones as the Sphere be cut by as Wi 
a Plain paſſing through the Axis; their Sections will be now | 
two eouilareral Triangles , and the greateſt Circle BPM. and 
About the Triangle DOF likewiſe let there be underſtood Bu 
to be deſcrib'd the Circle NDOF , by let the Axis ORB ſtrate 
be produc d ynto N. Now becauſe the Side DF of the e- whic 


quilareral Triangle doth (by Corol. 8. pr. 15. + cur off Cylir 
NB the 4th Part of the Axis ON, it is manifeſt that ON ſcrib 
is deuble ro BR. In like manner, becauſe the _— ſhall 
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of the other equilateral Triangle cuts off BC the 4rh Part 
of the Axis BK, NO will be to BO, as BK is to CK; and 
by changing, as NO is to BK fo is BO to CK. Bur NO is 
double to BR. Therefore BO is likewiſe double to CR. 
Therefore becauſe of the Similitude of the Triangles, DOF, 
SKT, DF and ST alſo, to wit, the Diameters of the co- 
nical Baſes will (by 4. J. 6.) be in a double Proportion be- 
twixt themſelves. Wherefore ſeeing the Cones DOF, SKT, 
be like, and conſequently (by 12. J. 12.) their Proportion 
is triplicate to the Proportion of the Diamerers DF and 
ST; which is that of 2 to 1, the Cone DOF will be to 


the Cone SKT as8 to 1. . E. D. 


PR OP. XLIV. Theorem. 


A Sphere bath the ſame Proportion both in reſpett Fit: al. 
of 


Solidity and Surface to the equilateral Cone' 
DOF circumſcrib d about it, which 4 bath to 9. 


The Sphere TP is(by 42. of this)to the equilateralCone 
SKT inſcribed in it, as 32 is 9. But (by the foregoing) - 
Sk T the equilateral Cane inſcribed is to DOF the equi- 


lateral Cone circumſcribed as 1 is to 8, that is, 9 ta 72. 
Therefore by Equality of Proportion the Sphere TP is to 
DOF the equilateral Cone circumſcrib'd as 32 is to 72, 
that is, as 4 to 9. Bur in Prop. 40. we demonſtrated that 
the Superficies of a Sphere is to the whole Superficies of 
an equilateral Cone circumſcribed as 4.3 to 9. Theres 
fore a Sphere both in Solidity and Superficies is to an equi 
lateral Cone circumſcrib'd about it, as 4 is to 9. 2. E. D. 
That thereſore which Archimedes was ſurpris d at in 4 
Sphere and Cylinder encompaſſing it, we have alſo now de- 
monſtrated in a Sphere and an equilateral Cone encompiſ- 
ſing, to wit, that there is the ſame rational proportion ot the 


Solidities betwixt themſelves, which there is of the Sur- 


taces. For as he found that the Sphere is to the Cylinder 


as wall in Solidity as Superficies, as 2 to 3; ſo we have + 
now taught, that the 8 here is in reſpe& both of Solidity 
and Surtace to an equilateral Cone encompaſſing, as 4 to 9. 

But from hence we ſhall without much labour demon- 


ſtrate that the very Proportion; to wit, the ſeſquialteral 
which Archimedes ſhew'd to be betwixt the Sphere a 
Cylinder, is continued by the equilateral Cone circum- 
ſcrib'd both in the Solidity and Superficics ; and ſo we 
ſhall put an End to the preſent-Wark. | 


PROP. 
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ARCHIMEDES*s Theorems. 
P R O P. XLV. Theorem. 


AN equilateral Cone circumſcrib'd about a Sphere, 

and a right Cylinder in like manner circum- 
ſerib d about the ſame Sphere, and the ſame Sphere 
it ſelf, continue the ſame Proportion ; to wit, the 


ſeſquialteral as well in reſpect of the Solidity, as of 


the whole Superficies. | 

For by 32. of this Book, the right Cylinder GK en- 
compaſſing the Sphere, is to the Sphere, as well in reſpett 
of Solidity as of the whole Superficies, as 3 is to 2, or 
a8 6 to 4. But by the foregoing the equilateral Cone 
BAD circumſcrib'd about the Sphere is to the Sphere in 
both the ſaid Reſpetts, as 9 is to 4. Therefore the ſame 
Cone is to the Cylinder, both in reſpect of Solidity and 
Surface, as 9 is to 6. Wherefore theſe three Bodies, a 
Cone, Cylinder, and Sphere are betwixt themſelves as 
the Numbers 9, 6, 4, and conſequently continue the ſeſ- 
quialteral Proportion. Q. E. D. 


DPR OP. XII. 


T HE fame ſeſquialteral Proportion holds 

betwixt an equilateral Cone and Cy- 

linder circumſcrib'd about the ſame Sphere, 

in reſpect of their whole Surfaces, their ſim- 

3 their Solidities, Altitudes and 
es. 


This Propoſition is manifeſt as to the whole Surfaces and S- 


"Yidities from the foregoing ; as to the ſimple Surfaces, from 


== s 


Coroll. 3. Pr. 40. of this; as to their Altitudes and Baſes, 
from Coxoll. 1, and 2, of the ſame 40th Propoſition. } 
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